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QUANTUM FIELD THEORY

Quantum field theory is the basic mathematical framework that is used to
describe elementary particles. It is a cornerstone of modern physics.

This textbook provides a complete and essential introduction to this sub-
ject. Assuming only an undergraduate knowledge of quantum mechanics and
special relativity, it is ideal for graduate students beginning the study of ele-
mentary particles, and will also be of value to those in related fields such as
condensed-matter physics.

The step-by-step presentation begins with basic concepts illustrated by
simple examples, and proceeds through historically important results to
thorough treatments of modern topics such as the renormalization group,
spinor-helicity methods for quark and gluon scattering, magnetic monopoles,
instantons, supersymmetry, and the unification of forces.

The book is written in a modular format, with each chapter as self-
contained as possible, and with the necessary prerequisite material clearly
identified. This structure results in great flexibility, and allows read-
ers to easily reach topics of specific interest. The book is based on a
year-long course given by the author and contains extensive problems,
with password-protected solutions available to lecturers at www.cambridge.
org/9780521864497.
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Preface for students

Quantum field theory is the basic mathematical language that is used to
describe and analyze the physics of elementary particles. The goal of this
book is to provide a concise, step-by-step introduction to this subject, one
that covers all the key concepts that are needed to understand the Standard
Model of elementary particles, and some of its proposed extensions.

In order to be prepared to undertake the study of quantum field theory,
you should recognize and understand the following equations:

do 9

al'ln) = Vn+1 [n+1)

A(t) _ e—i—th/ﬁAe—th/h ’
et = (et — Br)
E = (p202 + m204)1/2 ,

E=—-A/c—Vyp.

This list is not, of course, complete; but if you are familiar with these
equations, you probably know enough about quantum mechanics, classical
mechanics, special relativity, and electromagnetism to tackle the material in
this book.

xi
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xii Preface for students

Quantum field theory has the reputation of being a subject that is hard
to learn. The problem, I think, is not so much that its basic ingredients
are unusually difficult to master (indeed, the conceptual shift needed to go
from quantum mechanics to quantum field theory is not nearly as severe
as the one needed to go from classical mechanics to quantum mechanics),
but rather that there are a lot of these ingredients. Some are fundamental,
but many are just technical aspects of an unfamiliar form of perturbation
theory.

In this book, I have tried to make the subject as accessible to beginners
as possible. There are three main aspects to my approach.

Logical development of the basic concepts. This is, of course, very different
from the historical development of quantum field theory, which, like the
historical development of most worthwhile subjects, was filled with inspired
guesses and brilliant extrapolations of sometimes fuzzy ideas, as well as its
fair share of mistakes, misconceptions, and dead ends. None of that is in this
book. From this book, you will (I hope) get the impression that the whole
subject is effortlessly clear and obvious, with one step following the next like
sunshine after refreshing rain.

Hllustration of the basic concepts with the simplest examples. In most fields
of human endeavor, newcomers are not expected to do the most demanding
tasks right away. It takes time, dedication, and lots of practice to work up to
what the accomplished masters are doing. There is no reason to expect quan-
tum field theory to be any different in this regard. Therefore, we will start
off by analyzing quantum field theories that are not immediately applicable
to the real world of electrons, photons, protons, etc., but that will allow us
to gain familiarity with the tools we will need, and to practice using them.
Then, when we do work up to “real physics”, we will be fully ready for the
task. To this end, the book is divided into three parts: Spin Zero, Spin One
Half, and Spin One. The technical complexities associated with a particular
type of particle increase with its spin. We will therefore first learn all we can
about spinless particles before moving on to the more difficult (and more
interesting) nonzero spins. Once we get to them, we will do a good variety
of calculations in (and beyond) the Standard Model of elementary particles.

User friendliness. Each of the three parts is divided into numerous sec-
tions. Each section is intended to treat one idea or concept or calculation,
and each is written to be as self-contained as possible. For example, when
an equation from an earlier section is needed, I usually just repeat it, rather
than ask you to leaf back and find it (a reader’s task that I've always found
annoying). Furthermore, each section is labeled with its immediate prereq-
uisites, so you can tell exactly what you need to have learned in order to
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Preface for students xiii

proceed. This allows you to construct chains to whatever material may inter-
est you, and to get there as quickly as possible.

That said, I expect that most readers of this book will encounter it as the
textbook in a course on quantum field theory. In that case, of course, your
reading will be guided by your professor, who I hope will find the above
features useful. If, however, you are reading this book on your own, I have
two pieces of advice.

The first (and most important) is this: find someone else to read it with
you. I promise that it will be far more fun and rewarding that way; talking
about a subject to another human being will inevitably improve the depth
of your understanding. And you will have someone to work with you on the
problems. (As with all physics texts, the problems are a key ingredient. I
will not belabor this point, because if you have got this far in physics, you
already know it well.)

The second piece of advice echoes the novelist and Nobel laureate William
Faulkner. An interviewer asked, “Mr. Faulker, some of your readers claim
they still cannot understand your work after reading it two or three times.
What approach would you advise them to adopt?” Faulkner replied, “Read
it a fourth time.”

That’s my advice here as well. After the fourth attempt, though, you
should consider trying something else. This is, after all, not the only book
that has ever been written on the subject. You may find that a different
approach (or even the same approach explained in different words) breaks
the logjam in your thinking. There are a number of excellent books that you
could consult, some of which are listed in the Bibliography. I have also listed
particular books that I think could be helpful on specific topics in Reference
Notes at the end of some of the sections.

This textbook (like all finite textbooks) has a number of deficiencies. One
of these is a rather low level of mathematical rigor. This is partly endemic
to the subject; rigorous proofs in quantum field theory are relatively rare,
and do not appear in the overwhelming majority of research papers. Even
some of the most basic notions lack proof; for example, currently you can
get a million dollars from the Clay Mathematics Institute simply for proving
that nonabelian gauge theory actually exists and has a unique ground state.
Given this general situation, and since this is an introductory book, the
proofs that we do have are only outlined.

Another deficiency of this book is that there is no discussion of the appli-
cation of quantum field theory to condensed matter physics, where it also
plays an important role. This connection has been important in the histori-
cal development of the subject, and is especially useful if you already know
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xiv Preface for students

a lot of advanced statistical mechanics. I do not want this to be a prerequi-
site, however, and so I have chosen to keep the focus on applications within
elementary particle physics.

Yet another deficiency is that there are no references to the original liter-
ature. In this regard, I am following a standard trend: as the foundations of
a branch of science retreat into history, textbooks become more and more
synthetic and reductionist. For example, it is now rare to see a new text-
book on quantum mechanics that refers to the original papers by the famous
founders of the subject. For guides to the original literature on quantum field
theory, there are a number of other books with extensive references that you
can consult; these include Peskin & Schroeder, Weinberg, and Siegel. (Ital-
icized names refer to works listed in the Bibliography.) Unless otherwise
noted, experimental numbers are taken from the Review of Particle Prop-
erties, available online at http: /pdg.lbl.gov. Experimental numbers quoted
in this book have an uncertainty of roughly +1 in the last significiant digit.
The Review should be consulted for the most recent experimental results,
and for more precise statements of their uncertainty.

To conclude, let me say that you are about to embark on a tour of one
of humanity’s greatest intellectual endeavors, and certainly the one that has
produced the most precise and accurate description of the natural world as
we find it. I hope you enjoy the ride.
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Preface for instructors

On learning that a new text on quantum field theory has appeared, one
is surely tempted to respond with Isidor Rabi’s famous comment about the
muon: “Who ordered that?” After all, many excellent textbooks on quantum
field theory are already available. I, for example, would not want to be
without my well-worn copies of Quantum Field Theory by Lowell S. Brown
(Cambridge 1994), Aspects of Symmetry by Sidney Coleman (Cambridge
1985), Introduction to Quantum Field Theory by Michael E. Peskin and
Daniel V. Schroeder (Westview 1995), Field Theory: A Modern Primer by
Pierre Ramond (Addison-Wesley 1990), Fields by Warren Siegel (arXiv.org
2005), The Quantum Theory of Fields, Volumes I, II, and III, by Steven
Weinberg (Cambridge 1995), and Quantum Field Theory in a Nutshell by
my colleague Tony Zee (Princeton 2003), to name just a few of the more
recent texts. Nevertheless, despite the excellence of these and other books, I
have never followed any of them very closely in my twenty years of on-and-off
teaching of a year-long course in relativistic quantum field theory.

As discussed in the Preface for Students, this book is based on the notion
that quantum field theory is most readily learned by starting with the sim-
plest examples and working through their details in a logical fashion. To this
end, I have tried to set things up at the very beginning to anticipate the
eventual need for renormalization, and not be cavalier about how the fields
are normalized and the parameters defined. I believe that these precautions
take a lot of the “hocus pocus” (to quote Feynman) out of the “dippy pro-
cess” of renormalization. Indeed, with this approach, even the anharmonic
oscillator is in need of renormalization; see problem 14.7.

A field theory with many pedagogical virtues is ¢ theory in six dimen-
sions, where its coupling constant is dimensionless. Perhaps because six
dimensions used to seem too outré (though today’s prospective string theo-
rists do not even blink), the only introductory textbook I know of that treats

XV
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xvi Preface for instructors

this model is Quantum Field Theory by George Sterman (Cambridge 1993),
though it is also discussed in some more advanced books, such as Renor-
malization by John Collins (Cambridge 1984) and Foundations of Quantum
Chromodynamics by T. Muta (World Scientific 1998). (There is also a series
of lectures by Ed Witten on quantum field theory for mathematicians, avail-
able online, that treat ¢ theory.) The reason (3 theory in six dimensions is
a nice example is that its Feynman diagrams have a simple structure, but
still exhibit the generic phenomena of renormalizable quantum field the-
ory at the one-loop level. (The same cannot be said for ¢* theory in four
dimensions, where momentum-dependent corrections to the propagator do
not appear until the two-loop level.) Thus, in Part I of this text, ¢ the-
ory in six dimensions is the primary example. I use it to give introductory
treatments of most aspects of relativistic quantum field theory for spin-zero
particles, with a minimum of the technical complications that arise in more
realistic theories (like QED) with higher-spin particles.

Although I eventually discuss the Wilson approach to renormalization and
effective field theory (in section 29), and use effective field theory extensively
for the physics of hadrons in Part III, I do not feel it is pedagogically useful to
bring it in at the very beginning, as is sometimes advocated. The problem is
that the key notion of the decoupling of physical processes at different length
scales is an unfamiliar one for most students; there is nothing in typical
courses on quantum mechanics or electomagnetism or classical mechanics to
prepare students for this idea (which was deemed worthy of a Nobel Prize
for Ken Wilson in 1982). It also does not provide for a simple calculational
framework, since one must deal with the infinite number of terms in the
effective lagrangian, and then explain why most of them do not matter
after all. It is noteworthy that Wilson himself did not spend a lot of time
computing properly normalized perturbative S-matrix elements, a skill that
we certainly want our students to have; we want them to have it because a
great deal of current research still depends on it. Indeed, the vaunted success
of quantum field theory as a description of the real world is based almost
entirely on our ability to carry out these perturbative calculations. Studying
renormalization early on has other pedagogical advantages. With the Nobel
Prizes to Gerard 't Hooft and Tini Veltman in 1999 and to David Gross,
David Politzer, and Frank Wilczek in 2004, today’s students are well aware of
beta functions and running couplings, and would like to understand them.
I find that they are generally much more excited about this (even in the
context of toy models) than they are about learning to reproduce the nearly
century-old tree-level calculations of QED. And ¢? theory in six dimensions
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is asymptotically free, which ultimately provides for a nice segue to the “real
physics” of QCD.

In general, I have tried to present topics so that the more interesting
aspects (from a present-day point of view) come first. An example is anoma-
lies; the traditional approach is to start with the 7° — v decay rate, but
such a low-energy process seems like a dusty relic to most of today’s stu-
dents. I therefore begin by demonstrating that anomalies destroy the self-
consistency of the great majority of chiral gauge theories, a fact that strikes
me (and, in my experience, most students) as much more interesting and
dramatic than an incorrect calculation of the 7° decay rate. Then, when we
do eventually get to this process (in section 90), it appears as a straightfor-
ward consequence of what we already learned about anomalies in sections
75-717.

Nevertheless, I want this book to be useful to those who disagree with my
pedagogical choices, and so I have tried to structure it to allow for maximum
flexibility. Each section treats a particular idea or concept or calculation,
and is as self-contained as possible. Each section also lists its immediate
prerequisites, so that it is easy to see how to rearrange the material to suit
your personal preferences.

In some cases, alternative approaches are developed in the problems. For
example, I have chosen to introduce path integrals relatively early (though
not before canonical quantization and operator methods are applied to free-
field theory), and use them to derive Dyson’s expansion. For those who would
prefer to delay the introduction of path integrals (but since you will have to
cover them eventually, why not get it over with?), problem 9.5 outlines the
operator-based derivation in the interaction picture.

Another point worth noting is that a textbook and lectures are ideally
complementary. Many sections of this book contain rather tedious mathe-
matical detail that I would not and do not write on the blackboard during
a lecture. (Indeed, the earliest origins of this book are supplementary notes
that I typed up and handed out.) For example, much of the development of
Weyl spinors in sections 34-37 can be left to outside reading. I do encour-
age you not to eliminate this material entirely, however; pedagogically, the
problem with skipping directly to four-component notation is explaining
that (in four dimensions) the hermitian conjugate of a left-handed field is
right handed, a deeply important fact that is the key to solving problems
such as 36.5 and 83.1, which are in turn vital to understanding the structure
of the Standard Model and its extensions. A related topic is computing scat-
tering amplitudes for Majorana fields; this is essential for modern research



P1: RNK/XXX

P2: RNK/XXX QC: RNK/XXX T1: RNK

CUUKT61-Srednicki August 25, 2006 15:35

xviii Preface for instructors

on massive neutrinos and supersymmetric particles, though it could be left
out of a time-limited course.

While I have sometimes included more mathematical detail than is ideal
for a lecture, I have also tended to omit explanations based on “physical
intuition”. For example, in section 90, we compute the 7~ — £~ vy decay
amplitude (where ¢ is a charged lepton) and find that it is proportional to
the lepton mass. There is a well-known heuristic explanation of this fact
that goes something like this: “The pion has spin zero, and so the lepton
and the antineutrino must emerge with opposite spin, and therefore the same
helicity. An antineutrino is always right-handed, and so the lepton must be
as well. But only the left-handed lepton couples to the W™, so the decay
amplitude vanishes if the left- and right-handed leptons are not coupled by
a mass term.”

This is essentially correct, but the reasoning is a bit more subtle than
it first appears. A student may ask, “Why can’t there be orbital angular
momentum? Then the lepton and the antineutrino could have the same
spin.” The answer is that orbital angular momentum must be perpendicular
to the linear momentum, whereas helicity is (by definition) parallel to the
linear momentum; so adding orbital angular momentum cannot change the
helicity assignments. (This is explored in a simplified model in problem
48.4.) The larger point is that intuitive explanations can almost always be
probed more deeply. This is fine in a classroom, where you are available to
answer questions, but a textbook author has a hard time knowing where
to stop. Too little detail renders the explanations opaque, and too much
can be overwhelming; furthermore the happy medium tends to differ from
student to student. The calculation, on the other hand, is definitive (at
least within the framework being explored, and modulo the possibility of
mathematical error). As Roger Penrose once said, “The great thing about
physical intuition is that it can be adjusted to fit the facts.” So, in this book,
I have tended to emphasize calculational detail at the expense of heuristic
reasoning. Lectures should ideally invert this to some extent.

I should also mention that a section of the book is not intended to coincide
exactly with a lecture. The material in some sections could easily be covered
in less than an hour, and some would clearly take more. My approach in
lecturing is to try to keep to a pace that allows the students to follow the
analysis, and then try to come to a more-or-less natural stopping point
when class time is up. This sometimes means ending in the middle of a long
calculation, but I feel that this is better than trying to artificially speed
things along to reach a predetermined destination.
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It would take at least three semesters of lectures to cover this entire book,
and so a year-long course must omit some. A sequence I might follow (I tend
to change things around a bit every year) is 1-23, 2628, 33-43, 45-48, 51,
52, 54-59, 62-64, 66-68, 24, 69, 70, 44, 53, 71-73, 75-77, 30, 32, 84, 87-89,
29, 82, 83, 90, and, if any time was left, a selection of whatever seemed of
most interest to me and the students of the remaining material.

To conclude, I hope you find this book to be a useful tool in working
towards our mutual goal of bringing humanity’s understanding of the physics
of elementary particles to a new audience.
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1

Attempts at relativistic quantum mechanics

Prerequisite: none

In order to combine quantum mechanics and relativity, we must first under-
stand what we mean by “quantum mechanics” and “relativity”. Let us begin
with quantum mechanics.

Somewhere in most textbooks on the subject, one can find a list of the
“axioms of quantum mechanics”. These include statements along the lines
of:

The state of the system is represented by a vector in Hilbert space.
Observables are represented by hermitian operators.

The measurement of an observable yields one of its eigenvalues as the
result.

and so on. We do not need to review these closely here. The axiom we need
to focus on is the one that says that the time evolution of the state of the
system is governed by the Schrédinger equation,

., 0

where H is the hamiltonian operator, representing the total energy.
Let us consider a very simple system: a spinless, nonrelativistic particle
with no forces acting on it. In this case, the hamiltonian is

1
H = 2—P2 , (1.2)
m

where m is the particle’s mass, and P is the momentum operator. In the
position basis, eq. (1.1) becomes

0 h?
Zh&w(xa t) = —%VZw(X,t) ) (13)
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4 Quantum Field Theory

where 1(x,t) = (x|, t) is the position-space wave function. We would like
to generalize this to relativistic motion.
The obvious way to proceed is to take

P2¢2 + m2ct | (1.4)

which yields the correct relativistic energy-momentum relation. If we for-
mally expand this hamiltonian in inverse powers of the speed of light ¢, we
get

1

This is simply a constant (the rest energy), plus the usual nonrelativistic
hamiltonian, eq. (1.2), plus higher-order corrections. With the hamiltonian
given by eq. (1.4), the Schrodinger equation becomes

ih%zp(x,t) =V —R2AV2 + m2ct P(x,t) . (1.6)

Unfortunately, this equation presents us with a number of difficulties. One
is that it apparently treats space and time on a different footing: the time
derivative appears only on the left, outside the square root, and the space
derivatives appear only on the right, under the square root. This asymmetry
between space and time is not what we would expect of a relativistic theory.
Furthermore, if we expand the square root in powers of V2, we get an infinite
number of spatial derivatives acting on ¥ (x,t); this implies that eq. (1.6) is
not local in space.

We can alleviate these problems by squaring the differential operators on
each side of eq. (1.6) before applying them to the wave function. Then we
get

—h2=ah(x,t) = (—h202v2 + m204)w(x,t) : (1.7)

This is the Klein—Gordon equation, and it looks a lot nicer than eq. (1.6).
It is second-order in both space and time derivatives, and they appear in a
symmetric fashion.

To better understand the Klein—-Gordon equation, let us consider in more
detail what we mean by “relativity”. Special relativity tells us that physics
looks the same in all inertial frames. To explain what this means, we first sup-
pose that a certain spacetime coordinate system (ct,x) represents (by fiat)

an inertial frame. Let us define 2

= ct, and write z*, where up =0,1,2, 3,
in place of (ct,x). It is also convenient (for reasons not at all obvious at

this point) to define g = —2° and x; = 2%, where i = 1,2,3. This can be
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Attempts at relativistic quantum mechanics 5
expressed more elegantly if we first introduce the Minkowski metric,

-1
+1
uv = +1 )

+1

(1.8)

where blank entries are zero. We then have z, = g, ", where a repeated
index is summed.

To invert this formula, we introduce the inverse of g, which is confusingly
also called g, except with both indices up:

-1
+1
p _
g ) . (1.9)

+1

We then have g"g,, = 6",, where 6/, is the Kronecker delta (equal to one
if its two indices take on the same value, zero otherwise). Now we can also
write ot = g"¥x,,.

It is a general rule that any pair of repeated (and therefore summed)
indices must consist of one superscript and one subscript; these indices
are said to be contracted. Also, any unrepeated (and therefore unsummed)
indices must match (in both name and height) on the left- and right-hand
sides of any valid equation.

Now we are ready to specify what we mean by an inertial frame. If the
coordinates z# represent an inertial frame (which they do, by assumption),
then so do any other coordinates z* that are related by

7= Az’ + ot (1.10)

where A", is a Lorentz transformation matriz and o* is a translation vector.
Both A#, and a* are constant (that is, independent of x*). Furthermore,
A*, must obey

g;wAMpAua = Ypo - (1.11)

Eq. (1.11) ensures that the interval between two different spacetime points
that are labeled by z# and 2’ in one inertial frame, and by z# and z'* in
another, is the same. This interval is defined to be

(x—2)? = g (x — 2" (@ — 2")Y
= (x—x)?2 -t 1), (1.12)
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6 Quantum Field Theory

In the other frame, we have

(2 —2)° = gu(z — 2z -2)"
= G pAN o (x — o) (x — 2')7
= Gpo(x — )P (x —2')7
= (z —2')%, (1.13)

as desired.

When we say that physics looks the same, we mean that two observers
(Alice and Bob, say) using two different sets of coordinates (represent-
ing two different inertial frames) should agree on the predicted results of
all possible experiments. In the case of quantum mechanics, this requires
Alice and Bob to agree on the value of the wave function at a particular
spacetime point, a point that is called x by Alice and by Bob. Thus if
Alice’s predicted wave function is (), and Bob’s is 1(Z), then we should
have 1 (z) = ¥(Z). Furthermore, in order to maintain v(x) = 1)(Z) through-
out spacetime, 1(z) and (%) should obey identical equations of motion.
Thus a candidate wave equation should take the same form in any inertial
frame.

Let us see if this is true of the Klein—Gordon equation. We first introduce
some useful notation for spacetime derivatives:

_ 0 10
Op= 5= <+EE’V) : (1.14)
0 10
w—_Y _(_~-Z
ot = Jz, < Cat,v>. (1.15)
Note that
Ha¥ = g (1.16)

so that our matching-index-height rule is satisfied.
If Z and x are related by eq. (1.10), then 0 and O are related by

o* = A", 0" . (1.17)

To check this, we note that
0°z° = (APLO") (A a4 at') = AP A7, (0" a”) = AP A7 L g'" = g™,
(1.18)

as expected. The last equality in eq. (1.18) is another form of eq. (1.11); see
section 2.
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Attempts at relativistic quantum mechanics 7
We can now write eq. (1.7) as
—h220%(x) = (=h*AV2 + mPc)(x) . (1.19)
After rearranging and identifying 9> = 949, = —9% + V2, we have
(=0 + m2P/h)ep(z) =0 . (1.20)
This is Alice’s form of the equation. Bob would write
(=0 + m2P/hA)p(z) =0 . (1.21)

Is Bob’s equation equivalent to Alice’s equation? To see that it is, we set
¥(z) = ¢ (x), and note that

& = gMVgugy = guuA'upA'uaaan =0%. (122)

Thus, eq. (1.21) is indeed equivalent to eq. (1.20). The Klein-Gordon equa-
tion is therefore manifestly consistent with relativity: it takes the same form
in every inertial frame.

This is the good news. The bad news is that the Klein—Gordon equation
violates one of the axioms of quantum mechanics: eq. (1.1), the Schrodinger
equation in its abstract form. The abstract Schrodinger equation has the
fundamental property of being first order in the time derivative, whereas the
Klein—Gordon equation is second order. This may not seem too important,
but in fact it has drastic consequences. One of these is that the norm of a
state,

(1l t) = / 0% (3, 1) el £) = / P (@) (), (1.23)

is not in general time independent. Thus probability is not conserved. The
Klein—Gordon equation obeys relativity, but not quantum mechanics.
Dirac attempted to solve this problem (for spin-one-half particles) by
introducing an extra discrete label on the wave function, to account for
spin: ¥, (x), a = 1,2. He then tried a Schrodinger equation of the form

m%%(m) = (—ihC(aj)abaj + mc2(g)ab)¢b(x) , (1.24)

where all repeated indices are summed, and o/ and 3 are matrices in spin-
space. This equation, the Dirac equation, is consistent with the abstract
Schrodinger equation. The state |1, a, t) carries a spin label a, and the hamil-
tonian is

Hab = CPj(O‘])ab + mCQ(ﬁ)ab ) (1'25)

where P; is a component of the momentum operator.
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8 Quantum Field Theory

Since the Dirac equation is linear in both time and space derivatives, it has
a chance to be consistent with relativity. Note that squaring the hamiltonian
yields

(H?*)ap = 2P Pp(a?a®) gy + mc® Py (a? B+ Bad) gy + (mc?)2(6%)a - (1.26)

Since Pj P}, is symmetric on exchange of j and k, we can replace alaF by its
symmetric part, %{aj, o}, where {A, B} = AB + BA is the anticommuta-
tor. Then, if we choose matrices such that

{ad, 0"y = 2660, {1, By =0, (B%)ab = bap (1.27)
we will get
(H)ap = (P2 + m*¢!)éap - (1.28)

Thus, the eigenstates of H? are momentum eigenstates, with H? eigenvalue
p2c® + m2ct. This is, of course, the correct relativistic energy-momentum
relation. While it is outside the scope of this section to demonstrate it, it
turns out that the Dirac equation is fully consistent with relativity, pro-
vided the Dirac matrices obey eq. (1.27). So we have apparently succeeded
in constructing a quantum mechanical, relativistic theory!

There are, however, some problems. We would like the Dirac matrices to
be 2 x 2, in order to account for electron spin. However, they must in fact be
larger. To see this, note that the 2 x 2 Pauli matrices obey {o?, 07} = 269,
and are thus candidates for the Dirac o' matrices. However, there is no
fourth matrix that anticommutes with these three (easily proven by writing
down the most general 2 x 2 matrix and working out the three anticom-
mutators explicitly). Also, we can show that the Dirac matrices must be
even dimensional; see problem 1.1. Thus their minimum size is 4 x 4, and it
remains for us to interpret the two extra possible “spin” states.

However, these extra states cause a more severe problem than a mere
overcounting. Acting on a momentum eigenstate, H becomes the matrix
ca-p + mc?f. In problem 1.1, we find that the trace of this matrix is zero.
Thus the four eigenvalues must be +FE(p), +E(p), —E(p), —E(p), where
E(p) = +(p%c + m?c*)Y/2. The negative eigenvalues are the problem: they
indicate that there is no ground state. In a more elaborate theory that
included interactions with photons, there seems to be no reason why a posi-
tive energy electron could not emit a photon and drop down into a negative
energy state. This downward cascade could continue forever. (The same
problem also arises in attempts to interpret the Klein-Gordon equation as
a modified form of quantum mechanics.)
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Attempts at relativistic quantum mechanics 9

Dirac made a wildly brilliant attempt to fix this problem of negative
energy states. His solution is based on an empirical fact about electrons:
they obey the Pauli exclusion principle. It is impossible to put more than
one of them in the same quantum state. What if, Dirac speculated, all the
negative energy states were already occupied? In this case, a positive energy
electron could not drop into one of these states, by Pauli exclusion.

Many questions immediately arise. Why do we not see the negative electric
charge of this Dirac sea of electrons? Dirac’s answer: because we are used to
it. (More precisely, the physical effects of a uniform charge density depend on
the boundary conditions at infinity that we impose on Maxwell’s equations,
and there is a choice that renders such a uniform charge density invisible.)
However, Dirac noted, if one of these negative energy electrons were excited
into a positive energy state (by, say, a sufficiently energetic photon), it would
leave behind a hole in the sea of negative energy electrons. This hole would
appear to have positive charge, and positive energy. Dirac therefore predicted
(in 1927) the existence of the positron, a particle with the same mass as the
electron, but opposite charge. The positron was found experimentally five
years later.

However, we have now jumped from an attempt at a quantum description
of a single relativistic particle to a theory that apparently requires an infinite
number of particles. Even if we accept this, we still have not solved the
problem of how to describe particles like photons or pions or alpha nuclei
that do not obey Pauli exclusion.

At this point, it is worthwhile to stop and reflect on why it has proven to be
so hard to find an acceptable relativistic wave equation for a single quantum
particle. Perhaps there is something wrong with our basic approach.

And there is. Recall the axiom of quantum mechanics that says that
“Observables are represented by hermitian operators.” This is not entirely
true. There is one observable in quantum mechanics that is not represented
by a hermitian operator: time. Time enters into quantum mechanics only
when we announce that the “state of the system” depends on an extra
parameter t. This parameter is not the eigenvalue of any operator. This is
in sharp contrast to the particle’s position x, which is the eigenvalue of an
operator. Thus, space and time are treated very differently, a fact that is
obscured by writing the Schrédinger equation in terms of the position-space
wave function ¥ (x,t). Since space and time are treated asymmetrically, it
is not surprising that we are having trouble incorporating a symmetry that
mixes them up.

So, what are we to do?
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10 Quantum Field Theory

In principle, the problem could be an intractable one: it might be impos-
stble to combine quantum mechanics and relativity. In this case, there would
have to be some meta-theory, one that reduces in the nonrelativistic limit to
quantum mechanics, and in the classical limit to relativistic particle dynam-
ics, but is actually neither.

This, however, turns out not to be the case. We can solve our problem,
but we must put space and time on an equal footing at the outset. There
are two ways to do this. One is to demote position from its status as an
operator, and render it as an extra label, like time. The other is to promote
time to an operator.

Let us discuss the second option first. If time becomes an operator, what
do we use as the time parameter in the Schrodinger equation? Happily, in
relativistic theories, there is more than one notion of time. We can use the
proper time T of the particle (the time measured by a clock that moves with
it) as the time parameter. The coordinate time 7' (the time measured by a
stationary clock in an inertial frame) is then promoted to an operator. In the
Heisenberg picture (where the state of the system is fixed, but the operators
are functions of time that obey the classical equations of motion), we would
have operators X*(7), where X? = T Relativistic quantum mechanics can
indeed be developed along these lines, but it is surprisingly complicated to
do so. (The many times are the problem; any monotonic function of 7 is
just as good a candidate as 7 itself for the proper time, and this infinite
redundancy of descriptions must be understood and accounted for.)

One of the advantages of considering different formalisms is that they may
suggest different directions for generalizations. For example, once we have
XH"(7), why not consider adding some more parameters? Then we would
have, for example, X*#(o, 7). Classically, this would give us a continuous
family of worldlines, what we might call a worldsheet, and so X* (o, T) would
describe a propagating string. This is indeed the starting point for string
theory.

Thus, promoting time to an operator is a viable option, but is complicated
in practice. Let us then turn to the other option, demoting position to a
label. The first question is, label on what? The answer is, on operators.
Thus, consider assigning an operator to each point x in space; call these
operators ¢(x). A set of operators like this is called a quantum field. In the
Heisenberg picture, the operators are also time dependent:

o(x,t) = eflthp(x, 0)e H (1.29)

Thus, both position and (in the Heisenberg picture) time are now labels on
operators; neither is itself the eigenvalue of an operator.
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So, now we have two different approaches to relativistic quantum theory,
approaches that might, in principle, yield different results. This, however,
is not the case: it turns out that any relativistic quantum physics that can
be treated in one formalism can also be treated in the other. Which we
use is a matter of convenience and taste. And, quantum field theory, the
formalism in which position and time are both labels on operators, is much
more convenient and efficient for most problems.

There is another useful equivalence: ordinary nonrelativistic quantum
mechanics, for a fixed number of particles, can be rewritten as a quantum
field theory. This is an informative exercise, since the corresponding physics
is already familiar. Let us carry it out.

Begin with the position-basis Schrédinger equation for n particles, all with
the same mass m, moving in an external potential U (x), and interacting with
each other via an interparticle potential V' (x; — x2):

B "R n
iho = [Z (—%vﬁ + U(xj)> Y Y V(g —x) ¢, (1.30)

j=1 j=1k=1

where ¢ = ¥(x1,...,Xp;t) is the position-space wave function. The quantum
mechanics of this system can be rewritten in the abstract form of eq. (1.1)
by first introducing (in, for now, the Schrédinger picture) a quantum field
a(x) and its hermitian conjugate af(x). We take these operators to have the
commutation relations

[a(x),al(x)] = 83(x — X) , (1.31)

where §3(x) is the three-dimensional Dirac delta function. Thus, a'(x) and
a(x) behave like harmonic-oscillator creation and annihilation operators that
are labeled by a continuous index. In terms of them, we introduce the hamil-
tonian operator of our quantum field theory,

H= /d?’:n al(x) (—%Vz + U(X))a(x)
+ 3 / dc d®y V(x — y)al (x)al (y)a(y)a(x) . (1.32)

Now consider a time-dependent state of the form

yw,w:/d%l...d%n V(x1,. .., xp;t)al (x1) ... al (x,)]0) , (1.33)
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where ¥(x1,...,Xp;t) is some function of the n particle positions and time,
and |0) is the vacuum state, the state that is annihilated by all the as,

a(x)[0) =0 . (1.34)

It is now straightforward (though tedious) to verify that eq.(1.1), the
abstract Schrodinger equation, is obeyed if and only if the function v satisfies
eq. (1.30).

Thus we can interpret the state |0) as a state of “no particles”, the state
a'(x1)|0) as a state with one particle at position x1, the state af(x;)a'(x2)|0)
as a state with one particle at position x; and another at position x2, and
so on. The operator

N = /dgx a’(x)a(x) (1.35)

counts the total number of particles. It commutes with the hamiltonian, as
is easily checked; thus, if we start with a state of n particles, we remain with
a state of n particles at all times.

However, we can imagine generalizations of this version of the theory
(generalizations that would not be possible without the field formalism) in
which the number of particles is not conserved. For example, we could try
adding to H a term like

AH x /d3;c [CLT(X)G2<X) —i—h.c.] . (1.36)

This term does not commute with N, and so the number of particles would
not be conserved with this addition to H.

Theories in which the number of particles can change as time evolves are
a good thing: they are needed for correct phenomenology. We are already
familiar with the notion that atoms can emit and absorb photons, and so
we had better have a formalism that can incorporate this phenomenon. We
are less familiar with emission and absorption (that is to say, creation and
annihilation) of electrons, but this process also occurs in nature; it is less
common because it must be accompanied by the emission or absorption
of a positron, antiparticle to the electron. There are not a lot of positrons
around to facilitate electron annihilation, while ete™ pair creation requires
us to have on hand at least 2mc? of energy available for the rest-mass energy
of these two particles. The photon, on the other hand, is its own antiparticle,
and has zero rest mass; thus photons are easily and copiously produced and
destroyed.
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There is another important aspect of the quantum theory specified by
egs. (1.32) and (1.33). Because the creation operators commute with each
other, only the completely symmetrical part of ¢ survives the integration in
eq. (1.33). Therefore, without loss of generality, we can restrict our attention
to s of this type:

Y(ooX X st) = H0(L X LX) (1.37)

This means that we have a theory of bosons, particles that (like photons or
pions or alpha nuclei) obey Bose—Einstein statistics. If we want Fermi—Dirac
statistics instead, we must replace eq. (1.31) with

{a(x),a(x)} =0,
{a'(x),a'(x)} =0,
{a(x),a’(x)} = 6°

where again {A, B} = AB + BA is the anticommutator. Now only the fully
antisymmetric part of ¢ survives the integration in eq. (1.33), and so we can
restrict our attention to

P(oooxi X5t = =YX X t) (1.39)

Thus we have a theory of fermions. It is straightforward to check that the

(x—x'), (1.38)

abstract Schrodinger equation, eq. (1.1), still implies that ¢ obeys the differ-
ential equation (1.30).! Interestingly, there is no simple way to write down
a quantum field theory with particles that obey Boltzmann statistics, corre-
sponding to a wave function with no particular symmetry. This is a hint of
the spin-statistics theorem, which applies to relativistic quantum field the-
ory. It says that interacting particles with integer spin must be bosons, and
interacting particles with half-integer spin must be fermions. In our nonrel-
ativistic example, the interacting particles clearly have spin zero (because
their creation operators carry no labels that could be interpreted as corre-
sponding to different spin states), but can be either bosons or fermions, as
we have seen.

Now that we have seen how to rewrite the nonrelativistic quantum
mechanics of multiple bosons or fermions as a quantum field theory, it is
time to try to construct a relativistic version.

1 Now, however, the ordering of the a and a' operators in the last term of eq. (1.32) becomes
significant, and must be as written.
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Reference notes

The history of the physics of elementary particles is recounted in Pais. A
brief overview can be found in Weinberg I. More details on quantum field
theory for nonrelativistic particles can be found in Brown.

Problems

1.1) Show that the Dirac matrices must be even dimensional. Hint: show that the
eigenvalues of § are all +1, and that Tr 8 = 0. To show that Tr 8 = 0, consider,
e.g., Tra?f3. Similarly, show that Tra; = 0.

1.2) With the hamiltonian of eq. (1.32), show that the state defined in eq. (1.33)
obeys the abstract Schrodinger equation, eq.(1.1), if and only if the wave
function obeys eq. (1.30). Your demonstration should apply both to the case
of bosons, where the particle creation and annihilation operators obey the com-
mutation relations of eq. (1.31), and to fermions, where the particle creation
and annihilation operators obey the anticommutation relations of eq. (1.38).

1.3) Show explicitly that [N, H] =0, where H is given by eq.(1.32) and N by
eq. (1.35).
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2

Lorentz invariance

Prerequisite: 1

A Lorentz transformation is a linear, homogeneous change of coordinates
from z* to ¥,

zh = A av | (2.1)
that preserves the interval 2% between z* and the origin, where
2? = otz = gt =x* - AP (2.2)
This means that the matrix A*, must obey
G\ pN ¢ = Gpo (2.3)

where

—1

+1

G = (2.4)

+1
+1

is the Minkowski metric.

Note that this set of transformations includes ordinary spatial rotations:
take A% =1, A% = A%y =0, and Aij = R;j, where R is an orthogonal rota-
tion matrix.

The set of all Lorentz transformations forms a group: the product of any
two Lorentz transformations is another Lorentz transformation; the prod-
uct is associative; there is an identity transformation, A#, = 6*,; and every
Lorentz transformation has an inverse. It is easy to demonstrate these state-
ments explicitly. For example, to find the inverse transformation (A=1)*,,
note that the left-hand side of eq. (2.3) can be written as A,,A",, and that
we can raise the p index on both sides to get A ,?AY, = 6”,. On the other

15
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hand, by definition, (A~1)?, A, = 6”,. Therefore
(AP, = A" (2.5)
Another useful version of eq. (2.3) is
g AP AN, = g™ (2.6)

To get eq. (2.6), start with eq. (2.3), but with the inverse transformations
(A~1)#, and (A1)”,. Then use eq. (2.5), raise all down indices, and lower
all up indices. The result is eq. (2.6).

For an infinitesimal Lorentz transformation, we can write

AR, = 61, + Swh, . (2.7)

Eq. (2.3) can be used to show that éw with both indices down (or up) is
antisymmetric:

0wps = —0wep - (2.8)

Thus there are six independent infinitesimal Lorentz transformations (in four
spacetime dimensions). These can be divided into three rotations (éw;; =
—eijkn;00 for a rotation by angle 66 about the unit vector f1) and three
boosts (éwip = n;6n for a boost in the direction @i by rapidity 6n).

Not all Lorentz transformations can be reached by compounding infinites-
imal ones. If we take the determinant of eq. (2.5), we get (det A)~! = det A,
which implies det A = £1. Transformations with det A = +1 are proper, and
transformations with det A = —1 are improper. Note that the product of
any two proper Lorentz transformations is proper, and that infinitesimal
transformations of the form A = 1 + 6w are proper. Therefore, any transfor-
mation that can be reached by compounding infinitesimal ones is proper.
The proper transformations form a subgroup of the Lorentz group.

Another subgroup is that of the orthochronous Lorentz transformations:
those for which A% > +1. Note that eq. (2.3) implies (A%)? — A%pA%y = 1;
thus, either A% > +1 or A% < —1. An infinitesimal transformation is clearly
orthochronous, and it is straightforward to show that the product of two
orthochronous transformations is also orthochronous.

Thus, the Lorentz transformations that can be reached by compounding
infinitesimal ones are both proper and orthochronous, and they form a sub-
group. We can introduce two discrete transformations that take us out of
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this subgroup: parity and time reversal. The parity transformation is
+1
H —1yu —1
-1

It is orthochronous, but improper. The time-reversal transformation is

-1
TH, = (T-Y)1, = 1 » . (2.10)

+1

It is nonorthochronous and improper.

Generally, when a theory is said to be Lorentz invariant, this means under
the proper orthochronous subgroup only. Parity and time reversal are treated
separately. It is possible for a quantum field theory to be invariant under the
proper orthochronous subgroup, but not under parity and/or time-reversal.

From here on, in this section, we will treat the proper orthochronous
subgroup only. Parity and time reversal will be treated in section 23.

In quantum theory, symmetries are represented by unitary (or antiuni-
tary) operators. This means that we associate a unitary operator U(A) to
each proper, orthochronous Lorentz transformation A. These operators must
obey the composition rule

UNAN) =UN)YU(A). (2.11)
For an infinitesimal transformation, we can write
U(l+bw) = I + 2=bw, M"™ (2.12)

where MH* = —M"" is a set of hermitian operators called the generators
of the Lorentz group. If we start with U(A)"'U(A)U(A) = U(AIA’A), let
A =1+ 6w, and expand both sides to linear order in dw, we get

$wu U(N)EMMU(A) = dw A, A s MP7 (2.13)

Then, since éw,,, is arbitrary (except for being antisymmetric), the antisym-
metric part of its coefficient on each side must be the same. In this case,
because MH is already antisymmetric (by definition), we have

UN)TM™U(AN) = A, A o MP (2.14)

We see that each vector index on M*” undergoes its own Lorentz trans-
formation. This is a general result: any operator carrying one or more
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vector indices should behave similarly. For example, consider the energy-
momentum four-vector P*, where P? is the hamiltonian H and P’ are the
components of the total three-momentum operator. We expect

U(A)'PrU(A) = A*, P . (2.15)

If we now let A =1+ 6w in eq. (2.14), expand to linear order in éw, and
equate the antisymmetric part of the coefficients of dw,,,, we get the com-
mutation relations

(MM, MP7] = ih(g“pM”" _ (MHV)) _ (peso) . (2.16)

These commutation relations specify the Lie algebra of the Lorentz group.
We can identify the components of the angular momentum operator J as
J; = %ijMjk, and the components of the boost operator K as K; = M™.
We then find from eq. (2.16) that

[Ji, J;] = ihegjr i

[Ji, K] = iheiji Ky
(K, K] = —ihegji ), - (2.17)
The first of these is the usual set of commutators for angular momentum,
and the second says that K transforms as a three-vector under rotations.

The third implies that a series of boosts can be equivalent to a rotation.
Similarly, we can let A =1+ éw in eq. (2.15) to get

[PH, MP7] = ih(g“"Pp - (p<—>0)> , (2.18)
which becomes
[J,', H] =0,
[Ji, Pj] = iheiji Py
[Ki, H] = ihP;
[K;, Pj] = ihsy H . (2.19)

Also, the components of P* should commute with each other:
[P, Pj] =0,
[P, H]=0. (2.20)

Together, egs. (2.17), (2.19), and (2.20) form the Lie algebra of the Poincaré

group.
Let us now consider what should happen to a quantum scalar field ¢(x)
under a Lorentz transformation. We begin by recalling how time evolution
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works in the Heisenberg picture:
ety (x 0)e M = p(x,t) . (2.21)
Obviously, this should have a relativistic generalization,
e—iPx/h(p(O)e—f—iP:c/h = (), (2.22)

where Pr = Pz, = P - x — Hct. We can make this a little fancier by defin-
ing the unitary spacetime translation operator

T(a) = exp(—iP"a,/h) . (2.23)
Then we have
T(a) to(x)T(a) = o(z —a) . (2.24)
For an infinitesimal translation,
T(6a) =1 — 6a,P" . (2.25)
Comparing egs. (2.12) and (2.25), we see that eq. (2.24) leads us to expect
UN)o(@)U(A) = p(A™12) . (2.26)
Derivatives of ¢ then carry vector indices that transform in the appropriate
way, e.g.,

U(A) Lot p(z)U(A) = A*,0°p(A 1) | (2.27)
where the bar on a derivative means that it is with respect to the argument
T = A"1z. Eq.(2.27) also implies

U(N)'9%p(x)U(A) = O*p(A'z) (2.28)

so that the Klein-Gordon equation, (—0% +m?/h%c?)¢ =0, is Lorentz
invariant, as we saw in section 1.

Reference notes

A detailed discussion of quantum Lorentz transformations can be found in
Weinberg 1.

Problems

2.1) Verify that eq. (2.8) follows from eq. (2.3).
2.2) Verify that eq. (2.14) follows from U(A)"*U(A)U(A) = U(A~LA'A).
2.3) Verify that eq. (2.16) follows from eq. (2.14).
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2.4) Verify that eq. (2.17) follows from eq. (2.16).

2.5) Verify that eq. (2.18) follows from eq. (2.15).

2.6) Verify that eq. (2.19) follows from eq. (2.18).

2.7) What property should be attributed to the translation operator T'(a) that
could be used to prove eq. (2.20)?

2.8) a) Let A =1+ éw in eq. (2.26), and show that

lp(x), M*"] = L* () (2.29)
where

LH = D(ghoY — 2V oM) . (2.30)

?

b) Show that [[¢(z), M*¥], MP7] = LI LP7p(x).

¢) Prove the Jacobi identity, [[A, B],C]+ [[B,C],A] + [[C, A], B] = 0. Hint:
write out all the commutators.

d) Use your results from parts (b) and (c) to show that

[p(), [M", MP?]] = (LM LP7 = LP7 LM )p(x) - (2.31)

e) Simplify the right-hand side of eq. (2.31) as much as possible.
f) Use your results from part (e) to verify eq. (2.16), up to the possibility of a
term on the right-hand side that commutes with ¢(z) and its derivatives.
(Such a term, called a central charge, in fact does not arise for the Lorentz
algebra.)
2.9) Let us write

AP =677 4 56w (SE)P - (2.32)
where
(SE)Pr = B(ghPs" . — g"P 6" ;) (2.33)

are matrices which constitute the vector representation of the Lorentz gener-
ators.
a) Let A =1+ 6w in eq. (2.27), and show that

(07 (), M"] = LK 0Pp(x) + (S§7) 07 () - (2.34)

b) Show that the matrices S%" must have the same commutation relations as
the operators M*”. Hint: see the previous problem.
¢) For a rotation by an angle 6 about the z axis, we have

1 0 0 0
0 cosf@ —sinf 0O
woo_
A%y 0 sind cosf 0 (2.35)
0 0 0 1
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Show that
A = exp(—ifSL?/h) .
d) For a boost by rapidity n in the z direction, we have
coshn 0 0 sinhp

0 10 0
AF, =
v 0 0 1 0
sinhn 0 0 coshn

Show that
A = exp(+inS3/h) .

21

(2.36)

(2.37)

(2.38)
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3

Canonical quantization of scalar fields

Prerequisite: 2

Let us go back and drastically simplify the hamiltonian we constructed in
section 1, reducing it to the hamiltonian for free particles:

H = /d3x aT(X)(—ﬁVQ)a(x)
— [t p* @ e)i). (31)
where
ate) = [ % e g(x) (3:2)
Here we have simplified our notation by setting
h=1. (3.3)

The appropriate factors of A can always be restored in any of our formulae
via dimensional analysis. The commutation (or anticommutation) relations
of the a(p) and a'(p) operators are

[a(p),a'(p")]; = 8 (P — D) , (3.4)

where [A, B]+ is either the commutator (if we want a theory of bosons)
or the anticommutator (if we want a theory of fermions). Thus a'(p) can
be interpreted as creating a state of definite momentum p, and eq. (3.1)
describes a theory of free particles. The ground state is the vacuum |0); it

22
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is annihilated by a(p),

a(p)|0) =0, (3.5)

and so its energy eigenvalue is zero. The other eigenstates of H are all of
the form @'(p1)...a'(p,)|0), and the corresponding energy eigenvalue is
E(p1) + ...+ E(pn), where E(p) = 57-p>.

It is easy to see how to generalize this theory to a relativistic one; all we
need to do is use the relativistic energy formula E(p) = +(p2c® + m2c)1/2:

H = / & (p2c? + m2cH V2 1 (p)a(p) (3.6)

Now we have a theory of free relativistic spin-zero particles, and they can
be either bosons or fermions.

Is this theory really Lorentz invariant? We will answer this question (in
the affirmative) in a very roundabout way: by constructing it again, from
a rather different point of view, a point of view that emphasizes Lorentz
invariance from the beginning.

We will start with the classical physics of a real scalar field ¢(x). Real
means that ¢(x) assigns a real number to every point in spacetime. Scalar
means that Alice [who uses coordinates x* and calls the field ¢(z)] and Bob
[who uses coordinates z#, related to Alice’s coordinates by z# = A*, x¥ + a”,
and calls the field ¢(Z)], agree on the numerical value of the field: p(z) =
@(Z). This then implies that the equation of motion for ¢(z) must be the
same as that for ¢(z). We have already met an equation of this type: the
Klein—Gordon equation,

(=0% + m*P)p(z) =0. (3.7)
Here we have simplified our notation by setting
c=1 (3.8)

in addition to A = 1. As with h, factors of ¢ can restored, if desired, by
dimensional analysis.

We will adopt eq. (3.7) as the equation of motion that we would like ¢ (z)
to obey. It should be emphasized at this point that we are doing classical
physics of a real scalar field. We are not to think of p(z) as a quantum
wave function. Thus, there should not be any factors of A in this version of
the Klein—-Gordon equation. This means that the parameter m must have
dimensions of inverse length; m is not (yet) to be thought of as a mass.

The equation of motion can be derived from variation of an action
S = [dt L, where L is the lagrangian. Since the Klein-Gordon equation
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is local, we expect that the lagrangian can be written as the space integral
of a lagrangian density L: L = [ d3 L. Thus, S = [ d% L. The integration
measure d*r is Lorentz invariant: if we change to coordinates z# = A*, 2",
we have d*Z = |det A| d*r = d*z. Thus, for the action to be Lorentz invari-
ant, the lagrangian density must be a Lorentz scalar: £(z) = £(Z). Then we
have S = [d'%z L(z) = [ d* L(z) = S. Any simple function of ¢ is a Lorentz
scalar, and so are products of derivatives with all indices contracted, such
as OMp0d,p. We will take for £

L= —%6“@@@ — %m2g02 + Qo , (3.9)

where g is an arbitrary constant. We find the equation motion (also known
as the Fuler—Lagrange equation) by making an infinitesimal variation d¢(x)
in (), and requiring the corresponding variation of the action to vanish:

0=146S
= /d4x [—%8“6(,0(%@ — %3“908“6@ —m2p 6@]

= /d4x [4—8’*@@ —m2p|6p . (3.10)

In the last line, we have integrated by parts in each of the first two terms,
putting both derivatives on ¢. We assume dp(z) vanishes at infinity in any
direction (spatial or temporal), so that there is no surface term. Since ¢
has an arbitrary = dependence, eq. (3.10) can be true if and only if (—0? +
m?)p = 0.

One solution of the Klein—-Gordon equation is a plane wave of the form
exp(ik-x & iwt), where k is an arbitrary real wave-vector, and

w=+(k>+m?)"?. (3.11)

The general solution (assuming boundary conditions that require ¢ to
remain finite at spatial infinity) is then

dgk ik-x—iwt ik-x+iwt
o(x,1) = m[a(k)ek + b(k) etk ] (3.12)

where a(k) and b(k) are arbitrary functions of the wave vector k, and f(k) is
a redundant function of the magnitude of k which we have inserted for later
convenience. Note that, if we were attempting to interpret ¢(z) as a quan-
tum wave function (which we most definitely are not), then the second term
would constitute the “negative energy” contributions to the wave function.
This is because a plane-wave solution of the nonrelativistic Schrodinger equa-
tion for a single particle looks like exp(ip - x — iE(p)t), with E(p) = ﬁpQ;
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there is a minus sign in front of the positive energy. We are trying to inter-
pret eq. (3.12) as a real classical field, but this formula does not generically
result in ¢ being real. We must impose ¢*(x) = ¢(z), where
90* (X t) — dSk [a*(k)efik-eriwt + b*(k)efik-xfiwt}
’ f(k)
_ dgk [a*(k)e—ikx—i-iwt + b*(_k)e+ik~x—iwt] . (313)
f(k)
In the second term on the second line, we have changed the dummy inte-
gration variable from k to —k. Comparing eqs. (3.12) and (3.13), we see
that ¢*(z) = ¢(x) requires b*(—k) = a(k). Imposing this condition, we can
rewrite ¢ as
QO(X t) — d3k _a(k)eik-xfiwt + a*(_k)eik-x+iwt}
f(k) L
d3k . . . .
— alk ezk-x—zwt + a*(k e—zk-x+zwt]
S [a00 (x)
%k T - -
= [ —= |a(k)e™ + a*(k e*’]m] , 3.14
i la00e a7 (3.14)
where kx = k-x — wt is the Lorentz-invariant product of the four-vectors
' = (t,x) and k" = (w,k): kx = k*z, = g k*z”. Note that

k2 = k'k, = k% —w? = —m?. (3.15)

2 is said to be on the mass shell,

A four-momentum k* that obeys k* = —m
or on shell for short.

It is now convenient to choose f(k) so that d%/f (k) is Lorentz invariant.
An integration measure that is manifestly invariant under orthochronous
Lorentz transformations is d*% &(k2+m?) 0(k°), where §(z) is the Dirac delta
function, #(z) is the unit step function, and k° is treated as an independent

integration variable. We then have

+o0o 1
/ dk® §(k*4+m?) 0(k°) = 5 (3.16)

Here we have used the rule
+oo 1

dx 6(g(x)) = _ 3.17

[ st =3 gy 47

—00

where g(z) is any smooth function of x with simple zeros at x = z;; in our
case, the only zero is at £k = w.
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Thus we see that if we take f(k) x w, then d /f (k) will be Lorentz invari-
ant. We will take f(k) = (27)32w. It is then convenient to give the corre-
sponding Lorentz-invariant differential its own name:

—~ &’k
dk = ———— . 3.18
(2m)32w (3.18)
Thus we finally have
o(z) = /El\/; [a(k)eim—i—a*(k)e—im] ) (3.19)

We can also invert this formula to get a(k) in terms of ¢(x). We have
/dgx e M o(z) = Lak) + £e*™a*(—k) ,
/dgx e Fd0p(z) = —%a(k) + %emma*(—k) . (3.20)
We can combine these to get
a(k) = /dgx e~ the [i@ocp(x) + wgp(m)}
= i/dgsc e_ikx%@(x) , (3.21)

where f(?:g = f(Oug) — (Ouf)g, and Ogp = /0t = . Note that a(k) is
time independent.

Now that we have the lagrangian, we can construct the hamiltonian by
the usual rules. Recall that, given a lagrangian L(g;, ¢;) as a function of some
coordinates ¢; and their time derivatives ¢;, the conjugate momenta are given
by p;i = 0L/0¢;, and the hamiltonian by H = ", p;¢; — L. In our case, the
role of g;(t) is played by ¢(x,t), with x playing the role of a (continuous)
index. The appropriate generalizations are then

0

1) = B

(3.22)

and
H=1p—-L, (3.23)

where H is the hamiltonian density, and the hamiltonian itself is H =
[ &3 H. In our case, we have

() = (x) (3.24)
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and
H =3I + 3(Ve)? + 3m*e® = Qo . (3.25)
Using eq. (3.19), we can write H in terms of the a(k) and a*(k) coefficients:
HZ_QOV%—%/EI%ZZ\I;/CZ% [
(—z'w a(k)e™™ + iw a*( kx) ( iw a(k)e* T +iw af (k’)e—ik'x)
+ (‘Hk a(k)e™ — ik a*( ka) <+zk’ ) (k’)eiik/x)
+m? (a(k)e™ + a* ()e ™) (a(k)e +a (k/)e—m)]
— v+ l(zﬁ/&% & |
§*(k — K)(+ww’ + k-k' +m?)
< (a*()a(l)e " + alja” (I )e 4"
+ 6%k + K)(—ww' — kK + m2)
x (alk)a(k)e™ " 4 ¥
=V + 4 / 0t |

(+w? + k2 + m2) (a*(k)a(k) + a(k)a*(k))

k) ( )+i(w+w’)t>}

+(—o? + K+ m?) (a(k)a(—k)e—%wt + a*(k)a*(_k)e”iwtﬂ

— Qv 4} / ko (" (K)a(k) + a(k)a (k) (3.26)

where V' is the volume of space. To get the second equality, we used
/ d*r ' = (27)363(q) . (3.27)

To get the third equality, we integrated over k’, using dk = &3 /(27)320".
The last equality then follows from w = (k24+m?)/2. Also, we were careful to
keep the ordering of a(k) and a*(k) unchanged throughout, in anticipation
of passing to the quantum theory where these classical functions will become
operators that may not commute.

Let us take up the quantum theory now. We can go from classical to
quantum mechanics via canonical quantization. This means that we promote
¢; and p; to operators, with commutation relations [g;, ¢;] = 0, [pi, pj] =0,
and [g;, pj] = thé;j. In the Heisenberg picture, these operators should be
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taken at equal times. In our case, where the “index” is continuous (and we
have set h = 1), we have

[@(Xa t)’ (p(xla t)] =0,
[H(X’ t)v H(le t)] =0,
[o(x, 1), II(x,t)] = i6%(x — x') . (3.28)

From these canonical commutation relations, and from egs. (3.21) and (3.24),
we can deduce

la(k),a(k’)] =0,
[a (k),a’(K)] =0,
la(k), a’ (K)] = (27)32w 63 (k — K) . (3.29)

We are now denoting a*(k) as a'(k), since a'(k) is now the hermitian conju-
gate (rather than the complex conjugate) of the operator a(k). We can now
rewrite the hamiltonian as

H= [ dkwa(k)ak)+ (& — )V, (3.30)
where
& = %(%)—3/ %k w (3.31)

is the total zero-point energy of all the oscillators per unit volume, and,
using eq. (3.27), we have interpreted (27)363(0) as the volume of space V.

If we integrate in eq. (3.31) over the whole range of k, the value of & is
infinite. If we integrate only up to a maximum value of A, a number known
as the ultraviolet cutoff, we find

A4

T 1672
where we have assumed A > m. This is physically justified if, in the real
world, the formalism of quantum field theory breaks down at some large
energy scale. For now, we simply note that the value of g is arbitrary, and
so we are free to choose g = &. With this choice, the ground state has
energy eigenvalue zero. Now, if we like, we can take the limit A — oo, with
no further consequences. (We will meet more of these ultraviolet divergences
after we introduce interactions.)

The hamiltonian of eq. (3.30) is now the same as that of eq.(3.6), with
a(k) = [(27)%2w]"/?@(k). The commutation relations (3.4) and (3.29) are
also equivalent, if we choose commutators (rather than anticommutators) in
eq. (3.4). Thus, we have rederived the hamiltonian of free relativistic bosons

&o (3.32)
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by quantization of a scalar field whose equation of motion is the Klein—
Gordon equation. The parameter m in the lagrangian is now seen to be the
mass of the particle in the quantum theory. (More precisely, since m has
dimensions of inverse length, the particle mass is ficm.)

What if we want fermions? Then we should use anticommutators in
egs. (3.28) and (3.29). There is a problem, though; eq. (3.26) does not then
become eq. (3.30). Instead, we get H = —QyV, a simple constant. Clearly
there is something wrong with using anticommutators. This is another hint
of the spin-statistics theorem, which we will take up in section 4.

Next, we would like to add Lorentz-invariant interactions to our theory.
With the formalism we have developed, this is easy to do. Any local function
of p(x) is a Lorentz scalar, and so if we add a term like ¢3 or ¢* to the
lagrangian density £, the resulting action will still be Lorentz invariant.
Now, however, we will have interactions among the particles. Our next task
is to deduce the consequences of these interactions.

However, we already have enough tools at our disposal to prove the spin-
statistics theorem for spin-zero particles, and that is what we turn to next.

Problems

3.1) Derive eq. (3.29) from egs. (3.21), (3.24).
3.2) Use the commutation relations, eq. (3.29), to show explicitly that a state of
the form

k... kp) =al(ky)...a'(k,)|0) (3.33)

is an eigenstate of the hamiltonian, eq. (3.30), with eigenvalue wy + ... + wy,.
The vacuum |0) is annihilated by a(k), a(k)|0) = 0, and we take Qp = & in
eq. (3.30).

3.3) Use U(A)"to(z)U(A) = p(A~1z) to show that

UM a(k)U(A) = a(A k),

UAN)Lal (k) UA) = a'(A71K) , (3.34)
and hence that

UM)|ky ... kn) = [Aky ... Aky) (3.35)

where |k1 ... k,) =af(k;)...a'(k,)|0) is a state of n particles with momenta
ki, ..o kn.
3.4) Recall that T'(a) '¢(x)T(a) = p(z — a), where T'(a) = exp(—iP"a,) is the
spacetime translation operator, and P is identified as the hamiltonian H.
a) Let a* be infinitesimal, and derive an expression for [P, p(x)].
b) Show that the time component of your result is equivalent to the Heisenberg
equation of motion ¢ = i[H, ¢].
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c¢) For a free field, use the Heisenberg equation to derive the Klein—Gordon
equation.
d) Define a spatial momentum operator

= —/d?’:v I(x)Ve(z) . (3.36)

Use the canonical commutation relations to show that P obeys the relation
you derived in part (a).
e) Express P in terms of a(k) and af (k).
Consider a complex (that is, nonhermitian) scalar field ¢ with lagrangian
density

L=—0"p"9,0 —m*plp+ Q. (3.37)

a) Show that ¢ obeys the Klein—Gordon equation.

b) Treat ¢ and o' as independent fields, and find the conjugate momentum
for each. Compute the hamiltonian density in terms of these conjugate
momenta and the fields themselves (but not their time derivatives).

¢) Write the mode expansion of ¢ as

o(z) = / dk [ak)e™ + bt (k)e 7] . (3.38)

Express a(k) and b(k) in terms of ¢ and ¢! and their time derivatives.

d) Assuming canonical commutation relations for the fields and their conjugate
momenta, find the commutation relations obeyed by a(k) and b(k) and their
hermitian conjugates.

e) Express the hamiltonian in terms of a(k) and b(k) and their hermitian
conjugates. What value must €y have in order for the ground state to have
zero energy’?
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4

The spin-statistics theorem

Prerequisite: 3

Let us consider a theory of free, spin-zero particles specified by the hamil-
tonian

Ho= [ dk wal(k)a(k) , (4.1)

where w = (k? + m?)'/2, and either the commutation or anticommutation
relations

“@
.
—~
A~
=

H

I
—~
DN

=]
~—
w
[\

S
>
w
—
=

|
~

(4.2)

Of course, if we want a theory of bosons, we should use commutators, and
if we want fermions, we should use anticommutators.

Now let us consider adding terms to the hamiltonian that will result in
local, Lorentz invariant interactions. In order to do this, it is convenient to
define a nonhermitian field,

ot (x,0) = / dk ¢ q(k) | (4.3)

and its hermitian conjugate

o (x,0) = / dk e~ o1 (k) . (4.4)

These are then time-evolved with Hp:
5 ) = M (00 = [ k)

o (x,t) = el (x,0)e "ot = / dk =™t (k) . (4.5)

31
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Note that the usual hermitian free field ¢(x) is just the sum of these: p(z) =

ot () + ¢~ (2).
For a proper orthochronous Lorentz transformation A, we have

UA) " o(@)UA) = p(A™1z) . (4.6)

This implies that the particle creation and annihilation operators transform
as

U(8) " a(k)U(A) = a(A7'K),

UM Ll (k)U(A) = al(A7K) . (4.7)
This, in turn, implies that ¢ (z) and ¢~ (z) are Lorentz scalars:

U(8)p* (@)U (A) = g (A1) (4.8)

We will then have local, Lorentz invariant interactions if we take the interac-
tion lagrangian density £1 to be a hermitian function of ¢ (z) and ¢~ (z).

To proceed we need to recall some facts about time-dependent perturba-
tion theory in quantum mechanics. The transition amplitude 7;.; to start
with an initial state |i) at time ¢ = —oo and end with a final state |f) at
time ¢t = +o0 is

—+00

T = {1 Tep|=i [ a0 (19)

—00

where Hj(t) is the perturbing hamiltonian in the interaction picture,
H[(t) = exp(—l—z’Hgt) H, eXp(—iH()t) y (4.10)

H; is the perturbing hamiltonian in the Schrodinger picture, and T is the
time ordering symbol: a product of operators to its right is to be ordered,
not as written, but with operators at later times to the left of those at
earlier times. We write Hy = [ d®x H1(x,0), and specify Hi(x,0) as a her-
mitian function of p*(x,0) and ¢~ (x,0). Then, using egs. (4.5) and (4.10),
we can see that, in the interaction picture, the perturbing hamiltonian den-
sity Hy(x,t) is simply given by the same function of ™ (x,t) and ¢~ (x,t).

Now we come to the key point: for the transition amplitude 7;_; to
be Lorentz invariant, the time ordering must be frame independent. The
time ordering of two spacetime points z and 7’ is frame independent if
their separation is timelike; this means that the interval between them is
negative, (x — 2')? < 0. Two spacetime points whose separation is spacelike,
(x —2')2 > 0, can have different temporal ordering in different frames. In
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order to avoid 7y ; being different in different frames, we must then require
[Hi(z),Hr(2')] =0 whenever (z—2/)?>0. (4.11)

Obviously, [pT(z), o (2')]x = [¢™ (x), ¢~ (2/)]z = 0. However,

(¢ @)™ (@ = [ di dE (), ol ()

_ /&E eik(z—:c’)

m
= qzy Kalmr)

=C(r). (4.12)

In the next-to-last line, we have taken (z —2')2 =72 >0, and Ki(z) is a
modified Bessel function. (This Lorentz-invariant integral is most easily eval-
uated in the frame where ¢ = ¢.) The function C(r) is not zero for any r > 0.
(Not even when m = 0; in this case, C(r) = 1/47%r2.) On the other hand,
H;(x) must involve both ¢ (z) and ¢~ (z), by hermiticity. Thus, generically,
we will not be able to satisfy eq. (4.11).

To resolve this problem, let us try using only particular linear combina-
tions of ¢ () and ¢~ (z). Define

pa(z) = ¢ (@) + A7 (2)
Ph@) = ¢ (@) + X (), (4.13)
where A is an arbitrary complex number. We then have

(@), oL (@5 = [p™ (@), 0™ (@5 + NPle™ (2), 0™ (@)]5

= (LFAP)C(r) (4.14)
and
[oa(@), pa(a)]: = Ap™ (2), ¢~ (@)]z + Ae™ (2), 0™ (2)]5
=A1F1)C(r). (4.15)

Thus, if we want @y (z) to either commute or anticommute with both ¢y (')
and cp;(x’ ) at spacelike separations, we must choose |A\| = 1, and we must
choose commutators. Then (and only then), we can build a suitable H(x)
by making it a hermitian function of @) (x).

But this has simply returned us to the theory of a real scalar field, because,
for A = €', e~"/2, () is hermitian. In fact, if we make the replacements
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a(k) — et®/2q(k) and af(k) — e~**/2af(k), then the commutation rela-
tions of eq. (4.2) are unchanged, and e~"*/2¢, (z) = ¢(x) = ¢t (z) + ¢~ (z).
Thus, our attempt to start with the creation and annihilation operators
a'(k) and a(k) as the fundamental objects has simply led us back to the
real, commuting, scalar field ¢(z) as the fundamental object.

Let us return to thinking of p(z) as fundamental, with a lagrangian den-
sity given by some function of the Lorentz scalars ¢(x) and 0ty (x)d,p(x).
Then, quantization will result in [¢(z), p(z’)]+ = 0 for t = ¢'. If we choose
anticommutators, then [p(x)]? = 0 and [9,¢(z)]? = 0, resulting in a trivial
L that is at most linear in ¢, and independent of . This clearly does not
lead to the correct physics.

This situation turns out to generalize to fields of higher spin, in any num-
ber of spacetime dimensions. One choice of quantization (commutators or
anticommutators) always leads to a trivial £, and so this choice is disallowed.
Furthermore, the allowed choice is always commutators for fields of integer
spin, and anticommutators for fields of half-integer spin. If we try treating
the particle creation and annihilation operators as fundamental, rather than
the fields, we find a situation similar to that of the spin-zero case, and are led
to the reconstruction of a field that must obey the appropriate quantization
scheme.

Reference notes

This discussion of the spin-statistics theorem follows that of Weinberg I,
which has more details.

Problems

4.1) Verify eq. (4.12). Verify its limit as m — 0.
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5
The LSZ reduction formula

Prerequisite: 3

Let us now consider how to construct appropriate initial and final states
for scattering experiments. In the free theory, we can create a state of one
particle by acting on the vacuum state with a creation operator

[k) = al ()0} , (5.1)
where
al (k) = —i / &3 %7 9y o(z) . (5.2)
The vacuum state |0) is annihilated by every a(k),
a(k)|0) =0, (5.3)
and has unit norm,
{00y =1. (5.4)

The one-particle state |k) then has the Lorentz-invariant normalization
(kK'Y = (2m)2 2w 83 (k — K') | (5.5)

where w = (k% + m?)/2,

Next, let us define a time-independent operator that (in the free theory)
creates a particle localized in momentum space near ki, and localized in
position space near the origin:

al = / &k f1(k)at (k) , (5.6)
where

f1(k) o< exp[—(k — k;)?/40?] (5.7)

35
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is an appropriate wave packet, and o is its width in momentum space. Con-
sider the state a“0>. If we time evolve this state in the Schrédinger picture,
the wave packet will propagate (and spread out). The particle is thus local-
ized far from the origin as t — +oo. If we consider instead a state of the
form a];a£|()>, where ky # ko, then the two particles are widely separated in
the far past.

Let us guess that this still works in the interacting theory. One compli-
cation is that a'(k) will no longer be time independent, and so aJ{, eq. (5.6),
becomes time dependent as well. Our guess for a suitable initial state of a
scattering experiment is then

[i) = lim_a](t)a}(t)|0) . (5.8)
By appropriately normalizing the wave packets, we can make (i|7) = 1, and
we will assume that this is the case. Similarly, we can consider a final state
) = lim_al, (Db (1)]0) | (5.9)

t—+00

where k| # k,, and (f|f) = 1. This describes two widely separated particles
in the far future. (We could also consider acting with more creation oper-
ators, if we are interested in the production of some extra particles in the
collision of two.) Now the scattering amplitude is simply given by (f|i).

We need to find a more useful expression for (f|i). To this end, let us note
that

a}(+o00) — aj(~o00) = / :o dt o (1)
- —i/d3k: fl(k)/d4w ) (eikwai)@(ﬂ?))
- / &k f1(k) / d'z e (95 + w?)p(x)
= _i/di’v{; fl(k)/d4x e (05 + k2 +m?)p(z)
_ / &k f1(k) / dh ¢ (92 — V2 + m?)p(z)
= — / Pk f1(k) / dz e* (R — V2 + m?)p(z)
_ / & (k) / dz e (—2 1+ m2)p(z) . (5.10)

The first equality is just the fundamental theorem of calculus. To get the
second, we substituted the definition of a]; (t), and combined the d3 from
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this definition with the dt to get d*z. The third comes from straightforward
evaluation of the time derivatives. The fourth uses w? = k? 4+ m?2. The fifth
writes k? as —V? acting on e’®*. The sixth uses integration by parts to
move the V2 onto the field (x); here the wave packet is needed to avoid a
surface term. The seventh simply identifies 92 — V2 as —92.

In free-field theory, the right-hand side of eq. (5.10) is zero, since ¢(z)
obeys the Klein—Gordon equation. In an interacting theory, with (say) £ =
%gcp:g, we have instead (—0% +m?)p = 1gp?. Thus the right-hand side of
eq. (5.10) is not zero in an interacting theory.

Rearranging eq. (5.10), we have

a}(—oo) = a{(—l—oo) —|—i/d3k fi(k) /d4a: ek (9% + m?)p(z) . (5.11)

We will also need the hermitian conjugate of this formula, which (after a
little more rearranging) reads

ai(+00) = aj(—o0) +i/d3k f1(k) /d4:c e R (—02 + mBp(z) . (5.12)
Let us return to the scattering amplitude,
(£1i) = (Olar (+00)az (+00)a} (~oc)ab(~c0)|0) . (5.13)

Note that the operators are in time order. Thus, if we feel like it, we can
put in a time-ordering symbol without changing anything:

(i) = (0] Tay (+00)ag (+00)al (—oo)al(—o0)|0) . (5.14)

The symbol T means the product of operators to its right is to be ordered,
not as written, but with operators at later times to the left of those at earlier
times.

Now let us use egs. (5.11) and (5.12) in eq. (5.14). The time-ordering sym-
bol automatically moves all a;(—o0)’s to the right, where they annihilate
|0). Similarly, all a}(%—oo)’s move to the left, where they annihilate (0.

The wave packets no longer play a key role, and we can take the ¢ — 0
limit in eq. (5.7), so that fi(k) = 63(k —k;). The initial and final states
now have a delta-function normalization, the multiparticle generalization of
eq. (5.5). We are left with

(fi) =t /d4:n1 eFe (92 4 om?) .
diz) e T (=2, 4 m?) ..

x (0| Tp(z1) ... p(x])...]0) . (5.15)
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\ E/
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Figure 5.1. The exact energy eigenstates in the (P, E) plane. The ground
state is isolated at (0,0), the one-particle states form an isolated hyperbola
that passes through (0,m), and the multi-particle continuum lies at and
above the hyperbola that passes through (0,2m).

This formula has been written to apply to the more general case of n incom-
ing particles and n’ outgoing particles; the ellipses stand for similar factors
for each of the other incoming and outgoing particles.

Eq. (5.15) is the Lehmann—Symanzik—Zimmermann reduction formula, or
LSZ formula for short. It is one of the key equations of quantum field theory.

However, our derivation of the LSZ formula relied on the supposition
that the creation operators of free field theory would work comparably in
the interacting theory. This is a rather suspect assumption, and so we must
review it.

Let us consider what we can deduce about the energy and momentum
eigenstates of the interacting theory on physical grounds. First, we assume
that there is a unique ground state |0), with zero energy and momentum.
The first excited state is a state of a single particle with mass m. This state
can have an arbitrary three-momentum k; its energy is then £ = w = (k? +
mz)l/ 2. The next excited state is that of two particles. These two particles
could form a bound state with energy less than 2m (like the hydrogen atom
in quantum electrodynamics), but, to keep things simple, let us assume
that there are no such bound states. Then the lowest possible energy of a
two-particle state is 2m. However, a two-particle state with zero total three-
momentum can have any energy above 2m, because the two particles could
have some relative momentum that contributes to their total energy. Thus
we are led to a picture of the states of theory as shown in fig. 5.1.

Now let us consider what happens when we act on the ground state with
the field operator ¢(x). To this end, it is helpful to write

o(x) = exp(—iPP2,)p(0)exp(+iPVa,) | (5.16)



P1: RNK/XXX P2: RNK/XXX QC: RNK/XXX T1: RNK
CUUKT761-Srednicki August 25, 2006 14:1

The LSZ reduction formula 39

where P* is the energy-momentum four-vector. (This equation, introduced
in section 2, is just the relativistic generalization of the Heisenberg equation.)
Now let us sandwich ¢(z) between the ground state (on the right), and other
possible states (on the left). For example, let us put the ground state on the
left as well. Then we have

(Olp(@)]0) = (0l (0)e™0)

= (0]¢(0)[0) . (5.17)

To get the second line, we used PH|0) = 0. The final expression is just a
Lorentz-invariant number. Since |0) is the exact ground state of the inter-
acting theory, we have (in general) no idea what this number is.

We would like (0](0)|0) to be zero. This is because we would like ai(ioo),
when acting on |0), to create a single particle state. We do not want aJ{(j:oo)
to create a linear combination of a single particle state and the ground state.
But this is precisely what will happen if (0]¢(0)|0) is not zero.

So, if v = (0]|¢(0)]0) is not zero, we will shift the field p(x) by the con-
stant v. This means that we go back to the lagrangian, and replace ¢(z)
everywhere by ¢(z) + v. This is just a change of the name of the operator
of interest, and does not affect the physics. However, the shifted ¢(x) obeys,
by construction, (0|¢(x)|0) = 0.

Let us now consider (p|¢(x)|0), where |p) is a one-particle state with four-
momentum p, normalized according to eq. (5.5). Again using eq. (5.16), we
have

(ple()]0) = (ple™ " p(0)e™*|0)

= e~ (pl(0)|0) , (5.18)

where (p|¢(0)|0) is a Lorentz-invariant number. It is a function of p, but the
only Lorentz-invariant functions of p are functions of p?, and p? is just the
constant —m?2. So (p|¢(0)|0) is just some number that depends on m and
(presumably) the other parameters in the lagrangian.

We would like (p|¢(0)|0) to be one. That is what it is in free-field theory,

and we know that, in free-field theory, aJ{ (d00) creates a correctly normalized

one-particle state. Thus, for ai (+00) to create a correctly normalized one-
particle state in the interacting theory, we must have (p|¢(0)[0) = 1.

So, if (p|p(0)]0) is not equal to one, we will rescale (or, one might say,
renormalize) ¢(x) by a multiplicative constant. This is just a change of the
name of the operator of interest, and does not affect the physics. However,

the rescaled ¢(x) obeys, by construction, (p|p(0)|0) = 1.
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Finally, consider (p,n|¢(x)|0), where |p,n) is a multiparticle state with
total four-momentum p, and n is short for all other labels (such as relative
momenta) needed to specify this state. We have

(0, nlp(@)]0) = (p, nle™ e (0)e™*|0)

= e~ (p, n|(0)[0)
= e PTA,(p), (5.19)

where A, (p) is a function of Lorentz-invariant products of the various
(relative and total) four-momenta needed to specify the state. Note that,
from fig. (5.1), p° = (p? + M?)'/2 with M > 2m. The invariant mass M is
one of the parameters included in the set n.

We would like (p, n|p(x)|0) to be zero, because we would like aJ{(:I:oo),
when acting on |0), to create a single particle state. We do not want a| (00)
to create any multiparticle states. But this is precisely what may happen if
(p,n|p(x)|0) is not zero.

Actually, we are being a little too strict. We really need (p, n|aJ{(j:oo)\O>
to be zero, and perhaps it will be zero even if (p,n|p(z)|0) is not. Also,
we really should test aJ{(j:oo)|O> only against normalizable states. Mathe-
matically, non-normalizable states cause all sorts of trouble; mathematicians
don’t consider them to be states at all. In physics, this usually doesn’t bother
us, but here we must be especially careful. So let us write

Z/d p)lp.n) | (5.20)

where the 1, (p)’s are wave packets for the total three-momentum p. Note
that eq. (5.20) is highly schematic; the sum over n includes integrals over
continuous parameters like relative momenta.

Now we want to examine

Wil = =3 / dp / i f(k) / 2 % 3 (p, nlp()|0) -

(5.21)

We will take the limit ¢ — £00 in a moment. Using eq. (5.19), eq. (5.21)
becomes

Wik = =53 [ divico) [t i) [ (e e ) ante
= Z / d%p / &k f1(k) / dPr (p+k2) !PT A (p) .

(5.22)
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Next we use [ d% e’ P)* = (27)3§%(k — p) to get
(la()|0) = Z/d3p (2m)* (p*+K0)05 () f1(P) An(p)e’™ ), (5.23)

where p? = (p? + M?)Y/2 and k° = (p? + m?)1/2.

Now comes the key point. Note that p° is strictly greater than k°, because
M > 2m > m. Thus the integrand of eq. (5.23) contains a phase factor that
oscillates more and more rapidly as t — +o00. Therefore, by the Riemann—
Lebesgue lemma, the right-hand side of eq. (5.23) vanishes as ¢t — Fo0.

Physically, this means that a one-particle wave packet spreads out differ-
ently than a multiparticle wave packet, and the overlap between them goes
to zero as the elapsed time goes to infinity. Thus, even though our operator
aJ{ (t) creates some multiparticle states that we don’t want, we can “follow”
the one-particle state that we do want by using an appropriate wave packet.
By waiting long enough, we can make the multiparticle contribution to the
scattering amplitude as small as we like.

Let us recap. The basic formula for a scattering amplitude in terms of the
fields of an interacting quantum field theory is the LSZ formula, which is
worth writing down again:

(fli) = ivt /d4x1 eFm (92 4 om?) .

Iy N,
d*zy e R (=92, £ m?) ..

X (0| Tp(z1) ... p(x])...]0) . (5.24)
The LSZ formula is valid provided that the field obeys
(0]p(x)|0) =0 and (klo(x)|0) = e~ (5.25)

These normalization conditions may conflict with our original choice of field
and parameter normalization in the lagrangian. Consider, for example, a
lagrangian originally specified as

L= —%a“goaugo - %m2g02 + %ggpS . (5.26)

After shifting and rescaling (and renaming some parameters), we will have
instead

L= —32,0"p0up — 5 Zum’0® + §2490° + Yo . (5.27)

Here the three Zs and Y are as yet unknown constants. They must be
chosen to ensure the validity of eq.(5.25); this gives us two conditions in
four unknowns. We fix the parameter m by requiring it to be equal to the
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actual mass of the particle (equivalently, the energy of the first excited state
relative to the ground state), and we fix the parameter g by requiring some
particular scattering cross section to depend on ¢ in some particular way.
(For example, in quantum electrodynamics, the parameter analogous to g
is the electron charge e. The low-energy Coulomb scattering cross section is
proportional to e*, with a definite constant of proportionality and no higher-
order corrections; this relationship defines e.) Thus we have four conditions
in four unknowns, and it is possible to calculate Y and the three Zs order
by order in powers of g.

Next, we must develop the tools needed to compute the correlation func-
tions (0|Ty(z1)...]0) in an interacting quantum field theory.

Reference notes

Useful discussions of the LSZ reduction formula can be found in Brown,
Ttzykson € Zuber, Peskin € Schroeder, and Weinberg 1.

Problems

5.1) Work out the LSZ reduction formula for the complex scalar field that was
introduced in problem 3.5. Note that we must specify the type (a or b) of each
incoming and outgoing particle.
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Path integrals in quantum mechanics

Prerequisite: none

Consider the nonrelativistic quantum mechanics of one particle in one
dimension; the hamiltonian is

H(P,Q) =P’ +V(Q), (6.1)

where P and @) are operators obeying [Q, P| = i. (We set A = 1 for notational
convenience.) We wish to evaluate the probability amplitude for the particle
to start at position ¢’ at time ¢, and end at position ¢” at time ¢”. This

_iH(t”_t')\q’>, where |¢') and |¢”) are eigenstates of the

amplitude is (¢"|e
position operator Q.

We can also formulate this question in the Heisenberg picture,
where operators are time dependent and the state of the system
is time independent, as opposed to the more familiar Schrodinger
picture. In the Heisenberg picture, we write Q(t) = e'?*Qe™"t. We can
then define an instantaneous eigenstate of Q(t) via Q(t)|q,t) = qlq,t).
These instantaneous eigenstates can be expressed explicitly as |g,t) =
ettt ), where Q|q) = q|g). Then our transition amplitude can be written
as (¢",t"|¢’,t') in the Heisenberg picture.

To evaluate (¢”,t"|¢',t'), we begin by dividing the time interval T =
t" —t" into N 4 1 equal pieces of duration 6t = T'/(N + 1). Then introduce
N complete sets of position eigenstates to get

N
(" 1" ') = /Hde (d"le”" lgn)(anle™  lgn—1) - Aqr|e ™) -
j=1
(6.2)
The integrals over the gs all run from —oo to 4o00.

43
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Now consider (ga|e™*7%|q;). We can use the Campbell-Baker-Hausdorf
formula
exp(A + B) = exp(A) exp(B) exp(—3[A, B] +...) (6.3)
to write
exp(—iHbt) = exp[—i(6t/2m)P?] exp[—i6tV (Q)] exp[O(6t%)] . (6.4)

Then, in the limit of small 6¢, we should be able to ignore the final expo-
nential. Inserting a complete set of momentum states then gives

(qole”H%|q1) = / dpy (go|e T CY2mP 1) (py |7V (@ gy

= /dpl et B2mIPL =itV (@) (o1 p1 ) (p1 | )

_ / dp1 —i(st/amyp? —i6tV (@) gimr (a:-0:)
2

— / @ e~ tH(P1,q1)6t ip1(g2—q1) (6'5)
27
To get the third line, we used (g|p) = (27)~*/* exp(ipq).

If we happen to be interested in more general hamiltonians than eq. (6.1),
then we must worry about the ordering of the P and () operators in any
term that contains both. If we adopt Weyl ordering, where the quantum
hamiltonian H (P, Q) is given in terms of the classical hamiltonian H (p, q)

by

dz dk
HP.Q) = [ 52559 [dpdge ™ M H(pq).  (60)

then eq.(6.5) is not quite correct; in the last line, H(p1,q1) should be
replaced with H(p1,q1), where q = %(ql + ¢2). For the hamiltonian of
eq. (6.1), which is Weyl ordered, this replacement makes no difference in the
limit 6t — 0.

Adopting Weyl ordering for the general case, we now have

N N
d . . . _
(q"t"ld . t") = / [[da]1 % e (1) o =iH P30t (6.7)
k=1 j=0

where ¢; = %(qj +gj+1), o =4¢', and gn41 =¢". If we now define ¢; =
(gj+1 — g;)/6t, and take the formal limit of 6t — 0, we get

@) = [Pamp eofi [ a(p0io - Ho0).0))]- 69
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The integration is to be understood as over all paths in phase space that
start at ¢(t') = ¢’ (with an arbitrary value of the initial momentum) and
end at ¢(t") = ¢” (with an arbitrary value of the final momentum).

If H(p,q) is no more than quadratic in the momenta [as is the case for
eq. (6.1)], then the integral over p is gaussian, and can be done in closed
form. If the term that is quadratic in p is independent of ¢ [as is the case
for eq. (6.1)], then the prefactors generated by the gaussian integrals are
all constants, and can be absorbed into the definition of Dg. The result of
integrating out p is then

(q".t"d 1) = /Dq exp [2/t dt L(d(t),Q(t))] : (6.9)

where L(q,q) is computed by first finding the stationary point of the p
integral by solving
9 ( . . 0H(p,q)
ap \P4 (P.a)) =4 o9

for p in terms of ¢ and ¢, and then plugging this solution back into pg — H to

(6.10)

get L. We recognize this procedure from classical mechanics: we are passing
from the hamiltonian formulation to the lagrangian formulation.

Now that we have egs. (6.8) and (6.9), what are we going to do with
them? Let us begin by considering some generalizations; let us examine, for
example, (¢”,t"|Q(t1)|¢,t'), where ' < t; < t”. This is given by

(q”,t”|Q(t1)|q/,t'> _ <q//’efiH(t”ftl)QefiH(tlft/)‘q/> ) (611)

In the path integral formula, the extra operator @) inserted at time ¢; will
simply result in an extra factor of ¢(¢1). Thus

(@' Q) 1) = / DpDq g(tr) S (6.12)

where S = f;” dt (pg — H). Now let us go in the other direction; consider
| DpDgq q(t1)q(t2)e’s. This clearly requires the operators Q(t1) and Q(tz),
but their order depends on whether ¢; < t9 or to < t;. Thus we have

/Dqu q(t1)q(tz) ¢ = (¢",t"ITQ(t)Q(t2) 4’ ) - (6.13)

where T is the time ordering symbol: a product of operators to its right is
to be ordered, not as written, but with operators at later times to the left
of those at earlier times. This is significant, because time-ordered products
enter into the LSZ formula for scattering amplitudes.
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To further develop these methods, we need another trick: functional
derivatives. We define the functional derivative 6/6 f(t) via

% f(t2) = 6(t1 —t2) (6.14)
where 6(t) is the Dirac delta function. Also, functional derivatives are def-
ined to satisfy all the usual rules of derivatives (product rule, chain rule,
etc). Eq.(6.14) can be thought of as the continuous generalization of

Now, consider modifying the lagrangian of our theory by including exter-
nal forces acting on the particle:

H(p,q) — H(p,q) — f(t)q(t) — h(t)p(t) , (6.15)

where f(t) and h(t) are specified functions. In this case we will write

¢

(" g ) = /Dqu exp [z/ dt (pcj— H+ fq+hp) . (6.16)
t/

where H is the original hamiltonian. Then we have

1 0 "oy gl / i [ dt[pg—H
" t t — | DpDa a(ty) et ) 4t lpi—H+Fq+hp]
i 6f(t1) (" 1, ) pn pDq q(t1) e ,
1 6 1 6 /T A T / ‘fdt[ H
i 7 "¢, "y s = | DpDq q(t)qlty) e') #Pi=H+fa+hp)
57 787 4l s pDg q(t1)q(t2) e ,
1 6 /A T / -fdt[p._H
7 t"|¢',t") gn = | DpDq p(t1) e’ q—H+fq-+hp]
i 6h(t1) (a" t71d ) pDq p(t1)e :

(6.17)

and so on. After we have finished bringing down as many factors of ¢(¢;)
or p(t;) as we like, we can set f(t) = h(t) =0, and return to the original
hamiltonian. Thus,

(@" t"|TQ(t1) ... P(tn) ... |q',t))
1§ 1

6 1 ' ! !
= = At gL )y . 6.18
i 0f(t1) i Sh(tn) CALA RN f—ho (6.18)

Suppose we are also interested in initial and final states other than posi-

tion eigenstates. Then we must multiply by the wave functions for these
states, and integrate. We will be interested, in particular, in the ground state
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as both the initial and final state. Also, we will take the limits ¢ — —oo and
t" — +4o00. The object of our attention is then

(0[0)f.p = Jlim_ / dq" dq" ¥5(q") (d",t"1d", 1) gp Yo(d) (6.19)

t — 4 oo

where 1 (q) = (¢|0) is the ground-state wave function. Eq. (6.19) is a rather
cumbersome formula, however. We will, therefore, employ a trick to sim-
plify it.

Let |n) denote an eigenstate of H with eigenvalue E,,. We will suppose that
FEy = 0; if this is not the case, we will shift H by an appropriate constant.
Next we write

\q’,t’) _ eth/’q/>
© .
=> en)(nlq)
n=0
0 .
= S () ) | (6.20)
n=0

where ¥, (q) = (g|n) is the wave function of the nth eigenstate. Now, replace
H with (1—ie)H in eq. (6.20), where € is a small positive infinitesimal. Then,
take the limit ' — —oo of eq. (6.20) with € held fixed. Every state except the
ground state is then multiplied by a vanishing exponential factor, and so the
limit is simply 9§(¢")|0). Next, multiply by an arbitrary function x(¢’), and
integrate over ¢’. The only requirement is that (0|x) # 0. We then have a
constant times |0), and this constant can be absorbed into the normalization
of the path integral. A similar analysis of (¢”,t"| = (¢"|e”**" shows that
the replacement H — (1—ie)H also picks out the ground state as the final
state in the ¢’ — +oo limit.

What all this means is that if we use (1—ie)H instead of H, we can be
cavalier about the boundary conditions on the endpoints of the path. Any
reasonable boundary conditions will result in the ground state as both the
initial and final state. Thus we have

(0[0) £ = /Dqu exp [z /_:O dt (pq'— (1—ie)H+fq+hp>} . (6.21)

Now let us suppose that H = Hy + H1, where we can solve for the eigen-
states and eigenvalues of Hy, and H; can be treated as a perturbation.
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Suppressing the ie, eq. (6.21) can be written as

(0[0) ,n = /Dqu exp {i/+oo dt (ch—Ho(p, q) — Hi(p,q) +fq+hp>]

—0o0

:exp[—i/:)odtH(%%(t)’%%(t))]

“+oo
X /Dqu exp {z/ dt (pq' — Ho(p,q) + fq+ hp)} . (6.22)
—0oQ

To understand the second line of this equation, take the exponential prefac-
tor inside the path integral. Then the functional derivatives (that appear as
the arguments of H;) just pull out appropriate factors of p(¢) and ¢(t), gen-
erating the right-hand side of the first line. We assume that we can compute
the functional integral in the second line, since it involves only the solvable
hamiltonian Hy. The exponential prefactor can then be expanded in powers
of Hj to generate a perturbation series.

If Hy depends only on ¢ (and not on p), and if we are only interested
in time-ordered products of @s (and not Ps), and if H is no more than
quadratic in P, and if the term quadratic in P does not involve @, then
eq. (6.22) can be simplified to

(0[0) = exp [z /:O dt Lle%@)]
X/Dq exp [¢/+OO dt (Lo(q,q)—i—fq)] : (6.23)

— 00

where Li(q) = —Hi(q).

Reference notes

Brown and Ramond I have especially clear treatments of various aspects of
path integrals. For a careful derivation of the midpoint rule of eq. (6.7), see
Berry & Mount.

Problems

6.1) a) Find an explicit formula for Dg in eq.(6.9). Your formula should be
of the form Dg = CH;-V:]_dqj, where C is a constant that you should
compute.
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b) For the case of a free particle, V(Q) = 0, evaluate the path integral of
eq. (6.9) explicitly. Hint: integrate over ¢p, then go, etc, and look for a
pattern. Express you final answer in terms of ¢/, t/, ¢”, t”, and m. Restore
h by dimensional analysis.

¢) Compute (¢",t"|¢,t') = (¢"|e"# " =1)|¢'}) by inserting a complete set of
momentum eigenstates, and performing the integral over the momentum.
Compare with your result in part (b).
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7

The path integral for the harmonic oscillator

Prerequisite: 6

Consider a harmonic oscillator with hamiltonian
H(P,Q) = 5= P? + imw?Q* . (7.1)

We begin with the formula from section 6 for the ground state to ground
state transition amplitude in the presence of an external force, specialized
to the case of a harmonic oscillator:

+o0o
(0]0)y = /Dqu eXpi/ dt[m— (1—ie)H + fq| . (7.2)
—00
Looking at eq.(7.1), we see that multiplying H by 1—ie is equivalent to
the replacements m~! — (1—ie)m ™! [or, equivalently, m — (14ie)m] and

mw? — (1—ie)mw?. Passing to the lagrangian formulation then gives

(0]0)f = /Dq expi/_+oo dt[%(l—i—ie)mq’z — L1—ie)mw?e? +fq] . (7.3)

From now on, we will simplify the notation by setting m = 1.
Next, let us use Fourier-transformed variables,

400 ) +00 .
q(E) = / dt ety qlt) = / iE -imgm).  (14)

—o oo 2m
The expression in square brackets in eq. (7.3) becomes
1 (Y dE dE _pip SN
[} - 5/00 o e EE )t[<—(1+ie)EE’ - (1—i6)w2)Q(E)Q(E/)

+(BaE) + BB . (75)

50
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Note that the only ¢ dependence is now in the prefactor. Integrating over
t then generates a factor of 2r6(E + E’). Then we can easily integrate over
E' to get

" {}

_ % /_ :o % [((1+¢6)E2 - (1—ie)w2)(7(E)q~(*E)

+
S =

+ J(B)a(~E) + J(-E)(B)| (7.6)
The factor in large parentheses is equal to E? — w? +i(E? 4+ w?)e, and we

can absorb the positive coefficient into € to get E? — w? + ie.
Now it is convenient to change integration variables to

o~ f(E)
FE)=q(FE —_. .
HE) = TE) + ) &
Then we get
1 [ dE [ . f(B)J(-E)
= = |FE)(E? - w? +ie)F(—F) - L2 .
s 2/00 @ -+ iop-m) - LI
Furthermore, because eq. (7.7) is just a shift by a constant, Dg = Dx. Now
we have
i [tdE f(E)f(-E)
<0|0>f_eXp[§/oo % —F2 4+ W2 — e
; +oo E
X /Dx exp [%/ Z—i(E)(E2 —w? +z’e)%(E)} . (7.9)
oo 2T

Now comes the key point. The path integral on the second line of eq. (7.9)
is what we get for (0]0)¢ in the case f = 0. On the other hand, if there is no
external force, a system in its ground state will remain in its ground state,
and so (0]0) f=o = 1. Thus (0|0) ¢ is given by the first line of eq. (7.9),

i [t F(—
<0|0>f=expl—/ 4B _JEI(-E)

Nl
2 o2r — E?2 + w? — e (7.10)

—00

We can also rewrite (0]|0); in terms of time-domain variables as

i [T
(0|O>f:exp[§ / dtdt’f(t)G(t—t’)f(t’)], (7.11)

—00
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where
too gp efiE(tft’)
Gt—1t)= — : 7.12
( ) /_OO 2n — E?2 4+ w? —ie (7.12)

Note that G(t — t') is a Green’s function for the oscillator equation of motion:

(5 +e) Ge—t) = st —1). (7.13)

This can be seen directly by plugging eq.(7.12) into eq.(7.13) and then
taking the e — 0 limit. We can also evaluate G(t — t') explicitly by treating
the integral over E on the right-hand side of eq. (7.12) as a contour integral
in the complex E plane, and then evaluating it via the residue theorem. The
result is

Gt —t) = iexp(—iwﬁ - t’|> . (7.14)

Consider now the formula from section 6 for the time-ordered product of
operators. In the case of initial and final ground states, it becomes

1 6

OITQ(1).-10) = 7 570 ...<oyo>f‘f:0 . (7.15)
Using our explicit formula, eq. (7.11), we have
1 5 1 6
OITQE)REI0) = 7 5745 7 57 <0‘O>f’f:0

1 6 too / /

e | [ et -0 ony]

= [1G(tz — t1) + (term with f5)] 0]0); | _

=1G(ts — 1) . (7.16)

We can continue in this way to compute the ground-state expectation value
of the time-ordered product of more Q(t)s. If the number of Q(¢)s is odd,
then there is always a left-over f(t) in the prefactor, and so the result is
zero. If the number of Q(t)s is even, then we must pair up the functional
derivatives in an appropriate way to get a nonzero result. Thus, for example,

OITQU)Q()Q)Q(1)10) = 5 Gla—1a)Glta—ta)
+ G(tl—tg)G tg—t4)

(
+ G(tl—t4)G(t2—t3) . (717)
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More generally,

(OTQ(t1) - - - Q(t20)[0) :iln Z G(ti,~ti,) ... G(ti,, _,—ti,,) . (7.18)

pairings

Problems

7.1) Starting with eq. (7.12), do the contour integral to verify eq. (7.14).

7.2) Starting with eq. (7.14), verify eq. (7.13).

7.3) a) Use the Heisenberg equation of motion, A = i[H, A], to find explicit expres-

sions for Q and P. Solve these to get the Heisenberg-picture operators Q(t)
and P(t) in terms of the Schrédinger picture operators @ and P.

b) Write the Schrodinger picture operators @ and P in terms of the creation
and annihilation operators a and af, where H = hw(a'a + §). Then, using
your result from part (a), write the Heisenberg-picture operators Q(t) and
P(t) in terms of a and af.

¢) Using your result from part (b), and a|0) = (0]a’ = 0, verify egs. (7.16) and
(7.17).

7.4) Consider a harmonic oscillator in its ground state at ¢t = —oco. It is then
subjected to an external force f(t). Compute the probability [(0]0)|* that
the oscillator is still in its ground state at ¢ = +oo. Write your answer as
a manifestly real expression, and in terms of the Fourier transform f(E) =
fjoos dte’Ptf(t). Your answer should not involve any other unevaluated inte-
grals.
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8

The path integral for free-field theory
Prerequisite: 3, 7

Our results for the harmonic oscillator can be straightforwardly generalized
to a free-field theory with hamiltonian density

Ho = 3112 + 3(V)? + $m?p? . (8.1)
The dictionary we need is

q(t) — @(x,t) (classical field)
Q(t) — p(x,t) (operator field)
f(t) — J(x,t) (classical source) . (8.2)

The distinction between the classical field ¢(z) and the corresponding oper-
ator field should be clear from the context.

To employ the € trick, we multiply Hp by 1 — ¢e. The results are equivalent
to replacing m? in Ho with m? — ie. From now on, for notational simplicity,
we will write m? when we really mean m? — ie.

Let us write down the path integral (also called the functional integral)

for our free-field theory:
ZolJ) = 00) = [ Dy i FHlErt 4], (.3)
where
Ly = —%6“@(9#@ — %m2<p2 (8.4)
is the lagrangian density, and

Dy x Hdgp(:c) (8.5)

54
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is the functional measure. Note that when we say path integral, we now mean
a path in the space of field configurations.

We can evaluate Zy(J) by mimicking what we did for the harmonic oscil-
lator in section 7. We introduce four-dimensional Fourier transforms,

B(k) = / dwe™™ p(z), pz) = / (;:;4 et B(k) (8.6)

where kx = —k% + k-x, and k° is an integration variable. Then, starting
with Sp = [ d* [Lo + J¢], we get

4 ~ ~
Sy = 1/<d—k4 (G0 E2 + m)B(—k) + TRVE(—K) + T (-R)ER)] |

2) (2m)
(8.7)
where k% = k% — (k%)2. We now change path integration variables to
N _ J(k)
k)=o0k) - 5—— . 8.8
R = 3k) - 5 (58)
Since this is merely a shift by a constant, we have Dy = Dy. The action
becomes
L[ d% [ JR)J(=k) . 5 o
So == — X(k)(k —k)|. 8.9
0= 3 | Gt [ — X mRh) | (59)

Just as for the harmonic oscillator, the integral over x simply yields a factor
of Zy(0) = (0]0) j—p = 1. Therefore

z/ 4%k J(k:)j(—k)]
(

ZO(J) = exp [5 27_‘_)4 ]{32 + m2 e

= exp [% /d4x dz’ J(z) Az — :(:’)J(ac’)} . (8.10)
Here we have defined the Feynman propagator,

d4% eik:(xf:p’)
Aw— ') = / e (8.11)

The Feynman propagator is a Green’s function for the Klein—-Gordon equa-
tion,

(=2 +m?)A(x — ') =64z —2') . (8.12)

This can be seen directly by plugging eq.(8.11) into eq.(8.12) and then
taking the e — 0 limit. We can also evaluate A(z — ') explicitly by treating
the k¥ integral on the right-hand side of eq. (8.11) as a contour integral in
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the complex k? plane, and then evaluating it via the residue theorem. The
result is

A(.I' N .iU/) _ Z/Zﬁi‘/ eik-(x—x’)—iw|t—t’|
= i0(t—t) / dk @) 40t/ —t) / dk e~ H@=2) - (8.13)
where 0(t) is the unit step function. The integral over dk can also be per-
formed in terms of Bessel functions; see section 4.

Now, by analogy with the formula for the ground-state expectation value
of a time-ordered product of operators for the harmonic oscillator, we have

16
OT (1) -10) = 7 570 ZO(J)‘JZO . (8.14)
Using our explicit formula, eq. (8.10), we have
1 6 1 6
OTeen)e@2)10) = 7 57005 7 57000 2 s
1 6 / / /
— 1 5 V ' Ay — 2V (z )} 20|,
= [LA(zy — 1) + (term with Js)] ZO(J)‘JZO
1A a). (5.15)

We can continue in this way to compute the ground-state expectation value
of the time-ordered product of more @s. If the number of ¢s is odd, then
there is always a left-over J in the prefactor, and so the result is zero. If the
number of s is even, then we must pair up the functional derivatives in an
appropriate way to get a nonzero result. Thus, for example,

(OIT (1) e2) s wa)[0) = 25 [ A1 —2) Ay 1)
+ A(l‘l—l‘g)A(IE2—$4)
+ A(xl—x4)A(x2—x3) . (8.16)

More generally,

(0|Te(x1) ... p(x2,)|0) = Zi” Z Az, —x4,) . Awyy, , —x4,,) - (8.17)

pairings

This result is known as Wick’s theorem.
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8.2)
8.3)

8.4)

8.5)

8.8)
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Problems

Starting with eq. (8.11), verify eq. (8.12).

Starting with eq. (8.11), verify eq. (8.13).

Starting with eq. (8.13), verify eq. (8.12). Note that the time derivatives in
the Klein—Gordon wave operator can act on either the field (which obeys the
Klein—-Gordon equation) or the time-ordering step functions.

Use egs. (3.19), (3.29), and (5.3) (and its hermitian conjugate) to verify the
last line of eq. (8.15).

The retarded and advanced Green’s functions for the Klein—Gordon wave oper-
ator satisfy At (2 —y) = 0 for 2° > y° and A,qy(z — y) = 0 for 2° < 0. Find
the pole prescriptions on the right-hand side of eq.(8.11) that yield these
Green’s functions.

Let Zo(J) = expiWy(J), and evaluate the real and imaginary parts of Wy(J).
Repeat the analysis of this section for the complex scalar field that was
introduced in problem 3.5, and further studied in problem 5.1. Write your
source term in the form Jyp 4 Jpf, and find an explicit formula, analo-
gous to eq. (8.10), for Zy(J*,J). Write down the appropriate generalization
of eq.(8.14), and use it to compute (0|T(x1)p(x2)]0), (0|Te!(21)p(22)|0),
and (0|Tef(x1)@f(22)]0). Then verify your results by using the method of
problem 8.4. Finally, give the appropriate generalization of eq. (8.17).

A harmonic oscillator (in units with m = i = 1) has a ground-state wave func-
tion {(q|0) e=“/2_ Now consider a real scalar field o(z), and define a field
eigenstate |A) that obeys

p(x,0)|4) = A(x)[4) (8.18)

where the function A(x) is everywhere real. For a free-field theory specified by
the hamiltonian of eq. (8.1), Show that the ground-state wave functional is

3 ~ ~
(A]0) x exp [— % / % wk)A(k)A(-k)|, (8.19)

where A(k) = [ dPz e *A(x) and w(k) = (k? + m2)1/2,
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The path integral for interacting field theory

Prerequisite: 8

Let us consider an interacting quantum field theory specified by a lagrangian
of the form

L= —52,0"p0up — 5 Zmm® ¢ + §Z399° + Yo . (9.1)

As we discussed at the end of section 5, we fix the parameter m by requiring
it to be equal to the actual mass of the particle (equivalently, the energy of
the first excited state relative to the ground state), and we fix the parameter
g by requiring some particular scattering cross section to depend on g in some
particular way. (We will have more to say about this after we have learned
to calculate cross sections.) We also assume that the field is normalized by

Olp@)|0) =0 and  (Klp(x)[0) = e ™. (9.2)

Here |0) is the ground state, normalized via (0|0) = 1, and |k) is a state of
one particle with four-momentum k*, where k? = kPk, = —m?, normalized
via

(K'|k) = (2m)32k°83 (K’ — k) . (9.3)

Thus we have four conditions (the specified values of m, g, (0||0), and
(klp|0)), and we will use these four conditions to determine the values of
the four remaining parameters (Y and the three Zs) that appear in L.

Before going further, we should note that this theory (known as 3 theory,
pronounced “phi-cubed”) actually has a fatal flaw. The hamiltonian density
is

H = %Z;ll_[2 —Yp+ %me2g02 — %Zgggo?’ : (9.4)

58
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Classically, we can make this arbitrarily negative by choosing an arbitrarily
large value for . Quantum mechanically, this means that this hamiltonian
has no ground state. If we start off near ¢ = 0, we can tunnel through the
potential barrier to large ¢, and then “roll down the hill”. However, this
process is invisible in perturbation theory in g. The situation is exactly
analogous to the problem of a harmonic oscillator perturbed by a ¢ term.
This system also has no ground state, but perturbation theory (both time
dependent and time independent) does not “know” this. We will be inter-
ested in eq. (9.1) only as an example of how to do perturbation expansions
in a simple context, and so we will overlook this problem.
We would like to evaluate the path integral for this theory,

Z( 0’0 /D(,O i [ d*%[Lo+Li+T) . (95)

We can evaluate Z(J) by mimicking what we did for quantum mechanics at
the end of section 6. Specifically, we can rewrite eq. (9.5) as

Z(J) _ eifd4x 51(%#@)) /D(P eifd‘lz[ﬁo-‘rjcp} )

o i d ﬁl(lbuz)) Zo(J) , (9.6)

where Zy(J) is the result in free-field theory,

Zo(J)—eXp[2/d4 d%' J(z)A(x — 2')J ()] . (9.7)

We have written Z(.J) as proportional to (rather than equal to) the right-

hand side of eq. (9.6) because the € trick does not give us the correct overall

normalization; instead, we must require Z(0) = 1, and enforce this by hand.
Note that, in eq. (9.7), we have implicitly assumed that

Ly = —%al‘go@ucp - %m2cp2 , (9.8)
since this is the Ly that gives us eq. (9.7). Therefore, the rest of £ must be
included in £1. We write

£1 = %Zgg@g + Ect 5
Lot = —2(Zp=1)0"p0up — L (Zn—1)m*p* + Yoo, (9.9)

where L is called the counterterm lagrangian. We expect that, as g — 0,

Y — 0 and Z; — 1. In fact, as we will see, Y = O(g) and Z; = 1 + O(¢?).
In order to make use of eq. (9.7), we will have to compute lots and lots of

functional derivatives of Zy(J). Let us begin by ignoring the counterterms.
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§=23 §=2x3!

Figure 9.1. All connected diagrams with £ =0 and V = 2.

sz [as () | a0 o

where the constant of proportionality is fixed by Z;(0) = 1. We now make
a dual Taylor expansion in powers of g and J to get

w4 o]

00 . P
XPZZZO% [% / dty J(y)A(y—z)J(z)] L (011)

We define

Z1(J) x exp

If we focus on a term in eq. (9.11) with particular values of V' and P, then
the number of surviving sources (after we take all the functional deriva-
tives) is £ =2P —3V. (Here E stands for exzternal, a terminology that
should become clear by the end of the next section; V stands for vertex
and P for propagator.) The overall phase factor of such a term is then
iV (1/i)3Vi? = iVTE=P and the 3V functional derivatives can act on the
2P sources in (2P)!/(2P—3V)! different combinations. However, many of
the resulting expressions are algebraically identical.

To organize them, we introduce Feynman diagrams. In these diagrams, a
line segment (straight or curved) stands for a propagator %A(:c—y), a filled
circle at one end of a line segment for a source i [ d* J(z), and a vertex
joining three line segments for iZyg [ d*z. Sets of diagrams with different
values of F and V are shown in figs.9.1-9.11.

To count the number of terms on the right-hand side of eq. (9.11) that
result in a particular diagram, we first note that, in each diagram, the num-
ber of lines is P and the number of vertices is V. We can rearrange the
three functional derivatives from a particular vertex without changing the
resulting diagram; this yields a counting factor of 3! for each vertex. Also,
we can rearrange the vertices themselves; this yields a counting factor of
V1. Similarly, we can rearrange the two sources at the ends of a particular
propagator without changing the resulting diagram; this yields a counting
factor of 2! for each propagator. Also, we can rearrange the propagators
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OO0 O—O0

§=2% §=23

§=2 §=23x3!

Figure 9.2. All connected diagrams with £ =0 and V = 4.

o

§=2

Figure 9.3. All connected diagrams with £ =1and V = 1.

oD «0O0 OLO

§=22 §=22 §=2°

Figure 9.4. All connected diagrams with £ =1 and V = 3.

o—0

§=2

Figure 9.5. All connected diagrams with £ =2 and V = 0.

§=22

Figure 9.6. All connected diagrams with £ =2 and V = 2.
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@ *@*
8
ggg%
ool

§=2? §=2?
Figure 9.7. All connected diagrams with £ =2 and V = 4.

S=3!
Figure 9.8. All connected diagrams with £ =3 and V = 1.

20 0,

§=2?
Figure 9.9. All connected diagrams with £ =3 and V = 3.
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XK

§=2?
Figure 9.10. All connected diagrams with £ =4 and V = 2.

S=24

}Q{ -
S=24

.?—i C
S=22 S =22

Figure 9.11. All connected diagrams with £ =4 and V = 4.

themselves; this yields a counting factor of P!. All together, these count-
ing factors neatly cancel the numbers from the dual Taylor expansions in
eq. (9.11).

However, this procedure generally results in an overcounting of the
number of terms that give identical results. This happens when some
rearrangement of derivatives gives the same match-up to sources as some
rearrangement of sources. This possibility is always connected to some sym-
metry property of the diagram, and so the factor by which we have over-
counted is called the symmetry factor. The figures show the symmetry factor
S of each diagram.

Consider, for example, the second diagram of fig.9.1. The three propa-
gators can be rearranged in 3! ways, and all these rearrangements can be
duplicated by exchanging the derivatives at the vertices. Furthermore, the
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endpoints of each propagator can be simultaneously swapped, and the effect
duplicated by swapping the two vertices. Thus, S = 2 x 3! = 12.

Let us consider two more examples. In the first diagram of fig. 9.6, the
exchange of the two external propagators (along with their attached sources)
can be duplicated by exchanging all the derivatives at one vertex for those at
the other, and simultaneously swapping the endpoints of each semicircular
propagator. Also, the effect of swapping the top and bottom semicircular
propagators can be duplicated by swapping the corresponding derivatives at
each vertex. Thus, the symmetry factor is S =2 x 2 = 4.

In the diagram of fig. 9.10, we can exchange derivatives to match swaps of
the top and bottom external propagators on the left, or the top and bottom
external propagators on the right, or the set of external propagators on the
left with the set of external propagators on the right. Thus, the symmetry
factor is S =2 x 2 x 2 =8.

The diagrams in figs.9.1-9.11 are all connected: we can trace a path
through the diagram between any two points on it. However, these are not
the only contributions to Z(J). The most general diagram consists of a prod-
uct of several connected diagrams. Let C' stand for a particular connected
diagram, including its symmetry factor. A general diagram D can then be
expressed as

D= [I[(cl)"f : (9.12)

where ny is an integer that counts the number of Crs in D, and Sp is
the additional symmetry factor for D (that is, the part of the symmetry
factor that is not already accounted for by the symmetry factors already
included in each of the connected diagrams). We now need to determine
Sp.

Since we have already accounted for propagator and vertex rearrange-
ments within each C7, we only need to consider exchanges of propagators
and vertices among different connected diagrams. These can leave the total
diagram D unchanged only if (1) the exchanges are made among different
but identical connected diagrams, and only if (2) the exchanges involve all
of the propagators and vertices in a given connected diagram. If there are
ny factors of C7 in D, there are nj! ways to make these rearrangements.
Overall, then, we have

Sp=]]n'. (9.13)
1
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Now Z;(J) is given (up to an overall normalization) by summing all diagrams
D, and each D is labeled by the integers ny. Therefore

Zy(J)x Y D
{nr}

xexp (>, Cr) . (9.14)

Thus we have a remarkable result: Z;(J) is given by the exponential of the
sum of connected diagrams. This makes it easy to impose the normalization
Z1(0) = 1: we simply omit the vacuum diagrams (those with no sources),
like those of figs. 9.1 and 9.2. We then have

Z1(J) = exp[in(J)] y (915)
where we have defined
W)= ) Cr, (9.16)
I#{0}

and the notation I # {0} means that the vacuum diagrams are omitted from
the sum, so that Wi (0) = 0.1

Were it not for the counterterms in £, we would have Z(J) = Z1(J). Let
us see what we would get if this was, in fact, the case. In particular, let us
compute the vacuum expectation value of the field ¢(x), which is given by

00 = § 5505 219

J=0

6

ZWWKJ)

(9.17)
J=0

This expression is then the sum of all diagrams (such as those in figs. 9.3
and 9.4) that have a single source, with the source removed:

(0l (2)[0) = Lig / 2y Ay A(y—y) + O(%) . (9.18)

1 We have included a factor of i on the left-hand side of eq. (9.16) because then Wi (J) is real in
free-field theory; see problem 8.6.
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o~ ¢ o &T(

Figure 9.12. All connected diagrams with £ =1, X > 1 (where X is the
number of one-point vertices from the linear counterterm), and V 4+ X < 3.

Here we have set Z, = 1 in the first term, since Z; = 1 + O(g?). We see the
vacuum-expectation value of ¢(x) is not zero, as is required for the validity
of the LSZ formula. To fix this, we must introduce the counterterm Y .
Including this term in the interaction lagrangian £ introduces a new kind of
vertex, one where a single line segment ends; the corresponding vertex factor
is 1Y f d*. The simplest diagrams including this new vertex are shown in
fig. 9.12, with a cross symbolizing the vertex.

Assuming Y = O(g), only the first diagram in fig. 9.12 contributes at O(g),
and we have

(Olp(@)]0) = (Y + 3(ig) A(0)) /d4y FA@—y) +0(g°) - (9.19)
Thus, in order to have (0]p(x)|0) = 0, we should choose
Y = LigA(0) + O(g%) . (9.20)

The factor of ¢ is disturbing, because Y must be a real number: it is the
coefficient of a hermitian operator in the hamiltonian, as seen in eq. (9.4).
Therefore, A(0) must be purely imaginary, or we are in trouble. We have

4
A(O):/(dk LR (9.21)

2m)4 k2 4+ m? — e

From eq. (9.21), it is not immediately obvious whether or not A(0) is purely
imaginary, but eq. (9.21) does reveal another problem: the integral diverges
at large k. This is another example of an ultraviolet divergence, similar to the
one we encountered in section 3 when we computed the zero-point energy
of the field.

To make some progress, we introduce an ultraviolet cutoff A, which we
assume is much larger than m and any other energy of physical interest.
Modifications to the propagator above some cutoff may be well justified
physically; for example, quantum fluctuations in spacetime itself should
become important above the Planck scale, which is given by the inverse
square root of Newton’s constant, and has the numerical value of 101 GeV
(compared to, say, the proton mass, which is 1 GeV).
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In order to retain the Lorentz-transformation properties of the propaga-
tor, we implement the ultraviolet cutoff in a more subtle way than we did
in section 3; specfically, we make the replacement

A% 6ik(w—y) A2 2
Ale =) —>/ (2m)* k2 +m? — ie <k2+A2—ie> ' (9:22)

The integral is now convergent, and we can evaluate the modified A(0) with
the methods of section 14; for A > m, the result is

i
A(0) = o3 A% (9.23)

Thus Y is real, as required. If we like, we can now formally take the limit
A — o0. The parameter Y becomes infinite, but (0] (z)|0) remains zero, at
least to this order in g.

It may be disturbing to have a parameter in the lagrangian that is for-
mally infinite. However, such parameters are not directly measurable, and
so need not obey our preconceptions about their magnitudes. Also, it is
important to remember that Y includes a factor of g; this means that we
can expand in powers of Y as part of our general expansion in powers of g.
When we compute something measurable (like a scattering cross section),
all the formally infinite numbers will cancel in a well-defined way, leaving
behind finite coefficients for the various powers of g. We will see how this
works in detail in sections 14-20.

As we go to higher orders in g, things become more complicated, but in
principle the procedure is the same. Thus, at O(g?), we sum up the diagrams
of figs. 9.4 and 9.12, and then add to Y whatever O(g3) term is needed to
maintain (0|p(z)|0) = 0. In this way we can determine the value of Y order
by order in powers of g.

Once this is done, there is a remarkable simplification. Our adjustment
of Y to keep (0]p(z)|0) = 0 means that the sum of all connected diagrams
with a single source is zero. Consider now that same infinite set of diagrams,
but replace the single source in each of them with some other subdiagram.
Here is the point: no matter what this replacement subdiagram is, the sum
of all these diagrams is still zero. Therefore, we need not bother to compute
any of them! The rule is this: ignore any diagram that, when a single line is
cut, falls into two parts, one of which has no sources. All of these diagrams
(known as tadpoles) are canceled by the Y counterterm, no matter what
subdiagram they are attached to. The diagrams that remain (and need to
be computed!) are shown in fig. 9.13.
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oo o( )0 oo
oo

Figure 9.13. All connected diagrams without tadpoles with £ < 4 and V' <
4.

We turn next to the remaining two counterterms. For notational simplicity
we define

A=Z,—-1, B=27,-1, (9.24)
and recall that we expect each of these to be O(g?). We now have

Z(J) = exp [—%/d% (% (5Ji1:)> (~482 + Bm?) (%%@)ﬂ Z(T) .
(9.25)

We have integrated by parts to put both d,s onto one §/6J(x). (Note that
the time derivatives in this interaction should really be treated by including

an extra source term for the conjugate momentum II = ¢. However, the
space derivatives are correctly treated, and then the time derivatives must
work out comparably by Lorentz invariance.)
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Eq. (9.25) results in a new vertex at which two lines meet. The corre-
sponding vertex factor is (—i) [ d*z (—A9% + Bm?); the 92 acts on the x in
one or the other (but not both) propagators. (Which one does not matter,
and can be changed via integration by parts.) Diagramatically, all we need
do is sprinkle these new vertices onto the propagators in our existing dia-
grams. How many of these vertices we need to add depends on the order in
g we are working to achieve.

This completes our calculation of Z(.J) in ¢? theory. We express it as

Z(J) = expl[iW (J)] , (9.26)

where W (J) is given by the sum of all connected diagrams with no tad-
poles and at least two sources, and including the counterterm vertices just
discussed.

Now that we have Z(J), we must find out what we can do with it.

Problems

9.1) Compute the symmetry factor for each diagram in fig.9.13. (You can then
check your answers by consulting the earlier figures.)
9.2) Counsider a real scalar field with £ = Lo + £1, where

Lo = —50"pdup — 5m*¢”
‘Cl = _iz)\)“p[l +£Ct ’
Loy = —2(Z,—1)0" 000 — %(Zm—l)m2g02 .

a) What kind of vertex appears in the diagrams for this theory (that is, how
many line segments does it join?), and what is the associated vertex factor?

b) Ignoring the counterterms, draw all the connected diagrams with 1 < E < 4
and 0 <V < 2, and find their symmetry factors.

c¢) Explain why we did not have to include a counterterm linear in ¢ to cancel
tadpoles.

9.3) Consider a complex scalar field (see problems 3.5, 5.1, and 8.7) with £ =
Lo + L1, where

Loy =—0"p'0,0 —mPple,
L1=—-2Z\\p'0)? + Lot
Lot = —(Z¢—1)8“¢T8M30 — (Zp—1)m2pT .
This theory has two kinds of sources, J and JT, and so we need a way to tell

which is which when we draw the diagrams. Rather than labeling the source
blobs with a .J or JT, we will indicate which is which by putting an arrow on
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the attached propagator that points towards the source if it is a JT, and away

from the source if it is a J.

a) What kind of vertex appears in the diagrams for this theory, and what is
the associated vertex factor? Hint: your answer should involve those arrows!

b) Ignoring the counterterms, draw all the connected diagrams with 1 < E <
4 and 0 <V <2, and find their symmetry factors. Hint: the arrows are
important!

9.4) Consider the integral

1 +oo
expW(g,J) = — dx e {—lm2+l x?’—&—Jm} . 9.27
xp W (g, J) \/ﬂ/_w Xp|—3 24 (9.27)

This integral does not converge, but it can be used to generate a joint power
series in g and J,

- Z Z Cvieg'J (9.28)

V=0E=0

a) Show that

1
Cvie =Y = (9.29)
ik

where the sum is over all connected Feynman diagrams with E sources and
V' three-point vertices, and Sy is the symmetry factor for each diagram.
b) Use egs. (9.27) and (9.28) to compute Cy g for V <4 and E < 5. (This is
most easily done with a symbolic manipulation program like Mathematica.)
Verify that the symmetry factors given in figs. 9.1-9.11 satisfy the sum rule
of eq. (9.29).
¢) Now consider W (g, J+Y), with Y fixed by the “no tadpole” condition

0
Wig, J+Y =0. 9.30
57 W Ity (9.30)
Then write
W(g, J+Y) = Z Z Cvpg"J (9.31)
V=0 E=0
Show that
~ 1
C — —, 9.32
V.E ZI:SI (9.32)

where the sum is over all connected Feynman diagrams with E sources and
V' three-point vertices and no tadpoles, and Sy is the symmetry factor for
each diagram.
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d) Let Y = a9 + azg® + ..., and use eq. (9.30) to determine a; and az. Com-
pute 5‘/7 g for V<4 and F < 4. Verify that the symmetry factors for the
diagrams in fig. (9.13) satisfy the sum rule of eq. (9.32).

The interaction picture. In this problem, we will derive a formula for

(0|Te(xy) - .. @(x1)]0) without using path integrals. Suppose we have a hamil-

tonian density H = Ho + Hi, where Ho = 1112 + (V)2 + $m?p?, and H; is

a function of II(x,0) and ¢(x,0) and their spatial derivatives. (It should be

chosen to preserve Lorentz invariance, but we will not be concerned with this

issue.) We add a constant to H so that H|0) = 0. Let |@) be the ground state
of Hy, with a constant added to Hy so that Hy|()) = 0. (H; is then defined as

H — Hy.) The Heisenberg-picture field is

o(x,t) = eflp(x,0)e (9.33)

We now define the interaction-picture field

or(x,t) = etlotp(x,0)eHot | (9.34)

a) Show that or(x) obeys the Klein-Gordon equation, and hence is a free
field.

b) Show that (z) = UT(t)pr(x)U(t), where U(t) = eHote=iHt is unitary.

¢) Show that U(t) obeys the differential equation LU (t) = H;(t)U (t), where
Hi(t) = etfot Hye~iHol ig the interaction hamiltonian in the interaction
picture, and the boundary condition U(0) = 1.

d) If H; is specified by a particular function of the Schrédinger-picture fields
II(x,0) and ¢(x,0), show that Hy(t) is given by the same function of the
interaction-picture fields II;(x,t) and ¢7(x,t).

e) Show that, for ¢t > 0,

t
U(t) = Texp [z/ dt’ Hl(t’)} (9.35)
0
obeys the differential equation and boundary condition of part (¢). What
is the comparable expression for ¢ < 07 Hint: you may need to define a new
ordering symbol.
f) Define U(tz,tl) = U(tg)UT(tl). Show that, for t5 > t1,

Ulta, 11) = Texp[—z' /t :2 a HI(t’)] . (9.36)

What is the comparable expression for ¢; > t57

g) For any time ordering, show that U(ts,t1) = U(ts, t2)U(t2,%1) and that
Ul(ti,ta) = Ulta, t1).

h) Show that

(@) ... p(x1) = U (tn, 0)01 (20)U (tns tn—1)1(Tn—1)
...U(tQ,tl)cp[(xl)U(tl,()) . (937)
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i) Show that Uf(t,,0) =Uf(00,0)U(cc,t,) and also that U(t;,0)=
U(ty, —o0)U(—00,0).

j) Replace Hy with (1—ie)Hy, and show that (0|UT (00, 0) = (0/0)(f| and that
U(=00,0)[0) = [0)(0]0).

k) Show that

Olp(xn) - .. @(x1)]0) = (B|U (00, tn)er(@n)U(tn, tn—1)er(Tn—1) ...
U(tz, t1)pr(z1)U(t1, —00)[0)
(0]0))? . (9.38)

X

1) Show that
O|Tp(z) . .. o(21)]0) = BT (xn) . .. or (1)~ 4o i@ |p)
x [(0]0)[* . (9.39)
m) Show that
|(010)[* = 1/(0| T/ 4= Ha(@)|g) (9.40)
Thus we have

O Tpr(x) - .. pr(ay)e ] 4o Hi@)|p)
(D) Te—t [ d*Hi (@) |p)

We can now Taylor expand the exponentials on the right-hand side of

(O]Tp(xn) . .. p(x1)]0) =

(9.41)

eq.(9.41), and use free-field theory to compute the resulting correlation
functions.
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Scattering amplitudes and the Feynman rules

Prerequisite: 5, 9

Now that we have an expression for Z(J) = expiW(J), we can take func-
tional derivatives to compute vacuum expectation values of time-ordered
products of fields. Consider the case of two fields; we define the exact prop-
agator via

LA (21 — w2) = (0| Tp(21)p(22)[0) - (10.1)

For notational simplicity let us define

)
o == 10.2
= 50(y) (102
Then we have
(01T (1) p(w2)|0) = 016 2(J)|
= 616iW ()| _ = 8iW ()| _ 6w ()|
= 0162 ()| - (10.3)

To get the last line we used 6;W(J)|j=0 = (0|¢(z;)|0) = 0. Diagramati-
cally, 61 removes a source, and labels the propagator endpoint zi. Thus
%A(xl—xg) is given by the sum of diagrams with two sources, with those
sources removed and the endpoints labeled 1 and z3. (The labels must be
applied in both ways. If the diagram was originally symmetric on exchange
of the two sources, the associated symmetry factor of 2 is then canceled by
the double labeling.) At lowest order, the only contribution is the “barbell”
diagram of fig. 9.5 with the sources removed. Thus we recover the obvious
fact that 1A (z1—x2) = TA(z1—22) + O(g%). We will take up the subject of
the O(g?) corrections in section 14.
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For now, let us go on to compute
(O[T (z1)p(z2)p(xs)p(24)|0) = 616263642 (J)

— | 1628304iW
+ (6102iW) (6364iW)
+ (6103iW)(62641W)
B (E8) | L (10.4)

We have dropped terms that contain a factor of (0|¢(x)|0) = 0. According
to eq. (10.3), the last three terms in eq.(10.4) simply give products of the
exact propagators.

Let us see what happens when these terms are inserted into the LSZ
formula for two incoming and two outgoing particles,

X (=02 + m?) (=03 + m?) (=92 + m?)(—02 +m?)
X (0| Tp(z1)p(w2) (2] )p(23)[0) - (10.5)

If we consider, for example, 2 A (21—12])1A(z2—2}) as one term in the cor-
relation function in eq. (10.5), we get from this term

/d4a:1 d*ro d4:c'1 d4a;’2 e“klxﬁkﬂrkix’l*kéxé)F(azH/)F(mgz/)
= (2m)46* (k1 —K)) (2m)*6% (ko—k)) F(k1y) F(kao) ,  (10.6)

where F(z;;) = (=02 + mg)(—(‘)]? +m?) A(zi;), F(k) is its Fourier trans-
form, x;; = mi—x;, and kij = (k:2+k:;)/2 The important point is the two
delta functions: these tell us that the four-momenta of the two outgoing
particles (1’ and 2’) are equal to the four-momenta of the two incoming par-
ticles (1 and 2). In other words, no scattering has occurred. This is not the
event whose probability we wish to compute! The other two similar terms in
eq. (10.4) either contribute to “no scattering” events, or vanish due to fac-
tors like 6*(k1+ko) (which is zero because kY+k9 > 2m > 0). In general, the
diagrams that contribute to the scattering process of interest are only those
that are fully connected: every endpoint can be reached from every other
endpoint by tracing through the diagram. These are the diagrams that arise
from all the és acting on a single factor of W. Therefore, from here on,
we restrict our attention to those diagrams alone. We define the connected
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: /o S /
2: :2/ I j><
2 2 2 2
Figure 10.1. The three tree-level Feynman diagrams that contribute to the
connected correlation function (0|Te(x1)p(z2)e())p(25)|0)c.

correlation functions via

(O0[Tp(21) . .. p(z5)[0)c = 61 .. .5EiW(J)(J_O : (10.7)
and use these instead of (0|Ty(z1)...p(zE)|0) in the LSZ formula.
Returning to eq. (10.4), we have

O[T e(z2)p (@) e(as)0)c = brbobrboiW| . (108)

The lowest-order (in g) nonzero contribution to this comes from the diagram
of fig. 9.10, which has four sources and two vertices. The four §s remove the
four sources; there are 4! ways of matching up the és to the sources. These 24
diagrams can then be collected into three groups of eight diagrams each; the
eight diagrams in each group are identical. The three distinct diagrams are
shown in fig. 10.1. Note that the factor of eight neatly cancels the symmetry
factor S' = 8 of the diagram with sources.

This is a general result for tree diagrams (those with no closed loops): once
the sources have been stripped off and the endpoints labeled, each diagram
with a distinct endpoint labeling has an overall symmetry factor of one. The
tree diagrams for a given process represent the lowest-order (in g) nonzero
contribution to that process.

We now have
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Next, we use eq. (10.9) in the LSZ formula, eq. (10.5). Each Klein-Gordon
wave operator acts on a propagator to give

(=07 + m*)A(z; —y) = 6"z — y) - (10.10)

The integrals over the external spacetime labels x1 2 1.2 are then trivial,
and we get

(fli) = (i9)* (%) /d4y d*z A(y—z) [6z‘(k1y+k2y—k;z—k;z)
4 ilky+haz—kiy—k;2)

+ eikthoz—kiz=ky) | L O(g%) . (10.11)

This can be simplified by substituting

A4k etk(y—2)
Aly —z) = / o) Ffm? —ic (10.12)

into eq. (10.9). Then the spacetime arguments appear only in phase factors,
and we can integrate them to get delta functions:

4
(i) = ig? / (C”f !

2m)4 k2 +m? —ie

x [(27r)464(k1+k2+k:) (2m) 264 (K, + K+ )
+ (2m) 264 (ky =Ky +E) (2m) 6% (khy—ko+k)
+ (2m)'8" (k= k) (2m) '8 (k) | +O(g")

= ig? (2m) 46 (k1 +ho— K} —kb)

1
8 [(k1+k2)2 R R (e R (S m2]
+0(gh) . (10.13)

In eq. (10.13), we have left out the ies for notational convenience only; m?

is really m? —ie. The overall delta function in eq.(10.13) tells that that
four-momentum is conserved in the scattering process, which we should, of
course, expect. For a general scattering process, it is then convenient to
define a scattering matrix element 7 via

<f|7’> = (27r)464(kin_kout)i7 9 (1014)

where ki, and ko are the total four-momenta of the incoming and outgoing
particles, respectively.
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Figure 10.2. The tree-level s-, t-, and u-channel diagrams contributing to
1T for two particle scattering.

Examining the calculation which led to eq. (10.13), we can take away some
universal features that lead to a simple set of Feynman rules for computing
contributions to ¢7 for a given scattering process. The Feynman rules are
given below.

1) Draw lines (called external lines) for each incoming and each outgoing particle.

2) Leave one end of each external line free, and attach the other to a vertex at
which exactly three lines meet. Include extra internal lines in order to do this.
In this way, draw all possible diagrams that are topologically inequivalent.

3) On each incoming line, draw an arrow pointing towards the vertex. On each
outgoing line, draw an arrow pointing away from the vertex. On each internal
line, draw an arrow with an arbitrary direction.

4) Assign each line its own four-momentum. The four-momentum of an external
line should be the four-momentum of the corresponding particle.

5) Think of the four-momenta as flowing along the arrows, and conserve four-
momentum at each vertex. For a tree diagram, this fixes the momenta on all
the internal lines.

6) The value of a diagram consists of the following factors:
for each external line, 1;
for each internal line with momentum k, —i/(k? +m
for each vertex, 1Z,g.

7) A diagram with L closed loops will have L internal momenta that are not fixed
by rule no. 5. Integrate over each of these momenta ¢; with measure d*¢; /(2m)?.

8) A loop diagram may have some leftover symmetry factors if there are exchanges
of internal propagators and vertices that leave the diagram unchanged; in this
case, divide the value of the diagram by the symmetry factor associated with
exchanges of internal propagators and vertices.

9) Include diagrams with the counterterm vertex that connects two propagators,
each with the same four-momentum k. The value of this vertex is —i(Ak? +
Bm?), where A= Z,— 1 and B = Z,, — 1, and each is O(g?).

10) The value of i7 is given by a sum over the values of all these diagrams.

2 —ie);

For the two-particle scattering process, the tree diagrams resulting from
these rules are shown in fig. 10.2.
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Now that we have our procedure for computing the scattering amplitude

7T, we must see how to relate it to a measurable cross section.

10.1)

10.2)

10.3)

10.4)

10.5)

Problems

Use eq. (9.41) of problem 9.5 to rederive eq. (10.9).

Write down the Feynman rules for the complex scalar field of problem 9.3.
Remember that there are two kinds of particles now (which we can think of
as positively and negatively charged), and that your rules must have a way
of distinguishing them. Hint: the most direct approach requires two kinds of
arrows: momentum arrows (as discussed in this section) and what we might
call “charge” arrows (as discussed in problem 9.3). Try to find a more elegant
approach that requires only one kind of arrow.

Consider a complex scalar field ¢ that interacts with a real scalar field y via
L1 = gxelp. Use a solid line for the ¢ propagator and a dashed line for the y
propagator. Draw the vertex (remember the arrows!), and find the associated
vertex factor.

Consider a real scalar field with £, = % gp0*pd,p. Find the associated vertex
factor.

The scattering amplitudes should be unchanged if we make a field redefinition.
Suppose, for example, we have

L= —%8“908“90 — %mQQQ , (10.15)
and we make the field redefinition
© — o+ 2. (10.16)

Work out the lagrangian in terms of the redefined field, and the corresponding
Feynman rules. Compute (at tree level) the pp — @@ scattering amplitude.
You should get zero, because this is a free-field theory in disguise. (At the loop
level, we also have to take into account the transformation of the functional
measure Dy; see section 85.)
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Cross sections and decay rates

Prerequisite: 10

Now that we have a method for computing the scattering amplitude 7, we
must convert it into something that could be measured in an experiment.

In practice, we are almost always concerned with one of two generic cases:
one incoming particle, for which we compute a decay rate, or two incoming
particles, for which we compute a cross section. We begin with the latter.

Let us also specialize, for now, to the case of two outgoing particles as
well as two incoming particles. In ¢? theory, we found in section 10 that in
this case we have

1
kl—k‘/l)2 + m2

7292 2 +O(g4)7

(11.1)

where ki and kg are the four-momenta of the two incoming particles, k}
and k), are the four-momenta of the two outgoing particles, and k; + ko =
| + k. Also, these particles are all on shell: k:ZQ = —m?. (Here, for later use,
we allow for the possibility that the particles all have different masses.)
Let us think about the kinematics of this process. In the center-of-mass
frame, or CM frame for short, we take ki + ko = 0, and choose k; to be
in the +2z direction. Now the only variable left to specify about the initial
state is the magnitude of k. Equivalently, we could specify the total energy
in the CM frame, Fy + E5. However, it is even more convenient to define a
Lorentz scalar s = —(k; + ko)2. In the CM frame, s reduces to (E; + E9)?;
s is therefore called the center-of-mass energy squared. Then, since Fq =
(k2 +m?})'/? and Ey = (k} + m3)"/?, we can solve for |ki| in terms of s,
with the result

+ +
(k1+ko)2 +m?2  ( (k1—kL)%2 +m

k| = 2%/5\/32 —2(m? +m3)s+ (m? —m3)?2 (CM frame) .  (11.2)

79
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Now consider the two outgoing particles. Since momentum is conserved, we
must have kj + k), = 0, and since energy is conserved, we must also have
(B} + E})? = 5. Then we find

1
k| = 2—\/5\/52 —2(m2, + m3,)s + (m2, —m3,)? (CM frame) . (11.3)

Now the only variable left to specify about the final state is the angle 6
between k; and k. However, it is often more convenient to work with the
Lorentz scalar t = — (k1 — k})?, which is related to 6 by

t =m? +m3 — 2EE}] + 2|k||K}| cos 6 . (11.4)

This formula is valid in any frame.
The Lorentz scalars s and ¢ are two of the three Mandelstam variables,
defined as

s = —(k1+k2)? = —(K|+K})?,
t=—(k1—k))? = —(ka—k})? ,
u=—(ki—kb)? = —(ko—k))? . (11.5)

The three Mandelstam variables are not independent; they satisfy the linear
relation

s+t+u=mi+ms+md +m . (11.6)
In terms of s, t, and u, we can rewrite eq. (11.1) as
1 1 1

2—t+m2

T = g* [ +0(gY), (11.7)

5 +
m*—s m —u
which demonstrates the notational utility of the Mandelstam variables.

Now let us consider a different frame, the fized target or FT frame (also
sometimes called the lab frame), in which particle no. 2 is initially at rest:

ko = 0. In this case we have

1
kq| = 2—1712\/82 —2(m? + m3)s + (m? —m2)2 (FT frame) . (11.8)
Note that, from egs. (11.8) and (11.2),

m2|k1|FT = \/§|k1’CM . (119)

This will be useful later.

We would now like to derive a formula for the differential scattering cross
section. In order to do so, we assume that the whole experiment is taking
place in a big box of volume V, and lasts for a large time T. We should
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really think about wave packets coming together, but we will use some simple
shortcuts instead. Also, to get a more general answer, we will let the number
of outgoing particles be arbitrary.

Recall from section 10 that the overlap between the initial and final states
is given by

(f1i) = (2m)*6* (kin—kouw )iT - (11.10)

To get a probability, we must square (f|i), and divide by the norms of the
initial and final states:

2
P = % . (11.11)
The numerator of this expression is
[(fI) 2 = [(27) "6 (Kin—koue)]* [T . (11.12)
We write the square of the delta function as
[(27)16* (kin—kout)]” = (2m)16" (kin—kout) x (27)"6%(0) , (11.13)
and note that
(2m)46%(0) = / dze® =VT . (11.14)
Also, the norm of a single particle state is given by
(k|k) = (2m)32k°6%(0) = 2k°V . (11.15)
Thus we have
(i|i) = 4E1E;V? (11.16)
fIf) = ﬁzk;ov, (11.17)
j=1

where n' is the number of outgoing particles.
If we now divide eq. (11.11) by the elapsed time T, we get a probability
per unit time
(27)46% (kin—kouw) V |T|?

P= ALl : (11.18)
AB EV2 [T, 2KV

Jj=

This is the probability per unit time to scatter into a set of outgoing particles
with precise momenta. To get something measurable, we should sum each
outgoing three-momentum k;- over some small range. Due to the box, all
three-momenta are quantized: k) = (27/L)n}, where V = L3, and n’ is a
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three-vector with integer entries. (Here we have assumed periodic boundary
conditions, but this choice does not affect the final result.) In the limit of
large L, we have

S (2‘;)3 /d%;.. (11.19)

Thus we should multiply P by a factor of Vd?’k:;- /(27)3 for each outgoing
particle. Then we get

(2 6 ki —Kout) s T
P T . 11.2

where we have identified the Lorentz-invariant phase-space differential

— d%k
dk = ———=
(27)32k0

(11.21)

that we first introduced in section 3.

To convert P to a differential cross section do, we must divide by the
incident flux. Let us see how this works in the FT frame, where particle no.
2 is at rest. The incident flux is the number of particles per unit volume
that are striking the target particle (no. 2), times their speed. We have
one incident particle (no. 1) in a volume V' with speed v = |k;|/F1, and so
the incident flux is |k;|/E1V. Dividing eq. (11.20) by this flux cancels the
last factor of V, and replaces E; in the denominator with |k;|. We also set
E> = my and note that eq. (11.8) gives |ki|lms as a function of s; do will
be Lorentz invariant if, in other frames, we simply use this function as the
value of |ki|mg. Adopting this convention, and using eq. (11.9), we have

1
- ITI?
4|k1|CM\/§| |

where |kj|cy 1S given as a function of s by eq. (11.2), and we have defined
the n’-body Lorentz-invariant phase-space measure

do = LIPS, (k1+ks) | (11.22)

dLIPS,, (k) = (2m)*6* (k=Y K, Hdk’ (11.23)

Eq. (11.22) is our final result for the differential cross section for the scat-
tering of two incoming particles into n’ outgoing particles.
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Let us now specialize to the case of two outgoing particles. We need to
evaluate

dLIPSy (k) = (2m)*6* (k—K, —k,) dK/dk, | (11.24)

where k = k1 + k9. Since dLIPSy(k) is Lorentz invariant, we can com-
pute it in any convenient frame. Let us work in the CM frame, where
k =k; +ky =0 and k° = E; + E; = /s; then we have

1
dLIPSs (k) = Wé( By —Vs) 6% (ki +ky) dkydky . (11.25)
We can use the spatial part of the delta function to integrate over d3k%, with
the result
1 / / 31./
dLIPSy (k) = W&(E1+E2—\/§)d k] (11.26)
where now

Ei=4/Kj2+m2 and FEj=/ki2+m3 . (11.27)

Next, let us write
a3k = |K)|? d|K)| dQen (11.28)

where df).,, = sinfdf d¢ is the differential solid angle, and 6 is the angle
between k; and k] in the CM frame. We can carry out the integral over the
magnitude of k) in eq. (11.26) using [dz 6(f(z)) = >, |f'(z;)| 7!, where z;
satisfies f(x;) = 0. In our case, the argument of the delta function vanishes
at just one value of |k)|, the value given by eq. (11.3). Also, the derivative
of that argument with respect to |kj| is

9 ki, [k

E/ E/ _ > 110 110

8|k’< 1+ 2 \/g E/+E/

E{ + FE}
-l Z5 5
R SIE
= T (11.29)
Putting all of this together, we get
_ K

dLIPSy (k) = dQey - (11.30)

1672y/s "
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Combining this with eq. (11.22), we have

do 1 K

— = 72 11.31
dQCM 6471'28 ’kl‘ ’ ’ ’ ( )

where |ki| and |k]| are the functions of s given by egs. (11.2) and (11.3), and
dQcy is the differential solid angle in the CM frame.

The differential cross section can also be expressed in a frame-independent
manner by noting that, in the CM frame, we can take the differential of
eq. (11.4) at fixed s to get

dt = 2 |kq| |k}| dcos b (11.32)
d€Qcas
= 2|k | K} ot (11.33)

Now we can rewrite eq. (11.31) as

do 1

— 2
T = Cimll IT|?, (11.34)

where |ki| is given as a function of s by eq. (11.2).

We can now transform do/dt into do/dQ) in any frame we might like
(such as the FT frame) by taking the differential of eq. (11.4) in that frame.
In general, though, |kj| depends on 6 as well as s, so the result is more
complicated than it is in eq. (11.32) for the CM frame.

Returning to the general case of n’ outgoing particles, we can define a
Lorentz invariant total cross section by integrating completely over all the
outgoing momenta, and dividing by an appropriate symmetry factor S. If
there are n) identical outgoing particles of type 4, then

S=]]ni (11.35)
and

o= %/da , (11.36)

where do is given by eq.(11.22). We need the symmetry factor because
merely integrating over all the outgoing momenta in dLIPS, treats the
final state as being labeled by an ordered list of these momenta. But if
some outgoing particles are identical, this is not correct; the momenta of
the identical particles should be specified by an unordered list (because, for
example, the state al{a£|0> is identical to the state aga“O)). The symmetry
factor provides the appropriate correction.
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In the case of two outgoing particles, eq. (11.36) becomes

1 do
_ ! ad 11.
7= / a0 50 (11.37)
o [+ do
= — — 11.
5/, dcos@dQCM, (11.38)

where S = 2 if the two outgoing particles are identical, and S =1 if they
are distinguishable. Equivalently, we can compute o from eq. (11.34) via

1 [t do
= — dt — 11.39
o= / g (11.39)

where tyin and tyax are given by eq. (11.4) in the CM frame with cos = —1
and +1, respectively. To compute o with eq. (11.38), we should first express
t and v in terms of s and 6 via egs. (11.4) and (11.6), and then integrate
over 0 at fixed s. To compute o with eq. (11.39), we should first express u
in terms of s and ¢ via eq. (11.6), and then integrate over ¢ at fixed s.

Let us see how all this works for the scattering amplitude of ¢3 theory,
eq. (11.7). In this case, all the masses are equal, and so, in the CM frame, F =
/s for all four particles, and |kj| = |ki| = (s — 4m?2)'/2. Then eq. (11.4)
becomes

t=—1(s—4m?)(1 — cosf) . (11.40)
From eq. (11.6), we also have
u=—1(s—4m*)(1+ cos?) . (11.41)

Thus |7]? is quite a complicated function of s and 6. In the nonrelativistic
limit, |ki| < m or equivalently s — 4m? < m?, we have

59° 8 [s—4m? 5 21 5 s —4m?\?
T=—"1|1-—("—— ) +=(1+=cos?0) | ——

3m? [ 15 ( m?2 ) T8 < g5 08 mz )

+0(g") . (11.42)

Thus the differential cross section is nearly isotropic. In the extreme rela-
tivistic limit, |ki| > m or equivalently s > m?, we have

2 2 9\2 2
T = 92 [3+c0529—<(3+.0+0)—16>m—+...]

ssin sin“ 0 s
+0(g") . (11.43)

Now the differential cross section is sharply peaked in the forward (0 = 0)
and backward (6 = ) directions.
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We can compute the total cross section ¢ from eq.(11.39). We have in
this case tmin = —(s — 4m?) and tpax = 0. Since the two outgoing particles
are identical, the symmetry factor is S = 2. Then setting u = 4m? — s — t,
and performing the integral in eq. (11.39) over ¢ at fixed s, we get

gt 2 s — 4m? 2
o= - — —
27s(s —4m?2) | m? (s —m?)?  s—3m?
4m? 5 —3m?
1 O(¢% . (11.44
+(5—m2)(s—2m2) n( m2 ) +0(g7) - ( )
In the nonrelativistic limit, this becomes
25g* 79 (s — 4m? 6
=—|1—-—=—— (0] . 11.45
7~ 11527mb [ 60 ( mz ) T | O (11.45)
In the extreme relativistic limit, we get
4 2
9 Tm 6
=—|14+=-—+... . 114
77 16mm2s? [ ot ] +0lg") (11.46)

These results illustrate how even a very simple quantum field theory can
yield specific predictions for cross sections that could be tested experimen-
tally.

Let us now turn to the other basic problem mentioned at the beginning
of this section: the case of a single incoming particle that decays to n’ other
particles.

We have an immediate conceptual problem. According to our develop-
ment of the LSZ formula in section 5, each incoming and outgoing particle
should correspond to a single-particle state that is an exact eigenstate of
the exact hamiltonian. This is clearly not the case for a particle that can
decay. Referring to fig. 5.1, the hyperbola of such a particle must lie above
the continuum threshold. Strictly speaking, then, the LSZ formula is not
applicable.

A proper understanding of this issue requires a study of loop corrections
that we will undertake in section 25. For now, we will simply assume that
the LSZ formula continues to hold for a single incoming particle. Then we
can retrace the steps from eq. (11.11) to eq. (11.20); the only change is that
the norm of the initial state is now

(i]i) = 2B,V (11.47)
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instead of eq. (11.16). Identifying the differential decay rate dI’ with P then
gives

1
dl' = — |T > dLIPS,, (k1) , (11.48)
2F,

where now s = —k? = m?. In the CM frame (which is now the rest frame of
the initial particle), we have E; = my; in other frames, the relative factor of
E1/mq in dI" accounts for relativistic time dilation of the decay rate.

We can also define a total decay rate by integrating over all the outgoing
momenta, and dividing by the symmetry factor of eq. (11.35):

1
I'=— T. 11.4
5/ (11.49)

We will compute a decay rate in problem 11.1

Reference notes

For a derivation with wave packets, see Brown, Itzykson € Zuber, or Peskin
& Schroeder.

Problems

11.1) a) Consider a theory of a two real scalar fields A and B with an interaction
L1 = gAB?. Assuming that m, > 2m , compute the total decay rate of
the A particle at tree level.

b) Consider a theory of a real scalar field ¢ and a complex scalar field x with
L1 = gox'x. Assuming that my, > 2m,,, compute the total decay rate of
the ¢ particle at tree level.

11.2) Consider Compton scattering, in which a massless photon is scattered by an
electron, initially at rest. (This is the FT frame.) In problem 59.1, we will
compute |7|? for this process (summed over the possible spin states of the
scattered photon and electron, and averaged over the possible spin states of
the initial photon and electron), with the result

m*+m2(3s+u) —su  m*+m?(3u+s) — su
(m? — 5)? (m? — u)?

2m?(s + u + 2m?)

(m? = s)(m? — u)

172 = 321%a?

+0(a), (11.50)

where ae = 1/137.036 is the fine-structure constant.
a) Express the Mandelstam variables s and u in terms of the initial and final
photon energies w and w'.
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b) Express the scattering angle 0+ between the initial and final photon three-
momenta in terms of w and w’.

c) Express the differential scattering cross section do/d€Qp in terms of w and
w’. Show that your result is equivalent to the Klein—Nishina formula

do a? W2 lw !

w . 9
— =——|—+ — —sin“0 . 11.51
dQer  2m? w? | + w o ( )
Consider the process of muon decay, u~ — e~ Vcv,. In section 88, we will com-
pute |7 |? for this process (summed over the possible spin states of the decay
products, and averaged over the possible spin states of the initial muon), with
the result

(TP = 4G (hy k) (K -KS) (11.52)

where G is the Fermi constant, ki is the four-momentum of the muon, and
k’i’2’3 are the four-momenta of the 7., v,, and e™, respectively. In the rest
frame of the muon, its decay rate is therefore

_ 382G}

r /(klké)(k'lkg) dLIPS3(k1) , (11.53)
where k1 = (m,0), and m is the muon mass. The neutrinos are massless,
and the electron mass is 200 times less than the muon mass, so we can take
the electron to be massless as well. To evaluate I', we perform the following
analysis.

a) Show that

_ 3263

r / dkly kY, / KK, dLIPS, (ky—kj) - (11.54)

b) Use Lorentz invariance to argue that, for my, = mo =0,
/ kP kY dLIPS, (k) = Ak?g"” + BEFEY (11.55)

where A and B are numerical constants.
c¢) Show that, for my, = mg =0,

/dLIPSQ(k) = % . (11.56)

d) By contracting both sides of eq. (11.55) with g,,,, and with k,k,, and using
eq. (11.56), evaluate A and B.

e) Use the results of parts (b) and (d) in eq.(11.54). Set k; = (m,0), and
compute dI'/dE.; here E, = Ef is the energy of the electron. Note that
the maximum value of E, is reached when the electron is emitted in one
direction, and the two neutrinos in the opposite direction; what is this
maximum value?

f) Perform the integral over E. to obtain the muon decay rate T'.



P1: PJR/PJR P2: RNK/XXX QC: RNK/XXX T1: RNK
CUUKT761-Srednicki August 25, 2006 14:26

Cross sections and decay rates 89

g) The measured lifetime of the muon is 2.197 x 10~%s. The muon mass is
105.66 MeV. Determine the value of Gy in GeV~2. (Your answer is too
low by about 0.2%, due to loop corrections to the decay rate.)

h) Define the energy spectrum of the electron P(E,.) = T'~! dI'/dE,.. Note that
P(E.) dE, is the probability for the electron to be emitted with energy
between E. and E. + dE.. Draw a graph of P(E.) versus E./m,,.

11.4) Consider a theory of three real scalar fields (A, B, and C) with

L= — %8"A0HA — %miAQ
— L9BO,B — Lm? B?
- %(9“08#0 - %miCQ
+ gABC' . (11.57)
Write down the tree-level scattering amplitude (given by the sum of the
contributing tree diagrams) for each of the following processes:
AA — AA
AA — AB,
AA — BB,
AA — BC,
AB — AB
AB — AC' . (11.58)

Your answers should take the form

Cs Ct Cy

+ +
2 _ 2 _ 2 _ |
ms;—s my—t mi—u

T=¢° (11.59)

where, in each case, each ¢; is a positive integer, and each m? is m? or m?

or m?2. Hint: 7 may be zero for some processes.
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Dimensional analysis with A =c =1

Prerequisite: 3

We have set i = ¢ = 1. This allows us to convert a time T to a length L via
T =c 'L, and a length L to an inverse mass M ~! via L = heM~!. Thus
any quantity A can be thought of as having units of mass to some power
(positive, negative, or zero) that we will call [A]. For example,

(m] = +1, (12.1)
[24] = —1, (12.2)
0M] = +1, (12.3)
[di]) = —d . (12.4)

In the last line, we have generalized our considerations to theories in d
spacetime dimensions.

Let us now consider a scalar field in d spacetime dimensions with
lagrangian density

L= —%8”g08ug0 — %m2<p2 — g: %gngon . (12.5)
n=3
The action is
S = /ddxﬁ, (12.6)
and the path integral is
Z(J) = /Dgp exp[i/ d%: (£ + Jcp)} : (12.7)

90
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From eq. (12.7), we see that the action S must be dimensionless, because it
appears as the argument of the exponential function. Therefore

[S]=0. (12.8)
Combining egs. (12.4) and (12.8) yields
L] =d. (12.9)

Then, from egs. (12.9) and (12.3), and the fact that 0*¢0,¢ is a term in L,
we see that we must have

Wl =d-2). (12.10)
Then, since g, ™ is also a term in £, we must have
[gn) =d — n(d —2) . (12.11)
In particular, for the ¢? theory we have been working with, we have
93] = 3(6 —d) . (12.12)

Thus we see that the coupling constant of ¢? theory is dimensionless in
d = 6 spacetime dimensions.

Theories with dimensionless couplings tend to be more interesting than
theories with dimensionful couplings. This is because any nontrivial depen-
dence of a scattering amplitude on a coupling must be expressed as a func-
tion of a dimensionless parameter. If the coupling is itself dimensionful, this
parameter must be the ratio of the coupling to the appropriate power of
either the particle mass m (if it is not zero) or, in the high-energy regime
s > m?, the Mandelstam variable s. Thus the relevant parameter is g s~191/2.
If [g] is negative [and it usually is: see eq. (12.11)], then g s~[9//2 blows up at
high energies, and the perturbative expansion breaks down. This behavior is
connected to the nonrenormalizability of theories with couplings with neg-
ative mass dimension, a subject we will take up in section 18. It turns out
that such theories require an infinite number of input parameters to make
sense; see section 29. In the opposite case, [g] positive, the theory becomes
trivial at high energy, because g s~19//2 goes rapidly to zero.

Thus the case of [g] = 0 is just right: scattering amplitudes can have a
nontrivial dependence on ¢ at all energies.

Therefore, from here on, we will be primarily interested in ¢? theory in
d = 6 spacetime dimensions, where [g3] = 0.
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Problems

12.1) Express hc in GeV fm, where 1fm = 1 Fermi = 10713 cm.

12.2) Express the masses of the proton, neutron, pion, electron, muon, and tau in
GeV.

12.3) The proton is a strongly interacting blob of quarks and gluons. It has a
nonzero charge radius rp, given by 2 = [ d*c p(r)r?, where p(r) is the quan-
tum expectation value of the electric charge distribution inside the proton.
Estimate the value of r;,, and then look up its measured value. How accurate
was your estimate?
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13

The Lehmann—Kallén form of the exact propagator

Prerequisite: 9

Before turning to the subject of loop corrections to scattering amplitudes,
it will be helpful to consider what we can learn about the exact propagator
A(x — y) from general principles. We define the exact propagator via

A(z —y) =i(0|Te(x)e(y)[0) - (13.1)

We take the field ¢(x) to be normalized so that
Olp(@)[0) =0  and  (k|p(z)|0) = e = (13.2)
In d spacetime dimensions, the one-particle state |k) has the normalization
(kK'Y = 2m) 2w st Yk — K, (13.3)

with w = (k% + m2)1/ 2. The corresponding completeness statement is

/ZzE k| = I | (13.4)
where I; is the identity operator in the one-particle subspace, and
~ d=1k
dk = ————— 13.
(2m)d=12w (13.5)

is the Lorentz invariant phase-space differential. We also define the exact
momentum-space propagator A(k?) via

d,
Az —y) = / (;W’; _ e ) A(K?) (13.6)

In free-field theory, the momentum-space propagator is

< 1

93
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It has an isolated pole at k> = —m? with residue one; m is the actual, phys-
ical mass of the particle, the mass that enters into the energy-momentum
relation.

We begin our analysis with eq. (13.1). We take z° > 4°, and insert a com-
plete set of energy eigenstates between the two fields. Recall from section 5
that there are three general classes of energy eigenstates.

1) The ground state or vacuum |0), which is a single state with zero energy and
momentum.

2) The one particle states |k), specified by a three-momentum k and with energy
w = (k2 + m2)1/2.

3) States in the multiparticle continuum |k, n), specified by a three-momentum k
and other parameters (such as relative momenta among the different particles)
that we will collectively denote as n. The energy of one of these states is w =
(k? + M?)Y/2, where M > 2m; M is one of the parameters in the set 7.

Thus we get

(Ol (x)w(y)[0) = (0]w(x)]0){0l¢(y)|0)
" / dk (Ol () ) (Kl (1)]0)
s / 0k (0] () [k, ) (K, mlo()[0) . (13.8)

The sum over n is schematic, and includes integrals over continuous param-
eters like relative momenta.

The first two terms in eq. (13.8) can be simplified via eq. (13.2). Also,
writing the field as p(x) = exp(—iP"z,)p(0)exp(+iP*x,), where P* is the
energy-momentum operator, gives us

(k,mlp(@)[0) = e~k mlp(0)[0) (13.9)
where k0 = (k? + M?)'/2. We now have

OlplaeI0) = [ B ee )+ 37 [ G| nloO)0) . (13.10)

Next, we define the spectral density
p(s) =Y [k, n|p(0)[0)[* 6(s — M?) . (13.11)

Obviously, p(s) > 0 for s > 4m?, and p(s) = 0 for s < 4m?. Now we have

(0](2)2(1)]0) = / dk @) 4 / " s pls) / de k@) | (13.12)

4m?
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In the first term, k° = (k®+m?)"/2, and in the second term, k° =
(k? + 5)1/2. Clearly we can also swap « and y to get

(Ol (y)p(@)]0) = / de e k@) 4 /

4Am?

o

ds p(s) /Zi\lgeik(my) (13.13)

as well. We can then combine egs. (13.12) and (13.13) into a formula for the
time-ordered product

(0Teo(2)2(y)]0) = B(x°—y°){0lo(x)2(y)]0) + B(y"—2°) (0lo(y) o ()[0),
(13.14)
where () is the unit step function, by means of the identity

d% etk(@=v) 0 oy | T ik(a—
/(27T)d k2 +m? — ie =0y )/dk’e o

+i0(y°—20) / dk e~ #@=v) . (13.15)

the derivation of eq.(13.15) was sketched in section 8. Combining
egs. (13.12)—(13.15), we get

d
(;i ]§d etk(z—y)
T

+ /400 ds p(s) ;] (13.16)

m2 k‘2+8—i6

1
k2 +m?2 — e

0[Tela)elw)]0) = |

Comparing egs. (13.1), (13.6), and (13.16), we see that

~ 1 & 1
AR = ——— d - 13.17
(k%) k:2—|—m2—z'e+/4mz Sp(s)k:2+s—ie ( )
This is the Lehmann—Kdllén form of the exact momentum-space propagator
A(k?). We note in particular that A(k?) has an isolated pole at k* = —m?

with residue one, just like the propagator in free-field theory.

Problems
13.1) Consider an interacting scalar field theory in d spacetime dimensions,
L=-12,0"00,p — 2Z,m*0* — L1(p) , (13.18)

where £1(¢) is a function of ¢ (and not its derivatives). The exact momentum-
space propagator for ¢ can be expressed in Lehmann—Kallén form by
eq. (13.17). Find a formula for the renormalizing factor Z, in terms of p(s).
Hint: consider the commutator [¢(x), $(y)].
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Loop corrections to the propagator
Prerequisite: 10, 12, 13

In section 10, we wrote the exact propagator as

LA (z1—22) = (0|Top(z1)p(22)[0) = 6162iW (J) o’ (14.1)
where {W(J) is the sum of connected diagrams, and ¢; acts to remove a
source from a diagram and label the corresponding propagator endpoint ;.
In ¢ theory, the O(g?) corrections to +A(z;—z2) come from the diagrams
of fig. 14.1. To compute them, it is simplest to work directly in momentum
space, following the Feynman rules of section 10. An appropriate assignment
of momenta to the lines is shown in fig. 14.1; we then have

LA(K?) = LA(K?) + LA®KY) [m(k?)} LA(K?) + O(gY) (14.2)

where

~ 1
2y
Al = k? +m? — ie (14.3)

is the free-field propagator, and

d ~ ~
M) = 3i0? (2 [ oz AlEDAE)

— i(Ak? + Bm?) + O(g%) (14.4)

is the self-energy. Here we have written the integral appropriate for d space-
time dimensions; for now we will leave d arbitrary, but later we will want to
focus on d = 6, where the coupling g is dimensionless.

In the first term in eq. (14.4), the factor of one-half is the symmetry factor
associated with exchanging the top and bottom semicircular propagators.
Also, we have written the vertex factor as ig rather than iZ,;g becausewe

96
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+ >
k k k k

Figure 14.1. The O(g?) corrections to the propagator.

Figure 14.2. The geometric series for the exact propagator.

e O D

Figure 14.3. The O(g*) contributions to iI1(k?).

expect Zg =1+ O(g?), and so the Z4 — 1 contribution can be lumped into
the O(g?) term. In the second term, A = Z, — 1 and B = Z,, — 1 are both
expected to be O(g?).

It will prove convenient to define IT1(k?) to all orders via the geometric
series

(14.5)

This is illustrated in fig. 14.2. The sum in eq. (14.5) will include all the
diagrams that contribute to A (k?) if we take iII(k2) to be given by the sum
of all diagrams that are one-particle irreducible, or 1PI for short. A diagram
is 1PI if it is still connected after any one line is cut. The 1PI diagrams
that make an O(g*) contribution to iII(k?) are shown in fig. 14.3. When
writing down the value of one of these diagrams, we omit the two external
propagators.
If we sum up the series in eq. (14.5), we get

1
K2+ m? —ie— (k%)

A(k?) = (14.6)
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In section 13, we learned that the exact propagator has a pole at k? = —m?

with residue one. This is consistent with eq. (14.6) if and only if

m(—m? =0, (14.7)
' (—m?) =0, (14.8)

where the prime denotes a derivative with respect to k2. We will use
eqs. (14.7) and (14.8) to fix the values of A and B.

Next we turn to the evaluation of the O(g?) contribution to iIl(k?) in
eq. (14.4). We have the immediate problem that the integral on the right-
hand side diverges at large ¢ for d > 4. We faced a similar situation in
section 9 when we evaluated the lowest-order tadpole diagram. There we
introduced an ultraviolet cutoff A that modified the behavior of A(¢2) at
large ¢2. Here, for now, we will simply restrict our attention to d < 4, where
the integral in eq. (14.4) is finite. Later we will see what we can say about
larger values of d.

We will evaluate the integral in eq. (14.4) with a series of tricks. We first
use Feynman’s formula to combine denominators,

1

where the integration measure over the Feynman parameters x; is

1
/an = (n—l)!/ dry...dzy, 6(z1+ ... +x, —1). (14.10)
0
This measure is normalized so that
/an 1=1. (14.11)

We will prove eq. (14.9) in problem 14.1.
In the case at hand, we have

1
(€2 +m?2)((€ + k)2 +m2)

/1 dz [ 2((0+ k)2 +m?) + (1—2)(¢% + m2)]
s UL

A((k+02)A(2) =

-2

-2

1 -
/ dz | 2 + 220k + 22 +m2]
O L

-2

=
8

1 -
/ (¢ + zk)* + z(1—2)k? —|—m2}
o L

L -2
= de|F+D| (14.12)
0 L
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Imq0

T
Req0
§ -
Figure 14.4. The ¢° integration contour along the real axis can be rotated

to the imaginary axis without passing through the poles at ¢° = —w + ie
and ¢° = +w — de.

where we have suppressed the ies for notational convenience; they can be

restored via the replacement m? — m?—ie. In the last line we have defined

q={+zk (14.13)
and
D =z(1—2)k* + m*. (14.14)

We then change the integration variable in eq. (14.4) from ¢ to ¢; the jacobian
is trivial, and we have d% = d%.

Next, think of the integral over ¢° from —oo to 400 as a contour integral in
the complex ¢° plane. If the integrand vanishes fast enough as |¢°| — oo, we
can rotate this contour clockwise by 90°, as shown in fig. 14.4, so that it runs
from —ioco to +i00. In making this Wick rotation, the contour does not pass
over any poles. (The ies are needed to make this statement unambiguous.)
Thus the value of the integral is unchanged. It is now convenient to define
a euclidean d-dimensional vector ¢ via ¢ = ig; and qj = @;; then 7 = ¢,
where

F=a+...+a. (14.15)

Also, d% = i d%. Therefore, in general,
/ d% f(q*—ic) =i / d’q f(q°) (14.16)

as long as f(g?) — O faster than 1/q% as § — co.
Now we can write

(k%) = 3g°I(k*) — Ak* — Bm* + O(¢") , (14.17)

where

[t d% 1
I(k?) :/0 d:c/ @i (@1 DR (14.18)
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It is now straightforward to evaluate the d-dimensional integral over ¢ in
spherical coordinates.

Before we perform this calculation, however, let us introduce another
trick, one that can simplify the task of fixing A and B through the imposition
of eqs. (14.7) and (14.8). Here is the trick: differentiate II(k?) twice with
respect to k2 to get

(k%) = 3°I"(k*) + O(g") (14.19)

where, from egs. (14.18) and (14.14),

1 d~
I//(k;Q) :/(; dx 6x2(1x)2/ (jﬁq)d @ —|}D)4 . (14.20)

Then, after we evaluate these integrals, we can get I1(k?) by integrating with
respect to k2, subject to the boundary conditions of egs. (14.7) and (14.8).
In this way we can construct II(k%) without ever explicitly computing A
and B.

Notice that this trick does something else for us as well. The integral
over ¢ in eq. (14.20) is finite for any d < 8, whereas the original integral in
eq. (14.18) is finite only for d < 4. This expanded range of d now includes
the value of greatest interest, d = 6.

How did this happen? We can gain some insight by making a Taylor

expansion of TI(k?) about k? = —m?:

1
20
O(g") . (14.21)

From egs. (14.18) and (14.14), it is straightforward to see that I(—m?)
is divergent for d >4, I'(—m?) is divergent for d > 6, and, in general,
I (—m?) is divergent for d > 4 + 2n. We can use the O(g?) terms in A and
B to cancel off the 2¢g%I(—m?) and 1g2I'(—m?) terms in I1(k?), whether or
not they are divergent. But if we are to end up with a finite IT1(k?), all of
the remaining terms must be finite, since we have no more free parameters
left to adjust. This is the case for d < 8.

Of course, for 4 < d < 8, the values of A and B (and hence the lagrangian
coefficients Z = 1+ A and Z,, = 1 4+ B) are formally infinite, and this may
be disturbing. However, these coefficients are not directly measurable, and
so need not obey our preconceptions about theirmagnitudes. Also, it is
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important to remember that A and B each includes a factor of ¢2; this means
that we can expand in powers of A and B as part of our general expansion
in powers of g. When we compute IT(k?) (which enters into observable cross
sections), all the formally infinite numbers cancel in a well-defined way, pro-
vided d < 8.

For d > 8, this procedure breaks down, and we do not obtain a finite
expression for II(k?). In this case, we say that the theory is nonrenormaliz-
able. We will discuss the criteria for renormalizability of a theory in detail
in section 18. It turns out that (> theory is renormalizable for d < 6. (The
problem with 6 < d < 8 arises from higher-order corrections, as we will see
in section 18.)

Now let us return to the calculation of II(k?). Rather than using the
trick of first computing IT”(k?), we will instead evaluate IT(k?) directly from
eq. (14.18) as a function of d for d < 4. Then we will analytically continue the
result to arbitrary d. This procedure is known as dimensional reqularization.
Then we will fix A and B by imposing eqs. (14.7) and (14.8), and finally take
the limit d — 6.

We could just as well use the method of section 9. Making the replacement

1 A?
R
P2 +m? —ie p?2 + A2 —ie

A(p?) , (14.22)
where A is the ultraviolet cutoff, renders the O(g?) term in II(k?) finite
for d < 8; This procedure is known as Pauli—Villars reqularization. We then
evaluate TI(k?) as a function of A, fix A and B by imposing eqs. (14.7)
and (14.8), and take the A — oo limit. Calculations with Pauli-Villars
regularization are generally much more cumbersome than they are with
dimensional regularization. However, the final result for IT1(k?) is the same.
Eq. (14.21) demonstrates that any regularization scheme will give the same
result for d < 8, at least as long as it preserves the Lorentz invariance of the
integrals.

We therefore turn to the evaluation of I(k?), eq. (14.18). The angular part
of the integral over ¢ yields the area 24 of the unit sphere in d dimensions,
which is

27Td/2

(14.23)

this is most easily verified by computing the gaussian integral [ d%e T in
both cartesian and spherical coordinates. Here I'(x) is the Euler gamma
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function; for a nonnegative integer n and small x,

I'(n+1) =n!, (14.24)
P(n+l) = S!Zi!\/%, (14.25)
I'(—n+z) = (—nl')” {; — v+ ZZ:1 kTl O(a:)] , (14.26)

where v = 0.5772. .. is the Euler-Mascheroni constant.
The radial part of the ¢ integral can also be evaluated in terms of gamma
functions. The overall result (generalized slightly) is

/ddq ()" _ D—a—3d)l(at3d) | 4 ap)
(2m)* (@ +D)*  (4m)¥PT ()T (5d) '

(14.27)

We will make frequent use of this formula throughout this book. In the case
of interest, eq. (14.18), we have ¢ = 0 and b = 2.

There is one more complication to deal with. Recall that we want to focus
on d = 6 because in that case g is dimensionless. However, for general d, ¢
has mass dimension ¢/2, where

e=6-d. (14.28)

To account for this, we introduce a new parameter f with dimensions of
mass, and make the replacement

g — gpit’? . (14.29)

In this way g remains dimensionless for all . Of course, [i is not an actual
parameter of the d = 6 theory. Therefore, nothing measurable (like a cross
section) can depend on it.

This seemingly innocuous statement is actually quite powerful, and will
eventually serve as the foundation of the renormalization group.

We now return to eq. (14.18), use eq. (14.26), and set d = 6 — &; we get

_1.E€ 1 \E/2
I(kg):%/o de(%) . (14.30)

Hence, with the substitution of eq. (14.29), and defining

(14.31)
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for notational convenience, we have

1 47.(.'&2 €/2
(k%) = $al(- 1+§)/0 de( 5 )
— Ak* — Bm? + 0(a?) . (14.32)

Now we can take the ¢ — 0 limit, using eq. (14.26) and
A2 =14+ EmA+0(?). (14.33)
The result is
1 471',[7,2
2 1o](2 1.2 2
(k*) = —5a| (2 +1)(k° +m )+/0 deln(e'YD)]

— Ak* — Bm? + 0(a?) . (14.34)

Here we have used fol dz D = ék2 + m?2. Tt is now convenient to define
p=are 2, (14.35)

and rearrange things to get

1
(k%) = /d$Dln(D/m2)
_{6 [£ +In(u/m) + 3] + A} K
—{ a[t +In(u/m)+ 1] + B} m* + O(a®) .  (14.36)
If we take A and B to have the form

A=-ia[L+In(u/m)+L+ka] +0(?), (14.37)
B=— a[t+In(p/m)+ 5 +rp]+ 0(a?) (14.38)

where k4 and kp are purely numerical constants, then we get

1
TI(k?) = %a/ dz DIn(D/m?) + a(brak? + rpm?) + 0(a?) . (14.39)
0
Thus this choice of A and B renders II(k?) finite and independent of p, as
required.
To fix k4 and kp, we must still impose the conditions II(—m?) = 0 and
II'(—m?) = 0. The easiest way to do this is to first note that, schematically,

1
I(k?) = %a/ dz DIn D + linear in k% and m? + O(a?) , (14.40)
0
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We can then impose II(—m?) = 0 via
1
(k%) = %a/ dx DIn(D/Dy) + linear in (k% +m?) + O(a?), (14.41)
0
where
Do = D‘ — [1—z(1—x)lm? . (14.42)
k2——m2

Now it is straightforward to differentiate eq. (14.41) with respect to k2, and
find that II'(—m?) vanishes for

1
(k%) = %a/o dr DIn(D/Dy) — $a(k* + m?) + O(a?) . (14.43)
The integral over x can be done in closed form; the result is
(k) = balek? + com? + 262 (r)] +0(a?) | (14.44)

where ¢; = 3—7r\/§, cy = 3—27r\/§, and

f(r) =r3tanh~(1/r) , (14.45)
r=(1+4m?/k*)"? . (14.46)
There is a square-root branch point at k? = —4m?, and II(k?) acquires an

imaginary part for k? < —4m?; we will discuss this further in the next sec-
tion.
We can write the exact propagator as

~ 1 1
Al = <1 T + m2)) Ram?—ic’ (1447)

In fig. 14.5, we plot the real and imaginary parts of IT1(k?)/(k? 4+ m?) in units
of ae. We see that its values are quite modest for the plotted range. For much

larger values of |k?|, we have

T1(k?) N

~

K2t m2 o 12¢ In(k*/m?) + 01} +0(?) . (14.48)

If we had kept track of the ies, k? would be k? — ie; when k? is negative,
we have In(k? — ie) = In|k?| — im. The imaginary part of II(k?)/(k? + m?)
therefore approaches the asymptotic value of —1—127ra + O(a?) when k? is
large and negative. The real part of I1(k?)/(k? + m?), however, continues to
increase logarithmically with |k?| when |k?| is large. We will begin to address
the meaning of this in section 26.
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Figure 14.5. The real and imaginary parts of II(k?)/(k? + m?) in units of

(o8

Problems

14.1) Derive a generalization of Feynman’s formula,

INOIE i
1 ( 04) 11)!/an%_

AP A T TLT () (n— (Z,ziAi

Hint: start with

(@) X a1 At
= t
Ae /0 at ‘ ’

(14.49)

(14.50)

which defines the gamma function. Put an index on A, «, and ¢, and take the

product. Then multiply on the right-hand side by

1= /Oocdsé(s—ziti> .

(14.51)

Make the change of variable t; = sz;, and carry out the integral over s.

14.2) Verify eq. (14.23).
14.3) a) Show that

/ddq fl¢*) =0,
/ddq "¢ f(¢?) = Cs g“”/ddq f() .

(14.52)

(14.53)

and evaluate the constant C5 in terms of d. Hint: use Lorentz symmetry
to argue for the general structure, and evaluate Ce by contracting with

Guv-
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Similarly evaluate [ d% q"q"qq° f(q?).

14.4) Compute the values of k4 and kp.

14.5) Compute the O()\) correction to the propagator in ¢* theory (see problem
9.2), and compute the O(\) terms in A and B.

14.6) Repeat problem 14.5 for the theory of problem 9.3.

14.7) Renormalization of the anharmonic oscillator. Consider an anharmonic oscil-
lator, specified by the lagrangian

L=31Z¢ - 1Z,wq* — Z\\wPq* . (14.54)

We set h =1 and m = 1; X is then dimensionless.

a)

b)

Find the hamiltonian H corresponding to L. Write it as H = Hy + Hq,
where Hy = $P? + 3w?Q?, and [Q, P] = .

Let |0) and |1) be the ground and first excited states of Hp, and let
|Q) and |I) be the ground and first excited states of H. (We take all
these eigenstates to have unit norm.) We define w to be the excita-
tion energy of H, w = Ej — Eq. We normalize the position operator
by setting (I|Q|Q) = (1|Q|0) = (2w)~'/2. Finally, to make things math-
ematically simpler, we set Z) equal to one, rather than using a more
physically motivated definition. Write Z =1+ A and Z,, = 1 + B, where
A =kal+O(A\?) and B = rkpA + O(A\?). Use Rayleigh-Schrodinger per-
turbation theory to compute the O(\) corrections to the unperturbed
energy eigenvalues and eigenstates.

Find the numerical values of k4 and kp that yield w = F; — Eq and
(11QIe) = (2w) /2.

Now think of the lagrangian of eq. (14.54) as specifying a quantum field
theory in d =1 dimensions. Compute the O(\) correction to the prop-
agator. Fix k4 and kp by requiring the propagator to have a pole at
k? = —w? with residue one. Do your results agree with those of part (c)?
Should they?
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The one-loop correction in Lehmann—Kallén form

Prerequisite: 14

In section 13, we found that the exact propagator could be written in
Lehmann-Kallén form as
1 & 1

AR = —— + ds p(s)

_ - 15.1
k2 +m2 —ie  Jyme k? 4 s —ie (15.1)

where the spectral density p(s) is real and nonnegative. In section 14, on the
other hand, we found that the exact propagator could be written as

~ 1
A(K?) = 15.2
(k%) k2 +m?2 —ie — T1(k2?) ’ ( )

and that, to O(g?) in > theory in six dimensions,

(k%) = %a/ol dr DIn(D/Dy) — La(k* + m?) + O(a?) , (15.3)
where

a=g?/(4m)? (15.4)

D = z(1—2)k* + m? — ie, (15.5)

Do = [1—z(1—z)jm? . (15.6)

In this section, we will attempt to reconcile egs.(15.2) and (15.3) with
eq. (15.1).

Let us begin by considering the imaginary part of the propagator. We
will always take k% and m? to be real, and explicitly include the appropriate
factors of ie whenever they are needed.

107
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We can use eq. (15.1) and the identity
1 T 1€
I SR BN S
r—1€ T+ e€ T+ €

1
=P - +imé(x) , (15.7)
where P means the principal part, to write
Im A(k?) = 76(k* + m?) + ds p(s) m6(k* + s)
4m?
= 76(k* + m?) + mp(—k?) , (15.8)

where p(s) = 0 for s < 4m?. Thus we have
7p(s) =Im A(—s) for s>4m?. (15.9)

Let us now suppose that Im II(k?) = 0 for some range of k2. [In section 14,
we saw that the O(a) contribution to II(k?) is purely real for k? > —4m?]
Then, from egs. (15.2) and (15.7), we get

Im A(k?) = 76(k? + m? —T1(k?)) for ImII(k?)=0. (15.10)

From IT(—m?) = 0, we know that the argument of the delta function vanishes
at k? = —m?2, and from II'(—m?) = 0, we know that the derivative of this
argument with respect to k? equals one at k> = —m?. Therefore

Im A(k?) = m6(k* + m?) for ImII(k?)=0. (15.11)

Comparing this with eq. (15.8), we see that p(—k?) = 0 if ImII(k?) = 0.

Now suppose Im I1(k?) is not zero for some range of k2. [In section 14, we
saw that the O(a) contribution to II(k?) has a nonzero imaginary part for
k? < —4m?.] Then we can ignore the ie in eq. (15.2), and

Im II(k?)

Im A (k?) = for ImII(k> :
mAR) = G TR £ (i) o ) £ 0
(15.12)
Comparing this with eq. (15.8) we see that
Im II(—
wp(s) = m I1(—s) . (15.13)

(—s+m? + Rell(—s))? + (ImII(—s))?

Since we know p(s) = 0 for s < 4m?, this tells us that we must also have
ImII(—s) =0 for s <4m?, or equivalently ImII(k?) =0 for k% > —4m?.
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This is just what we found for the O(a) contribution to II(k?) in section
14.

We can also see this directly from eq.(15.3), without doing the inte-
gral over . The integrand in this formula is real as long as the argument
of the logarithm is real and positive. From eq.(15.5), we see that D is
real and positive if and only if z(1—z)k? > —m?. The maximum value of
z(1—z) is 1/4, and so the argument of the logarithm is real and positive
for the whole integration range 0 < z < 1 if and only if k? > —4m?. In this
regime, ImII(k?) = 0. On the other hand, for k? < —4m?, the argument
of the logarithm becomes negative for some of the integration range, and
so ImI1(k?) # 0 for k? < —4m?. This is exactly what we need to reconcile
egs. (15.2) and (15.3) with eq. (15.1).

Problems

15.1) In this problem we will verify the result of problem 13.1 to O(«).
a) Let Ioop(k?) be given by the first line of eq. (14.32), with € > 0. Show
that, up to O(a?) corrections,

A =10, (—m?) . (15.14)

Then use Cauchy’s integral formula to write this as

11
A= fdw oop(w) (15.15)

2mi (w + m2

where the contour of integration is a small counterclockwise circle around
—m? in the complex w plane.

b) By examining eq. (14.32), show that the only singularity of Ijop(k?) is a
branch point at k% = —4m?2. Take the cut to run along the negative real
axis.

¢) Distort the contour in eq.(15.15) to a circle at infinity with a detour
around the branch cut. Examine eq. (14.32) to show that, for € > 0, the
circle at infinity does not contribute. The contour around the branch cut
then yields

—4m?
dw 1 .
A= / 271'2 (w+ m2) ioop (w-ti€) — Hloop(w_%)} ) (15.16)

where € is infinitesimal (and is not to be confused with ¢ = 6—d).
d) Examine eq. (14.32) to show that the real part of ITjoep(w) is continuous
across the branch cut, and that the imaginary part changes sign, so that

Mioop (wi€) — Migop (w—ie) = —2¢ Im Mjpep (w—ie) . (15.17)
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e) Let w = —s in eq. (15.16) and use eq. (15.17) to get
1 [/  ImIDeep(—s—1
A= ——/ ds w . (15.18)
T Jam2 (s —m?)?
Use this to verify the result of problem 13.1 to O(«).
Dispersion relations. Consider the exact II(k?), with € = 0. Assume that its
only singularity is a branch point at k? = —4m?, that it obeys eq. (15.17),
|2 at large |k?|. By recapitulating
the analysis in the previous problem, show that
2 [ ImII(—s—ic)
I (k? :—/ ds —5———=— . 15.19
(k) 7)o Ty (15.19)

This is a twice subtracted dispersion relation. It gives II”(k?) throughout the

and that TI(k?) grows more slowly than |k?

complex k? plane in terms of the values of the imaginary part of II(k?) along
the branch cut.



P1: PJR/PJR P2: RNK/XXX QC: RNK/XXX T1: RNK
CUUKT61-Srednicki August 25, 2006 14:36

16

Loop corrections to the vertex

Prerequisite: 14

Consider the O(g?) diagram of fig. 16.1, which corrects the 3 vertex. In this
section we will evaluate this diagram.

We can define an exact three-point vertex function iV (ky, ka2, k3) as the
sum of one-particle irreducible diagrams with three external lines carrying
momenta ki, ke, and ks, all incoming, with k; + k2 + k3 = 0 by momentum
conservation. (In adopting this convention, we allow k? to have either sign;
if k; is the momentum of an external particle, then the sign of k:? is positive
if the particle is incoming, and negative if it is outgoing.) The original vertex
iZ4g is the first term in this sum, and the diagram of fig. 16.1 is the second.
Thus we have

. . . \3 (133 d
iV3(k1, ko, k3) = iZ4g + (ig) (7) (27r)

+0(g°) - (16.1)

7 A((E=k1)")A((E+R2)?) A6

In the second term, we have set Z, =1+ O(g?). We proceed immediately
to the evaluation of this integral, using the series of tricks from section 14.
First we use Feynman’s formula to write

A((0=k1))A((£+h2)*) A%
:/ [ (b—k1)% + 2o (0+k2)? + 2302 + m? 73, (16.2)

where

1
/dF3 = 2/ dxr1 dxo dzs 5(.%'1+.’L‘2+.’L‘3—1) . (16.3)
0
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ky
ky k,
I+ky

Figure 16.1. The O(g®) correction to the vertex iVs(ki, ko, k3).

We manipulate the right-hand side of eq. (16.2) to get
A((t=k1))) A((E+k2)*)A(E)
i -3
= /dF3 02— 25-($1]€1 — 1132]{22) + 1‘1]{3% + 1172]{?% + m2}
= /ng [ (ﬁ —x1ky + 1‘2]{72)2 + ml(l—xl)k% + l’g(l—:cg)k%

-3
+ 2x129k1 - ko + m2]

_ /dF3 :qQ—i—D]_S . (16.4)
In the last line, we have defined ¢ = ¢ — x1k1 + x2k9, and
D= xl(l—asl)k% + mg(l—wg)k% + 2z @0k ko + m?
= :nglk% + xgajgk?% + xlxgk‘g +m?, (16.5)
where we used k3 = (k; + ko)? and z1 + 72 + 3 = 1 to simplify the second
line.

After making a Wick rotation of the ¢° contour, we have

d% 1
2m)® (g% + D)

Vs(ki, ko, k3) /g = Zg—i—gz/ng/( ;+0(g"), (16.6)

where ¢ is a euclidean vector. This integral diverges for d > 6. We therefore
evaluate it for d < 6, using the general formula from section 14; the result is

d’% 1 F(3—3d) (5
_ ey 6
| G @Dy = A (16.7)
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Now we set d =6 —e. To keep g dimensionless, we make the replacement

~£/2

g — gic’?. Then we have

£/2
4 ~2
V3(k1,k2,k3)/9=Zg+%af(%)/dF3 ( Zf ) +0(%),  (16.8)

where a = ¢%/(47)3. Now we can take the ¢ — 0 limit. The result is

NE A i? )
Vg(k‘l,kg,k‘g)/gz Zg+ §Oé|:g +/dF3 1n<€7D>] —|—O(a ), (16.9)

where we have used [ dF3 = 1. We now let p? = 4me "V i%, set
Zg=1+0C, (16.10)
and rearrange to get
Vs(k1, ka2, ks3)/g =14 {a[L + In(u/m)] + C}
- %a/ng In(D/m?)
+ 0(a?) . (16.11)
If we take C' to have the form
C = —all+In(u/m)+kc] +0(?) , (16.12)

where k¢ is a purely numerical constant, we get
Vs(ky, ko, ks)/g=1— %a/ng In(D/m?) — kca + O(a?) . (16.13)

Thus this choice of C renders V3(ki, k2, k3) finite and independent of p, as
required.

We now need a condition, analogous to II(—m?) = 0 and II'(—m?) = 0,
to fix the value of . These conditions on II(k?) were mandated by known
properties of the exact propagator, but there is nothing directly comparable
for the vertex. Different choices of k¢ correspond to different definitions of
the coupling g. This is because, in order to measure g, we would measure a
cross section that depends on g; these cross sections also depend on k. Thus
we can use any value for ko that we might fancy, as long as we all agree on
that value when we compare our calculations with experimental measure-
ments. It is then most convenient to simply set ko = 0. This corresponds to
the condition

V3(0,0,0) =g . (16.14)
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This condition can then also be used to fix the higher-order (in g) terms
in Zy.

The integrals over the Feynman parameters in eq. (16.13) cannot be done
in closed form, but it is easy to see that if (for example) |k?| > m?2, then

Vi (k1 ko ks) /g ~ 1 — La [m(kf/mQ) + 0(1)] +0(a?). (16.15)

Thus the magnitude of the one-loop correction to the vertex function
increases logarithmically with |k?| when |k?| > m2. This is the same behav-
ior that we found for I1(k?)/(k? 4+ m?) in section 14.

Problems

16.1) Compute the O(A?) correction to V4 in ¢? theory (see problem 9.2). Take
V4 = A when all four external momenta are on shell, and s = 4m?2. What is
the O(X) contribution to C?

16.2) Repeat problem 16.1 for the theory of problem 9.3.
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Other 1PI vertices
Prerequisite: 16

In section 16, we defined the three-point vertex function iVs(ki, ko, k3) as
the sum of all one-particle irreducible diagrams with three external lines,
with the external propagators removed. We can extend this definition to the
n-point vertex iV, (ki,..., ky).

There are two key differences between V,~3 and V3 in ¢? theory. The
first is that there is no tree-level contribution to V,~3. The second is that
the one-loop contribution to V,~3 is finite for d < 2n. In particular, the
one-loop contribution to V>3 is finite for d = 6.

Let us see how this works for the case n = 4. We treat all the external
momenta as incoming, so that k; 4+ ko + k3 + k4 = 0. One of the three con-
tributing one-loop diagrams is shown in fig. 17.1; in this diagram, the ks
vertex is opposite to the k; vertex. Two other inequivalent diagrams are
then obtained by swapping k3 < ko and k3 < k4. We then have

. 4 dﬁé X 2\ X 2\ A 2\ A (2
V=gt [ oy Ak AUk A( k) DA

+ (k3 < ko) + (k3 < k1)
+0(¢g%) . (17.1)

Feynman’s formula gives

B
fon

((0—k1)*)A((E+k2)®) A((E+ka+ks)*) A (2)

A
4
[ (0—FK1)? + zo(b+ko)? + w3 (L+ka+k3)? + 240* + m?

¢ +D1234} , (17.2)
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ki 1-k K
) I +ky+ ky
k, [+k ky

Figure 17.1. One of the three one-loop Feynman diagrams contributing
to the four-point vertex iV (k1 ko, ks, k4); the other two are obtained by
swapping k3 < ko and k3 < k4.

where ¢ = ¢ — x1k1 + xoko + x3(ke+ks) and, after making repeated use of
ri1+xotx3+rs =1 and ki+ko+ks+ks = 0,
D1234 = $1I4]€% + x2x4k§ + $2x3k§ + 561.7;3,1{32
+ wl.’lf,'g(k‘l—l—kg)z + $3x4(l€2+/€3)2 + m2 . (17.3)

We see that the integral over ¢ is finite for d < 8, and in particular for d = 6.
After a Wick rotation of the ¢° contour and applying the general formula of

section 14, we find
d% 1 i
= . 17.4
/ (2m)6 (¢>+ D)*  6(4m)3D (174)

Thus we get
4
g 1 1 1 ) 6
vV, — dF, + + +0(g°%) . 17.5
7 6(4r)? / ! (D1234 Dis2a Dioag ) (175)

This expression is finite and well-defined; the same is true for the one-loop
contribution to V,, for all n > 3.

Problems

17.1) Verity eq. (17.3).
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Higher-order corrections and renormalizability

Prerequisite: 17

In sections 14-17, we computed the one-loop diagrams with two, three,
and four external lines for ¢® theory in six dimensions. We found that
the first two involved divergent momentum integrals, but that these diver-
gences could be absorbed into the coefficients of terms in the lagrangian.
If this is true for all higher-order (in g) contributions to the propagator
and to the one-particle irreducible vertex functions (with n > 3 external
lines), then we say that the theory is renormalizable. If this is not the
case, and further divergences arise, it may be possible to absorb them by
adding some new terms to the lagrangian. If a finite number of such new
terms is required, the theory is still said to be renormalizable. However,
if an infinite number of new terms is required, then the theory is said to
be nonrenormalizable. Despite the infinite number of parameters needed to
specify it, a nonrenormalizable theory is generally able to make useful pre-
dictions at energies below some ultraviolet cutoff A; we will discuss this in
section 29.

In this section, we will deduce the necessary conditions for renormaliz-
ability. As an example, we will analyze a scalar field theory in d spacetime
dimensions of the form

o0
L= —%Zwﬁugoaugo - %me2g02 — %anngon : (18.1)
n=3

Consider a Feynman diagram with E external lines, I internal lines, L
closed loops, and V;, vertices that connect n lines. (Here V;, is just a number,
not to be confused with the vertex function V,,.) Do the momentum integrals
associated with this diagram diverge?

We begin by noting that each closed loop gives a factor of d%;, and each
internal propagator gives a factor of 1/(p? +m?), where p is some linear
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combination of external momenta k; and loop momenta ¢;. The diagram
would then appear to have an ultraviolet divergence at large /; if there are
more ¢s in the numerator than there are in the denominator. The number
of /s in the numerator minus the number of ¢s in the denominator is the
diagram’s superficial degree of divergence

D=dL-2I, (18.2)
and the diagram appears to be divergent if
D>0. (18.3)

Next we derive a more useful formula for D. The diagram has E external
lines, so another contributing diagram is the tree diagram where all the lines
are joined by a single vertex, with vertex factor —iZggg; this is, in fact, the
value of this entire diagram, which then has mass dimension [gg]. (The
Zs are all dimensionless, by definition.) Therefore, the original diagram also
has mass dimension [gg], since both are contributions to the same scattering
amplitude:

[diagram| = [gg] . (18.4)

On the other hand, the mass dimension of any diagram is given by the sum
of the mass dimensions of its components, namely

[diagram] = dL — 2T + > Vu[gn] - (18.5)
n=3

From egs. (18.2), (18.4), and (18.5), we get

D =gl = > _ Vulgnl - (18.6)
n=3

This is the formula we need.

From eq. (18.6), it is immediately clear that if any [g,] < 0, we expect
uncontrollable divergences, since D increases with every added vertex of
this type. Therefore, a theory with any [gn] < 0 is nonrenormalizable.

According to our results in section 12, the coupling constants have mass
dimension

[gn] = d — §n(d—2), (18.7)

and so we have

2d
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Figure 18.1. The one-loop contribution to V.

_|_

Figure 18.2. A two-loop contribution to V4, and the corresponding coun-
terterm insertion.

Thus we are limited to powers no higher than ¢ in four dimensions, and no
higher than ¢? in six dimensions.

The same criterion applies to more complicated theories as well: a theory
18 nonrenormalizable if any coefficient of any term in the lagrangian has
negative mass dimension.

What about theories with couplings with only positive or zero mass
dimension? We see from eq. (18.6) that the only dangerous diagrams (those
with D > 0) are those for which [gg] > 0. But in this case, we can absorb the
divergence simply by adjusting the value of Zg. This discussion also applies
to the propagator; we can think of IT1(k?) as representing the loop-corrected
counterterm vertex Ak? 4+ Bm?, with A and Bm? playing the roles of two
couplings. We have [A] =0 and [Bm?] = 2, so the contributing diagrams
are expected to be divergent (as we have already seen in detail), and the
divergences must be absorbed into A and Bm?.

D is called the superficial degree of divergence because a diagram might
diverge even if D < 0, or might be finite even if D > 0. The latter can happen
if there are cancellations among fs in the numerator. Quantum electrody-
namics provides an example of this phenomenon that we will encounter in
Part III; see problem 62.3. For now we turn our attention to the case of
diagrams with D < 0 that nevertheless diverge.

Consider, for example, the diagrams of figs. 18.1 and 18.2. The one-loop
diagram of fig. 18.1 with £ = 4 is finite, but the two-loop correction from the
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first diagram of fig. 18.2 is not: the bubble on the upper propagator diverges.
This is an example of a divergent subdiagram. However, this is not a problem
in this case, because this divergence is canceled by the second diagram of
fig. 18.2, which has a counterterm vertex in place of the bubble.

This is the generic situation: divergent subdiagrams are diagrams that,
considered in isolation, have D > 0. These are precisely the diagrams whose
divergences can be canceled by adjusting the Z factor of the corresponding
tree diagram (in theories where [g,] > 0 for all nonzero g,).

Thus, we expect that theories with couplings whose mass dimensions are
all positive or zero will be renormalizable. A detailed study of the properties
of the momentum integrals in Feynman diagrams is necessary to give a
complete proof of this. It turns out to be true without further restrictions
for theories that have spin-zero and spin-one-half fields only.

Theories with spin-one fields are renormalizable for d = 4 if and only if
these spin-one fields are associated with a gauge symmetry. We will study
this in Part III.

Theories of fields with spin greater than one are never renormalizable for
d > 4.

Reference notes

Explicit two-loop calculations in 3 theory can be found in Collins, Muta,
and Sterman.

Problems

18.1) In any number d of spacetime dimensions, a Dirac field U, (x) carries a
spin index «, and has a kinetic term of the form @7#8“\1/, where we have
suppressed the spin indices; the gamma matrices y* are dimensionless, and
U = Uiy0,

a) What is the mass dimension [¥] of the field U?

b) Consider interactions of the form g, (¥W¥)", where n > 2 is an integer.
What is the mass dimension [g,] of ¢,,7

c¢) Consider interactions of the form g,, ,¢™(VW)", where ¢ is a scalar field,

and m > 1 and n > 1 are integers. What is the mass dimension [gy, ,] of

gm,n?

d) In d = 4 spacetime dimensions, which of these interactions are allowed in
a renormalizable theory?
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Perturbation theory to all orders

Prerequisite: 18

In section 18, we found that, generally, a theory is renormalizable if all
of its lagrangian coefficients have positive or zero mass dimension. In this
section, using (2 theory in six dimensions as our example, we will see how
to construct a finite expression for a scattering amplitude to arbitrarily high
order in the ¢3 coupling g¢.

We begin by summing all one-particle irreducible diagrams with two
external lines; this gives us the self-energy IT(k?). We next sum all 1PI
diagrams with three external lines; this gives us the three-point vertex
function V3(ky, ke, k3). Order by order in g, we must adjust the value
of the lagrangian coefficients Z,, Z,,, and Z; to maintain the conditions
[I(—m?) = 0, I'(—m?) = 0, and V3(0,0,0) = g.

Next we will construct the n-point vertex functions V,,(ki1,...,ky,) with
4 < n < E, where F is the number of external lines in the process of interest.
We compute these using a skeleton expansion. This means that we draw all
the contributing 1PI diagrams, but omit diagrams that include either prop-
agator or three-point vertex corrections. That is, we include only diagrams
that are not only 1PI, but also 2PI and 3PI: they remain connected when any
one, two, or three lines are cut. (Cutting three lines may isolate a single tree-
level vertex, but nothing more complicated.) Then we take the propagators
and vertices in these diagrams to be given by the exact propagator A(kQ) =
(k2 +m? — TI(k?))~! and vertex V3(ki, k2, k3), rather than by the tree-level
propagator A(k?) = (k* + m?)~! and vertex g. We then sum these skeleton
diagrams to get V, for 4 <n < E. Order by order in g, this procedure is
equivalent to computing V,, by summing the usual set of contributing 1PI
diagrams.

Next we draw all tree-level diagrams that contribute to the process of
interest (which has E external lines), including not only three-point ver-
tices, but also n-point vertices for n = 3,4, ..., E. Then we evaluate these
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diagrams using the exact propagator A(k:Q) for internal lines, and the exact
1PI vertices V,,; external lines are assigned a factor of one.! We sum these
tree diagrams to get the scattering amplitude; loop corrections have all been
accounted for already in A(kQ) and V. Order by order in g, this procedure
is equivalent to computing the scattering amplitude by summing the usual
set of contributing diagrams.

Thus we now know how to compute an arbitrary scattering amplitude
to arbitrarily high order. The procedure is the same in any quantum field
theory; only the form of the propagators and vertices change, depending on
the spins of the fields.

The tree-level diagrams of the final step can be thought of as the Feynman
diagrams of a quantum action (or effective action, or quantum effective
action) T'(¢). There is a simple and interesting relationship between the
effective action I'(¢) and the sum of connected diagrams with sources iW (.J).
We derive it in section 21.

Reference notes

The detailed procedure for renormalization at higher orders is discussed in
Coleman, Collins, Muta, and Sterman.

1 This is because, in the LSZ formula, each Klein-Gordon wave operator becomes (in momentum
space) a factor of k? + m? that multiplies each external propagator, leaving behind only the

residue of the pole in that propagator at kf = —m?; by construction, this residue is one.
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Two-particle elastic scattering at one loop

Prerequisite: 19

We now illustrate the general rules of section 19 by computing the two-
particle elastic scattering amplitude, including all one-loop corrections, in
3 theory in six dimensions. Elastic means that the number of outgoing par-
ticles (of each species, in more general contexts) is the same as the number
of incoming particles (of each species).

We computed the amplitude for this process at tree level in section 10,
with the result

i Tieo = 1(i9)? |A(=s) + A(—t) + A(-u)| , (20.1)

where A(—s) = 1/(—s + m? — ie) is the free-field propagator, and s, t, and
u are the Mandelstam variables. Later we will need to remember that s is
positive, that ¢t and u are negative, and that s + ¢t + u = 4m?.

The exact scattering amplitude is given by the diagrams of fig. 20.1, with
all propagators and vertices interpreted as exzact propagators and vertices.
(Recall, however, that each external propagator contributes only the residue
of the pole at k2 = —m?, and that this residue is one; thus the factor asso-
ciated with each external line is simply one.) We get the one-loop approx-
imation to the exact amplitude by using the one-loop expressions for the
internal propagators and vertices. We thus have

(2

+iVy(s,t,u), (20.2)

iTitoop =+ ([IVa(s)PA(=5) + V(P A=) + [iVs(w)]*A(-u))
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Figure 20.1. The Feynman diagrams contributing to the two-particle elastic
scattering amplitude; a double line stands for the exact propagator %A(k),
a circle for the exact three-point vertex Vs(ki, ko, k3), and a square for the
exact four-point vertex V4 (ki, ko, k3, k4). An external line stands for the
unit residue of the pole at k2 = —m?2.

where, suppressing the ies,

A(—s) = _S+m21_ T s (20.3)

1
H(—s):%a/o dz Do(s) n(Ds()/Dg) — fpo(—s +m?) . (20.4)

Vi(s)/g=1-— %a/ng ln<D3(s)/m2> ) (20.5)
Vals.bw) = %gQCX/dF4 [Dz;(ls,t) - D4(1t,u) - D4(1u, 8)} ' )

Here a = g?/(47)3, the Feynman integration measure is

1
/an f(z) = (n—l)!/o dxy ... .dxy, 6(x1+ ... +xp—1) f(2)

1 1—x1 l—21—...—Tp_2
= (n—l)!/ dxl / d.’L’Q .. / dxn_l
0 0 0
X f(x) , (20.7)

Tp=1—2T1—...—Tp_1
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and we have defined

Dy(s) = —x(1—x)s +m? (20.8)
Do = +[1—z(1—2)]m? , (20.9)
D3(s) = —w1725 + [L—(w1+x2)13)Mm? (20.10)
Dy(s,t) = —x1298 — 2324t 4+ [1—(214+20) (234+24)Jm? . (20.11)
We obtain V3(s) from the general three-point function Vs(ki, ks, k3) by
setting two of the three k? to —m?, and the third to —s. We obtain V4(s,t,u)
from the general four-point function V4(ki, ..., ks) by setting all four k? to
—m?, (k1 + k2)? to —s, (k1 + k3)? to —t, and (k1 + k4)? to —u. (Recall that
the vertex functions are defined with all momenta treated as incoming; here
we have identified —k3 and —k4 as the outgoing momenta.)

Egs. (20.2)-(20.11) are formidable expressions. To gain some intuition
about them, let us consider the limit of high-energy, fixed angle scatter-
ing, where we take s, |t|, and |u| all much larger than m?2. Equivalently, we
are considering the amplitude in the limit of zero particle mass.

We can then set m? = 0 in Da(s), D3(s), and Dy(s, t). For the self-energy,

we get
II(—s) = —%as/ol dz z(1—z) [m(a;—‘;) +1n<%>] +Las
- —%as[ln(—s/mQ) +3—7r\/§} . (20.12)
Thus,
Al == —11(—3)

= —§<1+%a[ln(—s/m2)+3—ﬂ\/§}) +0(a?) . (20.13)

The appropriate branch of the logarithm is found by replacing s by s + ie.
For s real and positive, —s lies just below the negative real axis, and so

In(—s) =Ins —ir. (20.14)
For ¢ (or uw), which is negative, we have instead
In(—t) =In|t|,

Int =1Inlt| +ir . (20.15)
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For the three-point vertex, we get

Vi(s)/g=1- %a/ng [ln(—s/mz) + In(z122)

—1- %a[ln(—s/mZ) - 3} , (20.16)

where the same comments about the appropriate branch apply.
For the four-point vertex, the integral over the Feynman parameters can
be done in closed form, with the result

dfy __ 3 <7r2+[1n(s/t)}2)

Dy(s,t) s+t

= —|-% <7T2 + [ln(s/t)] 2) ; (20.17)

where the second line follows from s +¢+u = 0.
Putting all of this together, we have

Tictoop = 0% F(s,t,0) + F(t,u,5) + Flu,5,1) | (20.18)

where
F(s,t,u) = — % < — %a[ln(—s/mQ) —i—c} - %a[ln(t/u)] 2) . (20.19)

and ¢ = (672 + 7v/3 — 39)/11 = 2.33. This is a typical result of a loop calcu-
lation: the original tree-level amplitude is corrected by powers of logarithms
of kinematic variables.

Problems

20.1) Verify eq. (20.17).

20.2) Compute the O(«) correction to the two-particle scattering amplitude at
threshold, that is, for s = 4m? and t = u = 0, corresponding to zero three-
momentum for both the incoming and outgoing particles.
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The quantum action

Prerequisite: 19

In section 19, we saw how to compute (in 3 theory in d = 6 dimensions)
the 1PI vertex functions V,(k1, . .., k) for n > 4 via the skeleton expansion:
draw all Feynman diagrams with n external lines that are one-, two-, and
three-particle irreducible, and compute them using the exact propagator
A(k?) and three-point vertex function Vi (ky, kg, k3).

We now define the quantum action (or effective action, or quantum effec-
tive action)

d
Mo =5 | (ﬂ B(—+) (k? £m® 1)) 3K

2m)dx
an/ . ) " (2m) A6 kgt )
where @(k) = [ d% e~ p(z). The quantum action has the property that

the tree- level Feynman dlagrams it generates give the complete scattering
amplitude of the original theory.

In this section, we will determine the relationship between I'(¢) and the
sum of connected diagrams with sources, iW(J), introduced in section 9.
Recall that W (J) is related to the path integral

/Dgo exp [zs /ddx Jgo] (21.2)

where S = f d% L is the action, via
Z(J) =exp[iW (J)] . (21.3)
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Consider now the path integral
Zr(J) = /Dcp exp[if(g&) —i—z’/dda: Jcp] (21.4)

= exp[iWr(J)] . (21.5)

Wr(J) is given by the sum of connected diagrams (with sources) in which
each line represents the exact propagator, and each n-point vertex represents
the exact 1PI vertex V,,. Wr(J) would be equal to W (J) if we included only
tree diagrams in Wr(J).

We can isolate the tree-level contribution to a path integral by means of
the following trick. Introduce a dimensionless parameter that we will call A,

and the path integral
/D(p exp [% (F(cp) + /ddZL‘ Jgo)] (21.6)

= exp[iWr a(J)] . (21.7)

Zr w(J)

In a given connected diagram with sources, every propagator (including
those that connect to sources) is multiplied by #, every source by 1/h, and
every vertex by 1/h. The overall factor of & is then A”=F~=V where V is
the number of vertices, E is the number of sources (equivalently, the num-
ber of external lines after we remove the sources), and P is the number of
propagators (external and internal). We next note that P—E—V is equal to
L—1, where L is the number of closed loops. This can be seen by counting
the number of internal momenta and the constraints among them. Specifi-
cally, assign an unfixed momentum to each internal line; there are P—FE of
these momenta. Then the V vertices provide V' constraints. One linear com-
bination of these constraints gives overall momentum conservation, and so
does not constrain the internal momenta. Therefore, the number of internal
momenta left unfixed by the vertex constraints is (P—E)—(V —1), and the
number of unfixed momenta is the same as the number of loops L.

So, Wr r(J) can be expressed as a power series in & of the form

Wrn(J) =Y " W L(J) (21.8)
L=0

If we take the formal limit of A~ — 0, the dominant term is the one with
L = 0, which is given by the sum of tree diagrams only. This is just what
we want. We conclude that

W(J) = Wr r=0(J) . (21.9)
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Next we perform the path integral in eq. (21.6) by the method of station-
ary phase. We find the point (actually, the field configuration) at which the
exponent is stationary; this is given by the solution of the quantum equation
of motion

)
b ()
Let ¢ s(z) denote the solution of eq. (21.10) with a specified source function
J(z). Then the stationary-phase approximation to Zr j(J) is

T(p) = —J () . (21.10)

Zp,h(g]) = exp |:% <F((,OJ) + /ddSU J(,OJ) + O(ﬁo):| . (21.11)
Combining the results of egs. (21.7)-(21.9), and (21.11), we find
W(J)=T(py) + /ddx Jpy . (21.12)

This is the main result of this section.
Let us explore it further. Recall from section 9 that the vacuum expecta-
tion value of the field operator ¢(x) is given by

6
(Olp(2)[0) = ——=W(J)| . (21.13)
6J(x) Jeo
Now consider what we get if we do not set J = 0 after taking the derivative:
o
0 0)y= W(J) . 21.14
Op(@)l0)s = 555 W () (21.14)

This is the vacuum expectation value of ¢(x) in the presence of a nonzero
source function J(x). We can get some more information about it by using
eq. (21.12) for W (J). Making use of the product rule for derivatives, we have

6 60 (y)
=— T 6 : 21.1

Opl)0)) = sl + o)+ [ay 1) (evts)

We can evaluate the first term on the right-hand side by using the chain
rule,

o / 6 OL(¢g) 6p(y)
—7T = [d . 21.16
51 = S, BT —

Then we can combine the first and third terms on the right-hand side of
eq. (21.15) to get

Olp(x)]0) s = /de [% + J(y)] 66(3"((933/)) + ¢(x) . (21.17)
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Now we note from eq. (21.10) that the factor in large brackets on the right-
hand side of eq. (21.17) vanishes, and so

(Op(2)|0)y = ws(2) - (21.18)

That is, the vacuum expectation value of the field operator ¢(x) in the
presence of a nonzero source function is also the solution to the quantum
equation of motion, eq. (21.10).

We can also write the quantum action in terms of a derivative expansion,

T(p) = /ddx [—U(p) — 3Z(9)0 00+ ...], (21.19)

where the ellipses stand for an infinite number of terms with more and more
derivatives, and U(yp) and Z(y) are ordinary functions (not functionals) of
o(x). U(yp) is called the quantum potential (or effective potential, or quantum
effective potential), and it plays an important conceptual role in theories
with spontaneous symmetry breaking; see section 31. However, it is rarely
necessary to compute it explicitly, except in those cases where we are unable
to do so.

Reference notes

Construction of the quantum action is discussed in Coleman, Itzykson &
Zuber, Peskin & Schroeder, and Weinberg II.

Problems

21.1) Show that

T(p) = W(J,) - /dda; Jop, (21.20)

where J,(x) is the solution of

W(J) = ¢(z) (21.21)

for a specified ¢(x).

21.2) Symmetries of the quantum action. Suppose that we have a set of fields ¢, (),
and that both the classical action S(¢) and the integration measure Dy are
invariant under

alz) — / d% Ray(z, 9)0s(y) (21.22)



P1: PJR/PJR

P2: RNK/XXX QC: RNK/XXX T1: RNK

CUUKT61-Srednicki August 25, 2006 14:38

21.3)

The quantum action 131

for some particular function Rgp(z,y). Typically Rap(z,y) is a constant
matrix times 6%(z—y), or a finite number of derivatives of §%(z—y); see sec-
tions 22-24 for some examples.

a) Show that W(J) is invariant under

Ja( —>/d ) Rya(y, ) . (21.23)

b) Use egs.(21.20) and (21.23) to show that the quantum action I'(p) is
invariant under eq. (21.22). This is an important result that we will use
frequently.

Consider performing the path integral in the presence of a background field

@(x); we define

exp[iW (J; /Dap exp{zS(@ﬂp +Z/d ] . (21.24)

Then W (J;0) is the original W (J) of eq. (21.3). We also define the quantum
action in the presence of the background field,

Do) = W(Jp:9) — /ddx Jop s (21.25)
where J,(z) is the solution of
)
—W(J;9) = 21.26
TV 9) = (o) (21.26)
for a specified p(z). Show that
L(p; ) =T(p+9;0) , (21.27)

where I'(;0) is the original quantum action of eq. (21.1).
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Continuous symmetries and conserved currents

Prerequisite: 8

Suppose we have a set of scalar fields ¢,(z), and a lagrangian density
L(z) = L(pa(x),0upa(x)). Consider what happens to L(x) if we make an
infinitesimal change ¢, () — @q(z) + ¢4 (x) in each field. We have L(z) —
L(x) + 6L(x), where §L(z) is given by the chain rule,

oL oL

) = @ 2 T B Gpa@))

Next consider the classical equations of motion (also known as the Euler—
Lagrange equations, or the field equations), given by the action principle

0,600(z) . (22.1)

65
6pa ()

=0, (22.2)

where S = [d% L(y) is the action, and §/6p,(z) is a functional deriva-
tive. (For definiteness, we work in four spacetime dimensions, though our
results will apply in any number.) We have (with repeated indices implicitly

summed)
6S B 4 0L (y)
Soal®) [ 5al)

:/d4y[3ﬁ(y) bov(y)  _ OL(y) 5@%(2/))]
Ie(y) dpalz)  O(Oupn(y))  Opa()

_ s [ OL(y) 40— L(y) 4o
- /dy[ Spa0* (y—2) + T Or ()] 6ba0u6” (y )}

;) . (22.3)



P1: PJR/PJR P2: RNK/XXX QC: RNK/XXX T1: RNK
CUUKT61-Srednicki August 25, 2006 14:38

Continuous symmetries and conserved currents 133
We can use this result to make the replacement

OL(x) 9 0L (x) N 6S

— 224
Oalz) O DOuale)) * 50a(o) .
in eq. (22.1). Then, combining two of the terms, we get
0L(x) > 08
6[,x:8(76ax + ——6pq.(x) . 22.5
D=0 5@uatan ) F B e 22
Next we identify the object in large parentheses in eq. (22.5) as the Noether
current
. OL(x)
M) = =—F—= dpa(T) . 22.6
0= gty 29 (22.6)

Eq. (22.5) then implies

08

Oujt(z) = 6L(z) — 5ou() bpa(x) .

(22.7)

If the classical field equations are satisfied, then the second term on the
right-hand side of eq. (22.7) vanishes.

The Noether current plays a special role if we can find a set of infinitesimal
field transformations that leaves the lagrangian unchanged, or invariant. In
this case, we have 6L = 0, and we say that the lagrangian has a continu-
ous symmetry. From eq. (22.7), we then have J,j" = 0 whenever the field
equations are satisfied, and we say that the Noether current is conserved. In
terms of its space and time components, this means that

O @)+ Vi) = 0. (228

If we interpret j°(z) as a charge density, and j(x) as the corresponding cur-
rent density, then eq. (22.8) expresses the local conservation of this charge.

Let us see an example of this. Consider a theory of a complex scalar field
with lagrangian

L= —6“@(%@ — m2g0T<p — %)\(tpTgo)2 ) (22.9)

We can also rewrite £ in terms of two real scalar fields by setting ¢ =
(101 +ip2)/ V2 to get

L= —10"010,p01 — 0" 020,02 — 3m* (65 + ¢3) — =N (@] + ¢3)? .
(22.10)
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In the form of eq. (22.9), it is obvious that L is left invariant by the trans-
formation

p(z) — e p(2) (22.11)

where « is a real number. This is called a U(1) transformation, a transfor-
mation by a unitary 1 x 1 matrix. In terms of 1 and (9, this transformation

v1(x) cosa  sina v1(x)
- . (22.12)

w2 () —sina  cosa p2(x)
If we think of (1, p2) as a two-component vector, then eq. (22.12) is just
a rotation of this vector in the plane by angle a. Eq.(22.12) is called an

SO(2) transformation, a transformation by an orthogonal 2 x 2 matrix with
a special value of the determinant (namely +1, as opposed to —1, the only

reads

other possibility for an orthogonal matrix). We have learned that a U(1)
transformation can be mapped into an SO(2) transformation.
The infinitesimal form of eq. (22.11) is

p(x) — o(z) —iap(z),
@T(:v) — gﬂ(az) + iacpT(x) , (22.13)

where o is now infinitesimal. In eq. (22.6), we should treat ¢ and ¢l as
independent fields. It is also conventional to scale the infinitesimal parameter
out of the current, so that we have

oL oL
I~ Rt YN |
“J a(au‘:@) bot 8(61195[) o

= (=0T (—iawp) + (—0*p) (+iap)
= aIm(pTdly) | (22.14)

where AJ"B = AJ“B — (0"A)B. Canceling out «, we find that the Noether
current is

j* = Im(p o) . (22.15)

We can also repeat this exercise using the SO(2) form of the transforma-
tion. For infinitesimal «, eq. (22.12) becomesdyp1 = +aps and dps = —ayp.
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Then the Noether current is given by
oL oL

o — 77 i) 4+ —
T 00up) T 0(0,0)

= (=0"p1)(+ap2) + (0" p2)(—apr)

(5g02

— o (p19%p) (22.16)

which is (hearteningly) equivalent to eq. (22.14).
Let us define the Noether charge

Q= /dngo(x) = /dg:n Im(¢T(§()’g0) , (22.17)

and investigate its properties. If we integrate eq. (22.8) over d°x, use Gauss’s
law to write the volume integral of V-j as a surface integral, and assume that
the boundary conditions at infinity fix j(z) = 0 on that surface, then we find
that @ is constant in time. To get a better idea of the physical implications
of this, let us rewrite Q) using the free-field expansions

p(x) = /Zl\l; [a(k)eikx + b*(k)e—ikfﬂ} ’

o (@) = / dk [b()e™* 4 a ()] (22.18)

We have written a*(k) and b*(k) rather than a'(k) and b'(k) because so
far our discussion has been about the classical field theory. In a theory with
interactions, these formulae (and their first time derivatives) are valid at any
one particular time (say, ¢t = —o0). Then, we can plug them into eq. (22.17),
and find (after some manipulation similar to what we did for the hamiltonian
in section 3)

Q- / dk [ ()a(k) — bV (k)] (22.19)

In the quantum theory, this becomes an operator that counts the number
of a particles minus the number of b particles. This number is then time-
independent, and so the scattering amplitude vanishes identically for any
process that changes the value of (). This can be seen directly from the
Feynman rules, which conserve @) at every vertex.

To better understand the implications of the Noether current in the quan-
tum theory, we begin by considering the path integral,

Z(J) = / Dy !5+ [dy Jagal | (22.20)
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The value of Z(J) is unchanged if we make the change of variable
©a(x) = Qo) + 6pa (), with dpg(z) an arbitrary infinitesimal shift that
(we assume) leaves the measure Dy invariant. Thus we have

0=062(J)

: 65
Z/Dape /d T <6gpa(fv) + Ja(x)> dpa(z) . (22.21)

We can now take n functional derivatives with respect to .J, (x;), and then
set J =0, to get

; 0S8
= [ Do [ d'z|i (1) -+ a(Tn
0= [Dpe | x!zwx)mxl) o)

+3 " Pa(@1) . aa, 8 (z—1) ... %n(xn)] Spa(z) . (22.22)
j=1

Since 8¢, () is arbitrary, we can drop it (and the integral over d*r). Then,
since the path integral computes the vacuum expectation value of the time-
ordered product, we have

0= Z’<0|T%?x> Gar(@1) - . Pa(zn)|0)

n
+ (0T pa,(x1) - . baa, 8" (3—25) .. . pa (wa)[0) . (22.23)
j=1
These are the Schwinger—Dyson equations for the theory.

To get a feel for them, let us look at free-field theory for a single real
scalar field, for which 6S/6¢(x) = (02 — m?)p(x). For n = 1 we get

(=85 + m?)i(0|Tp(z)p(21)[0) = 6 (z—x1) . (22.24)

That the Klein—-Gordon wave operator should sit outside the time-ordered
product (and hence act on the time-ordering step functions) is clear from
the path integral form of eq. (22.22). We see from eq. (22.24) that the free-
field propagator, A(z—z1) = i(0|Te(x)p(x1)]0), is a Green’s function for the
Klein—Gordon wave operator, a fact we first learned in section 8.

More generally, we can write

68
(0]TW Yar(T1) - pa(xn)]0) =0 for x#x1 4. (22.25)

We see that the classical equation of motion is satisfied by a quantum field
inside a correlation function, as long as its spacetime argument differs from
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those of all the other fields. When this is not the case, we get extra contact
terms.

Let us now consider a theory that has a continuous symmetry and a
corresponding Noether current. Take eq. (22.22), and set dp,(x) to be the
infinitesimal change in ¢, (x) that results in §£(z) = 0. Now sum over the
index a, and use eq. (22.7). The result is the Ward (or Ward—Takahashi)
identity

0 = 0, (05" (x)Par(1) - - - Pa,(€0)]0)
+1i Z<O|Tcpa1(:v1) o 60a (1) (T—25) . . . pa,(T2)]0) . (22.26)
j=1

Thus, conservation of the Noether current holds in the quantum theory, with
the current inside a correlation function, up to contact terms with a specific
form that depends on the details of the infinitesimal transformation that
leaves L invariant.

The Noether current is also useful in a slightly more general context.
Suppose we have a transformation of the fields such that 6L(z) is not zero,
but instead is a total divergence: 6L(z) = 0,K*(x) for some K#(x). Then
there is still a conserved current, now given by

OL(z)

J@) = I(Opspa(x))

bpa(x) — KH(x) . (22.27)

An example of this is provided by the symmetry of spacetime translations.
We transform the fields via ¢, () — @q(z + a), where a* is a constant four-
vector. The infinitesimal version of this is @q () — @a(x) + a¥0ypa(z), and
so we have 6@, (z) = a”0,pq(z). Under this transformation, we obviously
have L(x) — L(z + a), and so 6L(z) = a¥0,L(x) = —0,(a”L(x)). Thus in

this case K¥(x) = —a”L(x), and the conserved current is
. 0L (x)
jH () = =———F—=a"0ypq(x) — a"L(x
D= 5@upatey Pl D)
= —a,T"(z), (22.28)

where we have defined the stress-energy or energy-momentum tensor

aL(z)

@) = - I(Ouspa(T))

0"pa(z) + g L(z) . (22.29)
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For a renormalizable theory of a set of real scalar fields ¢,(x), the
lagrangian takes the form

L=—50"0a0upa = V() , (22.30)
where V() is a polynomial in the ¢g4s. In this case
TH = 0"p,0%pq + g""L . (22.31)
In particular,
TO — L2 4 1(Va)? + V() | (22.32)

where II, = Oy, is the canonical momentum conjugate to the field .
We recognize T as the hamiltonian density H that corresponds to the
lagrangian density of eq. (22.30). Then, by Lorentz symmetry, 7% must be
the corresponding momentum density. We have

To check that this is a sensible result, we use the free-field expansion for
a set of real scalar fields [the same as eq. (22.18), but with b(k) = a(k) for
each field]; then we find that the momentum operator is given by

pi= / 4P TY%(z) = / dk K af (K)a, (k) (22.34)

which is just what we would expect. We therefore identify the energy-
momentum four-vector as

Pt = / d*x T (z) . (22.35)
Recall that in section 2 we defined the spacetime translation operator as
T'(a) = exp(—iP"a,) , (22.36)

and announced that it had the property that
T(a) 'pa(@)T(a) = palz —a) . (22.37)

Now that we have an explicit formula for P¥, we can check this. This is
easiest to do for infinitesimal a*; then eq. (22.37) becomes

[pa(@), P = $0"pq(x) . (22.38)

This can indeed be verified by using the canonical commutation relations
for ¢, (x) and I, (x).
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One more symmetry we can investigate is Lorentz symmetry. If we make
an infinitesimal Lorentz transformation, we have pq(z) — ¢q(x + dw-z),
where éw-x is shorthand for éw”,x”. This case is very similar to that of
spacetime translations; the only difference is that the translation parameter
a” is now x dependent, a” — 6w",x”. The resulting conserved current is

MHPP(x) = 2" THP(z) — xPTH (2) (22.39)

and it obeys 9, M*? = 0, with the derivative contracted with the first index.
MHP is antisymmetric on its second two indices; this comes about because
ow"? is antisymmetric. The conserved charges associated with this current
are

MVP = / d*e MYP(z) | (22.40)

and these are the generators of the Lorentz group that were introduced
in section 2. Again, we can use the canonical commutation relations for
the fields to check that the Lorentz generators have the right commutation
relations, both with the fields and with each other.

Reference notes

The path-integral approach to Ward identities is treated in more detail
in Peskin & Schroeder. An operator-based derivation can be found in
Weinberg 1.

Problems

22.1) For the Noether current of eq. (22.6), and assuming that §¢, does not involve
time derivatives, use the canonical commutation relations to show that

[Pa, Q] = ibpa , (22.41)

where @) is the Noether charge.
22.2) Use the canonical commutation relations to verify eq. (22.38).
22.3) a) With T given by eq. (22.31), compute the equal-time (z° = y°) commu-
tators [T%%(x), T%%y)], [T%(x), T*(y)], and [T%(x), T%(y)].

b) Use your results to verify egs. (2.17), (2.19), and (2.20).



P1: PJR/PJR

P2: RNK/XXX QC: RNK/XXX T1: RNK

CUUKT61-Srednicki August 25, 2006 14:38

23

Discrete symmetries: P, T, C, and, Z
Prerequisite: 22

In section 2, we studied the proper orthochronous Lorentz transformations,
which are continuously connected to the identity. In this section, we will
consider the effects of parity,

+1
Ph, = (PY), = - . (23.1)
-1
and time reversal,
-1
TH, = (T, — 1 " . (23.2)
+1

We will also consider certain other discrete transformations such as charge
conjugation.

Recall from section 2 that for every proper orthochronous Lorentz trans-
formation A#, there is an associated unitary operator U(A) with the prop-
erty that

UA) " o(z)UA) = (A1) . (23.3)

Thus for parity and time-reversal, we expect that there are corresponding
unitary operators

P=U(P), (23.4)
T=U(T), (23.5)

140
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such that
P~ lo(x)P = ¢(Px), (23.6)
T o(x)T = o(Tx) . (23.7)

There is, however, an extra possible complication. Since the P and 7T
matrices are their own inverses, a second parity or time-reversal transforma-
tion should transform all observables back into themselves. Using eqgs. (23.6)
and (23.7), along with P2 = 1 and 72 = 1, we see that

P 2p(z)P? = ¢(x) , (23.8)
T 20(x)T? = ¢(x) . (23.9)

Since ¢(x) is a hermitian operator, it is in principle an observable, and so
egs. (23.8) and (23.9) are just what we expect. However, another possibil-
ity for the parity transformation of the field, different from egs. (23.6) and
(23.7), but nevertheless consistent with egs. (23.8) and (23.9), is

P lyp(z)P = —p(Px) (23.10)
T o(x)T = —p(Tx) . (23.11)

This possible extra minus sign cannot arise for proper orthochronous Lorentz
transformations, because they are continuously connected to the identity,
and for the identity transformation (that is, no transformation at all), we
must obviously have the plus sign.

If the minus sign appears on the right-hand side, we say that the field is
odd under parity (or time reversal). If a scalar field is odd under parity, we
sometimes say that it is a pseudoscalar.!

So, how do we know which is right, egs. (23.6) and (23.7), or egs. (23.10)
and (23.11)? The general answer is that we get to choose, but there is a key
principle to guide our choice: if at all possible, we want to define P and T
so that the lagrangian density is even,

P 'L(z)P = +L(Px), (23.12)
T'L(2)T = +L(Tx) . (23.13)

Then, after we integrate over d*r to get the action S, the action will be
invariant. This means that parity and time-reversal are conserved.

For theories with spin-zero fields only, it is clear that the choice of
egs. (23.6) and (23.7) always leads to egs. (23.12) and (23.13), and so there is

L Tt is still a scalar under proper orthochronous Lorentz transformations; that is, eq. (23.3) still
holds. Thus the appellation scalar often means eq. (23.3), and either eq. (23.6) or eq.(23.10),
and that is how we will use the term.
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no reason to flirt with egs. (23.10) and (23.11). For theories that also include
spin-one-half fields, certain scalar bilinears in these fields are necessarily odd
under parity and time reversal, as we will see in section 40. If a scalar field
couples to such a bilinear, then egs. (23.12) and (23.13) will hold if and only
if we choose egs. (23.10) and (23.11) for that scalar, and so that is what we
must do.

There is one more interesting fact about the time-reversal operator T": it
is antiunitary, rather than unitary. Antiunitary means that 75T = —i.

To see why this must be the case, consider a Lorentz transformation of
the energy-momentum four-vector,

U(A)"LPFU(A) = AH, PV . (23.14)

For parity and time-reversal, we therefore expect
pP~lpip =pH, pv (23.15)
T-'P*T =TH,P" . (23.16)

In particular, for 4 = 0, we expect P"'HP = +H and T"'HT = —H. The
first of these is fine; it says the hamiltonian is invariant under parity, which
is what we want.? However, eq. (23.16) is a disaster: it says that the hamilto-
nian is invariant under time-reversal if and only if H = —H , which is possible
only if H = 0.

Can we just put an extra minus sign on the right-hand side of eq. (23.16),
as we did for eq.(23.11)? The answer is no. We constructed P* explicitly
in terms of the fields in section 22, and it is easy to check that choosing
eq. (23.11) for the fields does not yield an extra minus sign in eq. (23.16) for
the energy-momentum four-vector.

Let us reconsider the origin of eq. (23.14). We first recall that the space-
time translation operator

T(a) = exp(—iP-a) . (23.17)

(which should not be confused with the time-reversal operator T") transforms
a scalar field according to

T(a) Yp(z)T(a) = p(z — a) . (23.18)

The spacetime translation operator is a scalar with a spacetime coordinate
as a label; by analogy with eq. (23.3), we should have

UN)'T(a)UA) =T (A a) . (23.19)

2 When spin-one-half fields are present, it may be that no operator exists that satisfies either
eq. (23.6) or eq. (23.10) and also eq. (23.15); in this case we say that parity is explicitly broken.
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Now, treat a* as infinitesimal in eq. (23.19) to get

U(N) (I = i, PYU(A) = T —i(A), 0, P
=1 —iN'ya,PY. (23.20)

For time-reversal, this becomes
T-YI —ia, P")T =1 —iT",a,P" . (23.21)

If we now identify the coefficients of —ia, on each side, we get eq. (23.16),
which is bad. In order to get the extra minus sign that we need, we must
impose the antiunitary condition

T-4T = —i. (23.22)
We then find
T PP = —TH, P (23.23)

instead of eq. (23.16). This yields T~'HT = + H, which is the correct expres-
sion of time-reversal invariance.

We turn now to other unitary operators that change the signs of scalar
fields, but do nothing to their spacetime arguments. Suppose we have a
theory with real scalar fields ¢,(x), and a unitary operator Z that obeys

77 0u(2)Z = napa(z) , (23.24)

where 7, is either +1 or —1 for each field. We will call Z a Zy operator,
because Zs is the additive group of the integers modulo 2, which is equivalent
to the multiplicative group of +1 and —1. This also implies that Z2? = 1, and
so Z~' = Z. (For theories with spin-zero fields only, the same is also true
of P and T, but things are more subtle for higher spin, as we will see in
Part II.)

Consider the theory of a complex scalar field ¢ = (@1 + ip2)/+/2 that was
introduced in section 22, with lagrangian

L= —0"¢"9,0 —m?pTp — 1A(plp)? (23.25)

= — 30" 010401 — 50" 20,02 — M (0] + 93) — (W] + ph)*. (23.26)

In the form of eq. (23.25), L is obviously invariant under the U(1) transfor-
mation
—ia

p(z) — e "op(z). (23.27)
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In the form of eq.(23.26), £ is obviously invariant under the equivalent
SO(2) transformation,

(gol(x)) ~ ( cos a sina> <g01(x)> (23.28)
pa(x) —sina  cosa pa(x)

However, it is also obvious that £ has an additional discrete symmetry,

p(z) = ¢l(x) (23.29)

in the form of eq. (23.25), or equivalently

(@1($)> . <+1 0 > (Sﬁl(x))_ (23.30)
pa(x) 0 -1/ \ya(z)

in the form of eq. (23.26). This discrete symmetry is called charge conjuga-
tion. It always occurs as a companion to a continuous U(1) symmetry. In
terms of the two real fields, it enlarges the group from SO(2) (the group of
2 x 2 orthogonal matrices with determinant +1) to O(2) (the group of 2 x 2
orthogonal matrices).

We can implement charge conjugation by means of a particular Zs oper-
ator C that obeys

Clo(z)C = ¢l (z) (23.31)
or equivalently
Clo1(2)C = 491 () , (23.32)
C ™ pa(2)C = —gpa() . (23.33)
We then have
CL(z)C = L(x), (23.34)

and so charge conjugation is a symmetry of the theory. Physically, it implies
that the scattering amplitudes are unchanged if we exchange all the a-type
particles (which have charge +1) with all the b-type particles (which have
charge —1). This means, in particular, that the a and b particles must have
exactly the same mass. We say that b is as antiparticle.

More generally, we can also have Zo symmetries that are not related to
antiparticles. Consider, for example, p? theory, where ¢ is a real scalar field
with lagrangian

L= —%awaugo - %m2g02 — i)\cpd‘ . (23.35)
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If we define the Zsy operator Z via
Z (@) Z = —p(x) (23.36)

then £ is obviously invariant. We therefore have Z='HZ = H, or equiva-
lently [Z, H] = 0, where H is the hamiltonian. If we assume that (as usual)
the ground state is unique, then, since Z commutes with H, the ground
state must also be an eigenstate of Z. We can fix the phase of Z [which is
undetermined by eq. (23.36)] via

Z|0) = Z710) = +]0) . (23.37)
Then, using egs. (23.36) and (23.37), we have

(Olp(2)[0) = (0122 p(x)22~]0)
— —(0]¢(a)0) - (23.38)

Since (0]¢(x)|0) is equal to minus itself, it must be zero. Thus, as long as
the ground state is unique, the Zs symmetry of ¢* theory guarantees that
the field has zero vacuum expectation value. We therefore do not need to
enforce this condition with a counterterm Y ¢, as we did in ¢? theory. (The
assumption of a unique ground state does not necessarily hold, however, as
we will see in section 30.)
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Nonabelian symmetries

Prerequisite: 22

Consider the theory (introduced in section 22) of two real scalar fields ¢1
and @9 with

L= —50"010up1 — 50" 02002 — 3m* (0] + 03) — 15 AP +¢3) . (24.1)
We can generalize this to the case of N real scalar fields ¢; with
L= —30"0:0up; — 3m*pii — 5\ pipi)? (24.2)

where a repeated index is summed. This lagrangian is clearly invariant under
the SO(V) transformation

pi(z) = Rijpj(z) (24.3)

where R is an orthogonal matrix with a positive determinant: RT = R~1,
det R = +1. This largrangian is also clearly invariant under the Zs transfor-
mation ¢;(x) — —¢;(x), which enlarges SO(N) to O(N); see section 23.
However, in this section we will be concerned only with the continuous
SO(N) part of the symmetry.

Next we will need some results from group theory. Consider an infinitesi-
mal SO(N) transformation,

Rij = 6Z'j + 91']' + 0(92) . (24.4)

Orthogonality of R;; implies that 6;; is real and antisymmetric. It is con-
venient to express 6;; in terms of a basis set of hermitian matrices (7);;.
The index a runs from 1 to %N (N—1), the number of linearly independent,
hermitian, antisymmetric, N x N matrices. We can, for example, choose
each T% to have a single nonzero entry —i¢ above the main diagonal, and
a corresponding +¢ below the main diagonal. These matrices obey the
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normalization condition

Te(T9T°) = 26 . (24.5)
In terms of them, we can write

O = —i0"(T) i, , (24.6)

where 6 is a set of $N(N—1) real, infinitesimal parameters.

The T“s are the generator matrices of SO(NN). The product of any two
SO(N) transformations is another SO(N) transformation; this implies (see
problem 24.2) that the commutator of any two generator matrices must be
a linear combination of generator matrices,

[T, TP =i febere (24.7)

The numerical factors f*¢ are the structure coefficients of the group, and
eq. (24.7) specifies its Lie algebra. If f2°¢ = 0, the group is abelian. Otherwise,
it is nonabelian. Thus, U(1) and SO(2) are abelian groups (since they each
have only one generator that obviously must commute with itself), and
SO(N) for N > 3 is nonabelian.

If we multiply eq.(24.7) on the right by 79, take the trace, and use
eq. (24.5), we find

Fovd — —%z’Tr([Ta,Tb]Td) . (24.8)

Using the cyclic property of the trace, we find that f2¢ must be completely
antisymmetric. Taking the complex conjugate of eq. (24.8) (and remember-
ing that the T%s are hermitian matrices), we find that f?? must be real.

The simplest nonabelian group is SO(3). In this case, we can choose
(T?);; = —ie® where 9* is the completely antisymmetric Levi-Civita sym-
bol, with €23 = +1. The commutation relations become

[T, T = ic®Te (24.9)

That is, the structure coefficients of SO(3) are given by f¢ = g2,
Consider now a theory with N complez scalar fields ¢;, and a lagrangian

L= —0"pl0,0i — m*ploi — I\@lpi)? (24.10)

%

where a repeated index is summed. This lagrangian is clearly invariant under
the U(N) transformation

pi(r) = Uijpi(z) (24.11)



P1: PJR/PJR

P2: RNK/XXX QC: RNK/XXX T1: RNK

CUUKT61-Srednicki August 25, 2006 14:39

148 Quantum Field Theory

where U is a unitary matrix: Ut =U~!. We can write Uij = e‘ieﬁij, where
0 is a real parameter and det ﬁij = +1; ﬁij is called a special unitary matrix.
Clearly the product of two special unitary matrices is another special unitary
matrix; the N x N special unitary matrices form the group SU(N). The
group U(N) is the direct product of the group U(1) and the group SU(N);
we write U(N) = U(1) x SU(N).

Consider an infinitesimal SU(/NV) transformation,

Usj = 6ij — i0%(T")i; + O(6%) , (24.12)

where 6% is a set of real, infinitesimal parameters. Unitarity of U implies
that the generator matrices T¢ are hermitian, and det U=+1 implies
that each T is traceless. (This follows from the general matrix formula
Indet A = Trln A.) The index a runs from 1 to N2—1, the number of lin-
early independent, hermitian, traceless, N x N matrices. We can choose
these matrices to obey the normalization condition of eq. (24.5). For SU(2),
the generators can be chosen to be the Pauli matrices; the structure coeffi-
cients of SU(2) then turn out to be f%¢ = 2¢%¢ the same as those of SO(3),
up to an irrelevant overall factor [which could be removed by changing the
numerical factor on right-hand side of eq. (24.5) from 2 to 3].

For SU(N), we can choose the T%s in the following way. First, there are
the SO(N) generators, with one —i above the main diagonal a corresponding
+i below; there are %N (N—1) of these. Next, we get another set by putting
one +1 above the main diagonal and a corresponding +1 below; there are
%N (N—1) of these. Finally, there are diagonal matrices with n 1’s along
the main diagonal, followed a single entry —n, followed by zeros [times an
overall normalization constant to enforce eq. (24.5)]; the are N—1 of these.
The total is N2—1, as required.

However, if we examine the lagrangian of eq. (24.10) more closely, we find
that it is actually invariant under a larger symmetry group, namely SO(2N).
To see this, write each complex scalar field in terms of two real scalar fields,

¢j = (pj1 +ipj2)/v2. Then
Ploi = 30T+ Pla+ -+ Ph1 + Pi2) - (24.13)
Thus, we have 2N real scalar fields that enter £ symmetrically, and so the
actual symmetry group of eq. (24.10) is SO(2N), rather than just the obvious
subgroup U(N).
We will, however, meet the SU(N) groups again in Parts IT and 111, where
they will play a more important role.
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Problems

Show that 6;; in eq. (24.4) must be antisymmetric if R is orthogonal.

By considering the SO(N) transformation R'"'R™!R’'R, where R and R’ are

independent infinitesimal SO(N) transformations, prove eq. (24.7).

a) Find the Noether current j** for the transformation of eq. (24.6).

b) Show that [¢;, Q%] = (T*);j¢;, where Q% is the Noether charge.

c¢) Use this result, eq. (24.7), and the Jacobi identity (see problem 2.8) to
show that [Q%, Q%] = if**cQ°.

The elements of the group SO(N) can be defined as N x N matrices R that

satisfy

Ry Rjjibiryr = b5 . (24.14)

The elements of the symplectic group Sp(2N) can be defined as 2N x 2N
matrices S that satisfy

Siir Sijmirgr = Tij (24.15)
where the symplectic metric n;; is antisymmetric, 1;; = —n;;, and squares to
minus the identity: n? = —I. One way to write 7 is

0 I
n= < ) : (24.16)
-1 0

where I is the N x N identity matrix. Find the number of generators of
Sp(2N).
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Unstable particles and resonances

Prerequisite: 14

Consider a theory of two real scalar fields, ¢ and x, with lagrangian

L= —%8"@8“@ — %m?pr — %6“}(8,;)( — %mixQ + %ggoxz + %hcp3 .
(25.1)

This theory is renormalizable in six dimensions, where g and h are dimen-
sionless coupling constants.

Let us assume that my, > 2m,. Then it is kinematically possible for the
o particle to decay into two x particles. The amplitude for this process is
given at tree level by the Feynman diagram of fig. 25.1, and is simply 7 = g.
We can also choose to define g as the value of the exact px? vertex function
V3(k, ki, kb)) when all three particles are on shell: k% = —mg,, k2 = k2 =
—mi. This implies that

T=g (25.2)

exactly.
According to the formulae of section 11, the differential decay rate (in the
rest frame of the initial ¢ particle) is

1

my

dr' = o— dLIPS, 7%, (25.3)

where dLIPSs is the Lorentz invariant phase space differential for two out-
going particles, introduced in section 11. We must make a slight adaptation
for six dimensions:

dLIPS, = (2m)%6% (K, +k)—k) di, dk) . (25.4)
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Figure 25.1. The tree-level Feynman diagram for the decay of a ¢ particle
(dashed line) into two x particles (solid lines).

Here k = (my, 0) is the energy-momentum of the decaying particle, and

d%k

dk = ———
(2m)52w

(25.5)
is the Lorentz-invariant phase-space differential for one particle. Recall that
we can also write it as
dh= 0 o2 b m2)0(k0) (25.6)
= — 4T m .
(27T)6 X ’

where 0(z) is the unit step function. Performing the integral over k° turns
eq. (25.6) into eq. (25.5).

Repeating for six dimensions what we did in section 11 for four dimen-
sions, we find

K[

aQ , (25.7)

where |k} = %(m?p - 4m§)1/ 2 is the magnitude of the spatial momentum
of one of the outgoing particles. We can now plug this into eq. (25.3), and
use [dQ=Q5= 27r5/2/F(g) = 872, We also need to divide by a symmetry
factor of two, due to the presence of two identical particles in the final state.

The result is

11
r=_. LIPS, |T|? 25.
: Qmw/d S, 17| (25.8)
= Sma(l - 4mi/mi)3/2 my , (25.9)

where a = g2 /(47)3.

However, as we discussed in section 11, we have a conceptual problem.
According to our development of the LSZ formula in section 5, each incoming
and outgoing particle should correspond to asingle-particle state that is an
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Figure 25.2. A loop of x particles correcting the ¢ propagator.

exact eigenstate of the exact hamiltonian. This is clearly not the case for a
particle that can decay.

Let us, then, compute something else instead: the correction to the ¢
propagator from a loop of x particles, as shown in fig. 25.2. The diagram
is the same as the one we already analyzed in section 14, except that the
internal propagators contain m, instead of m.,. (There is also a contribution
from a loop of ¢ particles, but we can ignore it if we assume that h < g.)
We have

1
(k%) = %a/o dxDInD — A'k* — B'm’, , (25.10)
where
D = z(1—x)k* +m? —ie (25.11)

and A’ and B’ are the finite counterterm coefficients that remain after the
infinities have been absorbed. We now try to fix A" and B’ by imposing the
usual on-shell conditions H(—m?p) =0 and I (—m?o) =0.

But, we have a problem. For k? = —m?

©
part of the range of x. Therefore In D has an imaginary part. This imaginary

and my, > 2m,, D is negative for

part cannot be canceled by A’ and B’, since A’ and B’ must be real: they
are coefficients of hermitian operators in the lagrangian. The best we can
do is Re H(—mg,) =0 and Re H’(—ma) = 0. Imposing these gives

1
(k%) = %a/ dx DIn(D/|Dol) — F50(k* +m3) (25.12)
0

where

Dy = —x(l—m)mi +m (25.13)

2
Y
Now let us compute the imaginary part of II(k?). This arises from the inte-
gration range x_ < x < x4, where v = £ £+ J(1 + mi/k‘z)l/2 are the roots
of D =0 when k% < —4mi. In this range, ImIn D = —i7m; the minus sign
arises because, according to eq.(25.11), D has a small negative imaginary
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part. Now we have

T+
ImII(k?) = —%7‘(‘0[/ dx D

= —Sma(l+4m2 /k?)32 k? (25.14)
when k? < —4mi. Evaluating eq. (25.14) at k? = —m?o, we get
Im H(—mi) = ma(l — 4mi/mi)3/2 m?o . (25.15)

From this and eq. (25.9), we see that
ImII(—m?) = m,I" . (25.16)

This is not an accident. Instead, it is a general rule. We will argue this
in two ways: first, from the mathematics of Feynman diagrams, and second,
from the physics of resonant scattering in quantum mechanics.

We begin with the mathematics of Feynman diagrams. Return to the
diagrammatic expression for II(k?), before we evaluated any of the integrals:

[ d
() = - yig® [ Gl T (270t

1 1
X
E%—l—mi—ie ﬁ%—l—mi—ie

— (AK* + Bm?) . (25.17)

Here, for later convenience, we have assigned the internal lines momenta
f1 and /5, and explicitly included the momentum-conserving delta function
that fixes one of them. We can take the imaginary part of IT1(k?) by using
the identity

1 1
= P— +41imd 25.18
—— = P +imé(o), (25.18)

where P means the principal part. We then get, in a shorthand notation,

Im II(k2) = —592/(131132 - 7726162> . (25.19)
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Next, we note that the integral in eq. (25.17) is the Fourier transform of
[A(z—y)]?, where

d%k eik(:pfy)

is the Feynman propagator. Recall (from problem 8.5) that we can get
the retarded or advanced propagator (rather than the Feynman propaga-
tor) by replacing the € in eq. (25.20) with, respectively, —se or +se, where
s = sign(kY). Therefore, in eq. (25.19), replacing §; with —s16; and &y with
+5202 yields an integral that is the real part of the Fourier transform of
Avet (—y)Aagy (z—y). But this product is zero, because the first factor van-
ishes when z° > 3%, and the second when x° < y°. So we can subtract the
modified integrand from the original without changing the value of the inte-
gral. Thus we have

ImH(k:Q) = %9271'2/(1 + 8182)5162 . (25.21)

The factor of 1 + s1s2 vanishes if £ and £ have opposite signs, and equals 2
if they have the same sign. Because the delta function in eq. (25.17) enforces
B+ 05 =k and k¥ = m,, is positive, both 9 and £ must be positive. So we
can replace the factor of 1 + s1s9 in eq. (25.21) with 20(£9)6(¢39). Rearranging
the numerical factors, we have

d%,  d%
ImH(kQ) = iQZ / (27)16 ﬁ (27T)666(£1+£2—k)

x 2m6 (63 + m3)O(0)) 26 (05 + m2)O(63) . (25.22)

If we now set k% = —ma, use eqs. (25.4) and (25.6), and recall that 7 = g is

the decay amplitude, we can rewrite eq. (25.22) as
ImII(—m?) = i/dLIPSg |T|? . (25.23)

Comparing egs. (25.8) and (25.23), we see that we indeed have
ImII(—m2) = myI . (25.24)

This relation persists at higher orders in perturbation theory. Our analysis
can be generalized to give the Cutkosky rules for computing the imaginary
part of any Feynman diagram, but this is beyond the scope of our current
interest.
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Figure 25.3. For s near mf,, the dominant contribution to xx scattering is
s-channel ¢ exchange.

To get a more physical understanding of this result, recall that in nonrela-
tivistic quantum mechanics, a metastable state with energy Fy and angular
momentum quantum number ¢ shows up as a resonance in the partial-wave
scattering amplitude,

1

F)o ——— . 25.25
fe(E) E — Ey+il'/2 (25.25)
If we imagine convolving this amplitude with a wave packet {/;(E)e_iEt, we

will find a time dependence

0lt) ~ [ B o BB
E— Eo+il/2

~ e Bt=T2 (25.26)

Therefore [1(t)|> ~ e7!t, and we identify I as the inverse lifetime of the
metastable state.

In the relativistic case, consider the scattering process xx — xx. The
contributing diagrams from the effective action are those of fig. 20.1, where
the exact internal propagator can be either ¢ or x. Suppose that the center-
of-mass energy squared s is close to m?o. Since the ¢ progator has a pole
near s = mi, s-channel ¢ exchange, shown in fig. 25.3, makes the dominant

contribution to the yy scattering amplitude. We then have

2

N g
T~ —— L) (25.27)

Here we have used the fact that the exact pxx vertex has the value g when
all three particles are on-shell. Now let us write

s = (my+)° ~md + 2mye (25.28)
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where € < my, is the amount of energy by which our incoming particles are
off resonance. We find

2
—g°/2m,,
~ . 25.29
€+ H(—ma)/Zm@ ( )

Recalling that Re H(—mi) = 0, and comparing with eq. (25.25), we see that
we should make the identification of eq. (25.24).

Reference notes

The Cutkosky rules are discussed in more detail in Peskin € Schroeder. More
details on resonances can be found in Weinberg I.
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Infrared divergences

Prerequisite: 20

In section 20, we computed the pp — @@ scattering amplitude in > theory
in six dimensions in the high-energy limit (s, |¢|, and |u| all much larger than
m?). We found that

T=T [1 - %a(ln(s/mQ) + O(mo)) v 0(02)} , (26.1)

where 7y = —g?(s™t +t7 1 +u™!) is the tree-level result, and the O(m?)
term includes everything without a large logarithm that blows up in the
limit m — 0.1

Suppose we are interested in the limit of massless particles. The large
log is then problematic, since it blows up in this limit. What does this
mean?

It means we have made a mistake. Actually, two mistakes. In this section,
we will remedy one of them.

Throughout the physical sciences, it is necessary to make various ide-
alizations in order to make progress. (Recall the “massless springs” and
“frictionless planes” of freshman mechanics.) Sometimes these idealizations
can lead us into trouble, and that is one of the things that has gone wrong
here.

We have assumed that we can isolate individual particles. The reasoning
behind this was explained in section 5, and it depends on the existence of an
energy gap between the one-particle states and the multiparticle continuum.
However, this gap vanishes if the theory includes massless particles. In this
case, it is possible that the scattering process involved the creation of some
extra very low energy (or soft) particles that escaped detection. Or, there

1 In writing 7 in this form, we have traded factors of Int and Inu for Ins by first using Int =
In s + In(t/s), and then hiding the In(¢/s) terms in the O(m?) catch-all.
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Figure 26.1. An outgoing particle splits into two. The gray circle stands
for the sum of all diagrams contributing to the original amplitude 7.

may have been some extra soft particles hiding in the initial state that
discreetly participated in the scattering process. Or, what was seen as a
single high-energy particle may actually have been two or more particles
that were moving colinearly and sharing the energy.

Let us, then, correct our idealization of a perfect detector and account
for these possibilities. We will work with ¢ theory, initially in d spacetime
dimensions.

Let 7 be the amplitude for some scattering process in ® theory. Now
consider the possibility that one of the outgoing particles in this process
splits into two, as shown in fig. 26.1. The amplitude for this new process is
given in terms of 7 by

i

7§plit = iQmT »

(26.2)

where k = k1 + ko, and k1 and ko are the on-shell four-momenta of the two
particles produced by the split. (For notational convenience, we drop our
usual primes on the outgoing momenta.) The key point is this: in the mass-
less limit, it is possible for 1/(k? +m?) to diverge.

To understand the physical consequences of this possibility, we should
compute an appropriate cross-section. To get the cross section for the orig-
inal process (without the split), we multiply |7|?> by dk (as well as by
similar differentials for other outgoing particles, and by an overall energy-
momentum delta - function). For the process with the split, we multiply
|Tsp1it\2 by %dkldkg instead of dk. (The factor of one-half is for counting
of identical particles.) If we assume that (due to some imperfection) our
detector cannot tell whether or not the one particle actually split into two,
then we should (according to the usual rules of quantum mechanics) add
the probabilities for the two events, which are distinguishable in principle.
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We can therefore define an effectively observable squared-amplitude via
|T|gbsd75 = |T|26?7;+ | Topiie|? %%1%2+--. . (26.3)

Here the ellipses stand for all other similar processes involving emission of

one or more extra particles in the final state, or absorption of one or more
extra particles in the initial state.
We can simplify eq. (26.3) by including a factor of

1= (2m)% " 2w 6% (k1 +ko—k) dk (26.4)
in the second term. Now all terms in eq. (26.3) include a factor of ZZE, SO we

can drop it. Then, using eq. (26.2), we get

g2

T . =|1TP 1+ —"——
| ’obs | | +(k2+m2)2(

27)%1 24 671 (I +ko—k) %&%1%2 +.. } )

(26.5)

Now we come to the point: in the massless limit, the phase space integral in
the second term in eq. (26.5) can diverge. This is because, for m = 0,

k’2 = (k‘l + k2)2 = —4wiwy sin2(9/2) R (26.6)

where 6 is the angle between the spatial momenta k; and ko, and w2 =
k12| Also, for m =0,

dkydky ~ (w83 dwy) (wd2 duws) (sin > 0 db) . (26.7)
Therefore, for small 6,

%1&%2 dw1 dw2 dé
(k.2)2 w?fd wgid 977d :

(26.8)

Thus the integral over each w diverges at the low end for d < 4, and the
integral over 6 diverges at the low end for d < 6. These divergent integrals
would be cut off (and rendered finite) if we kept the mass m nonzero, as we
will see below.

Our discussion leads us to expect that the m — 0 divergence in the second
term of eq. (26.5) should cancel the m — 0 divergence in the loop correction
to |7)?. We will now see how this works (or fails to work) in detail for the
familiar case of two-particle scattering in six spacetime dimensions, where 7
is given by eq. (26.1). For d = 6, there is no problem with soft particles (cor-
responding to the small-w divergence), but there is a problem with collinear
particles (corresponding to the small-6 divergence).

Let us assume that our imperfect detector cannot tell one particle from
two nearly collinear particles if the angle 6 between their spatial momenta
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is less than some small angle §. Since we ultimately want to take the m — 0
limit, we will evaluate eq. (26.5) with m*k? < 62 < 1.

We can immediately integrate over d°ky using the delta function, which
results in setting ko = k — k; everywhere. Let 5 then be the angle between
ky (which is still to be integrated over) and k (which is fixed). For two-
particle scattering, |k| = % s in the limit m — 0. We then have

(27)5 2w 8 (k; +ko—k) Ldkidky — 4(5;7;)5 ﬁ ki|* ki sin®BdB ., (26.9)
where Q4 = 272 is the area of the unit four-sphere. Now let v be the angle
between ko and k. The geometry of this trio of vectors implies § = 3 + 7,
|ki| = (sin~y/sin0)|k|, and |ka| = (sin B/sin 0)|k|. All three of the angles are
small and positive, and it then is useful to write 8 = 26 and v = (1—x)6,
with0<z<1land §# <6<« 1.

In the low mass limit, we can safely set m = 0 everywhere in eq. (26.5)
except in the propagator, 1/(k? + m?). Then, expanding to leading order in
both 6 and m, we find (after some algebra)

k? 4+ m? ~ —z(1-x)k? [02 + (m2/k2)f(x)] , (26.10)

where f(z) = (1—z+x?)/(z—2%)2. Everywhere else in eq.(26.5), we can
safely set w; = |kj| = (1—x)|k| and wa = |ka| = z|k|. Then, changing the
integration variables in eq. (26.9) from |k and § to z and 6, we get

2 _ 2 I P b 0 do
|T|obs - ’T‘ [1+ 4(2#)5/0 (1 )d /0 [92—|—(m2/k2)f(1:)]2 +(26 11)

Performing the integral over 0 yields
1 In(6°k?*/m?) — In f(z) — & . (26.12)

Then, performing the integral over = and using Q4 = 272 and o = ¢%/(4n)3,
we get

T2, = |T? [1 + %a(ln(ész/Trﬁ) + c) . } , (26.13)

where ¢ = (4 — 3v/37)/3 = —4.11.

The displayed correction term accounts for the possible splitting of one
of the two outgoing particles. Obviously, there is an identical correction
for the other outgoing particle. Less obviously (but still true), there is
an identical correction for each of the two incoming particles. (A glib
explanation is that we are computing an effective amplitude-squared, and
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this is the same for the reverse process, with in and outgoing particles
switched. So in and out particles should be treated symmetrically.) Then,
since we have a total of four in and out particles (before accounting for any
splitting),

T2, = |72 [1 + %a(ln(62k2/m2) + c) + 0(a2)] . (26.14)

We have now accounted for the O(«) corrections due to the failure of our
detector to separate two particles whose spatial momenta are nearly parallel.
Combining this with eq. (26.1), and recalling that k? = %s, we get

TP = 1% [1 = Ha(in(s/m?) + O(m") ) + O(a?)]

x [1 n %a(ln(ézs/mQ) n O(mo)) + 0(a2)}

— 1T [1 - a(g In(s/m?) + L In(1/6%) + O(m0)>
+ O(az)}. (26.15)

We now have two kinds of large logs. One is In(1/6?); this factor depends on
the properties of our detector. If we build a very good detector, one for which
aln(1/6%) is not small, then we will have to do more work, and calculate
higher-order corrections to eq. (26.15).

The other large log is our original nemesis In(s/m?). This factor blows
up in the massless limit. This means that there is still a mistake hidden
somewhere in our analysis.

Reference notes

Infrared divergences in quantum electrodynamics are discussed in Brown
and Peskin € Schroeder. More general treatments can be found in Sterman
and Weinberg I
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Other renormalization schemes

Prerequisite: 26

To find the remaining mistake in eq.(26.15), we must review our renor-
malization procedure. Recall our result from section 14 for the one-loop
correction to the propagator,

e N R (R
+ 30 /01 dr DIn(D/u”) +O(a?) (27.1)

where o = ¢%/(47)® and D = z(1—2)k?>+m?2. The derivative of II(k?) with
respect to k2 is

W) = - [A+ta(L+1)]
1
+do [ dea(t—a) (D)) 1] +00?).  @72)

We previously determined A and B via the requirements II(—m?) = 0 and
II'(—m?) = 0. The first condition ensures that the exact propagator A(kQ)
has a pole at k2 = —m?, and the second ensures that the residue of this pole
is one. Recall that the field must be normalized in this way for the validity
of the LSZ formula.

We now consider the massless limit. We have D = x(1—x)k?, and we
should apparently try to impose II(0) = IT'(0) = 0. However, II(0) is now
automatically zero for any values of A and B, while IT'(0) is ill defined.

Physically, the problem is that the one-particle states are no longer sep-
arated from the multiparticle continuum by a finite gap in energy. Mathe-
matically, the pole in A(k’?) at k2 = —m? merges with the branch point at
k? = —4m?, and is no longer a simple pole.

162
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The only way out of this difficulty is to change the renormalization
scheme. Let us first see what this means in the case m # 0, where we know
what we are doing.

Let us try making a different choice of A and B. Specifically, let

A= —jat+o(a?).
B=-al+ O(a?) . (27.3)

Here we have chosen A and B to cancel the infinities, and nothing more;
we say that A and B have no finite parts. This choice represents a dif-
ferent renormalization scheme. Our original choice (which, up until now,
we have pretended was inescapable!) is called the on-shell or OS scheme.
The choice of eq.(27.3) is called the modified minimal-subtraction or MS
(pronounced “emm-ess-bar”) scheme. (“Modified” because we introduced
via g — g/
would be just plain minimal subtraction or MS.) Now we have

, with p? = 4me™7[i%; had we set u = fi instead, the scheme

1
(k%) = —Ha(k? + 6m?) + %a/ dz DIn(D/u?) + O(a?), (27.4)
0
as compared to our old result in the on-shell scheme,
1
Hog(k?) = —%a(kg +m?) + %a/ dz DIn(D/Dg) + O(a?),  (27.5)
0

where again D = z(1—2)k? + m?, and Dy = [—2(1—z)+1]m?. Note that
[y (k?) has a well-defined m — 0 limit, whereas II,s(k?) does not. On the
other hand, Ilys(k?) depends explicitly on the fake parameter i, whereas
o5 (k%) does not.

What does this all mean?

First, in the MS scheme, the propagator Ays(k?) will no longer have a
pole at k2 = —m?. The pole will be somewhere else. However, by definition,
the actual physical mass my}, of the particle is determined by the location
of this pole: k? = —mf)h. Thus, the lagrangian parameter m is no longer the
same as Mpk.

Furthermore, the residue of this pole is no longer one. Let us call the
residue R. The LSZ formula must now be corrected by multiplying its right-
hand side by a factor of R~1/2 for each external particle (incoming or outgo-
ing). This is because it is the field R~/2¢(x) that now has unit amplitude
to create a one-particle state.

Note also that, in the LSZ formula, each Klein—Gordon wave oper-
ator should be —8%+ mgh, and not —0?+ m?; also, each external
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four-momentum should square to —mgh, and not —m?. A review of the
derivation of the LSZ formula clearly shows that each of these mass param-
eters must be the actual particle mass, and not the parameter in the
lagrangian.

Finally, in the LSZ formula, each external line will contribute a factor
of R when the associated Klein—-Gordon wave operator hits the external
propagator and cancels its momentum-space pole, leaving behind the residue
R. Combined with the correction factor of R=1/2 for each field, we get a net
factor of RY/? for each external line when using the MS scheme. Internal
lines each contribute a factor of (—i)/(k* +m?), where m is the lagrangian-
parameter mass, and each vertex contributes a factor of iZ,g, where g is the
lagrangian-parameter coupling.

Let us now compute the relation between m and my),, and then compute
R. We have

Ars(k*) 7' = k* + m? — Hs(k?) (27.6)
and, by definition,
Ags(—m3,) ' =0. (27.7)
Setting k% = —mgh in eq. (27.6), using eq. (27.7), and rearranging, we find
mZy, =m® — Iys(—m2y) . (27.8)

Since Iys(k?) is O(a), we see that the difference between mgh and m? is
O(a). Therefore, on the right-hand side, we can replace mgh with m?2, and
only make an error of O(a?). Thus

mf)h = m? — Iys(—m?) + 0(a?) . (27.9)

Working this out, we get
mf,h =m? - Lla [%mg —m?+ /01 dx Do ln(Do/,u2)} +0(a?), (27.10)
where Do = [1—2(1—2)]m?. Doing the integrals yields
mgh = m? [1 + %a(ln(ug/mQ) + c') + O(aQ)} , (27.11)

where ¢/ = (34 — 37/3)/15 = 1.18.

Now, physics should be independent of the fake parameter p. However,
the right-hand side of eq. (27.11) depends explicitly on p. It must, be, then,
that m and « take on different numerical values as p is varied, in just the
right way to leave physical quantities (like myy,) unchanged.
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We can use this information to find differential equations that tell us how
m and « change with p. For example, take the logarithm of eq. (27.11) and
divide by two to get

my, = nm + Sa(ln(e/m) + 3¢ ) +0?) . (27.12)

Now differentiate with respect to In p and require mpy to remain fixed:

0

= 1
dlnp HTph

1 dm 5 9
=—— 4+ 3 0] . 27.13
mdlnu+12a+ (%) ( )
To get the second line, we had to assume that da/dIn pu = O(a?), which we
will verify shortly. Then, rearranging eq. (27.13) gives

dm
dlnp

The factor in large parentheses on the right is called the anomalous dimen-

= (-Za+0(a?)m. (27.14)

sion of the mass parameter, and it is often given the name ~,, ().
Turning now to the residue R, we have

d
-1 _ @ [ 2y-1
R = [AMS(I: ) } (27.15)
k2=—m2,
Using eq. (27.6), we get
R =1 L (-m2)
=1 T (—m?) + O(a?)
—14 %a(m(,ﬁ Jm?) + c”) +0(a?), (27.16)
where ¢/ = (17 — 37/3) /3 = 0.23.
We can also use MS to define the vertex function. We take
C=—-at+0(?), (27.17)
and so
V37m(/€1, ko, kg) =g |:1 — %a/ng IH(D//LQ) + O(OZQ) s (27.18)

where D = xyk? + yzk3 + zxk3 + m?.
Let us now compute the ¢y — @ scattering amplitude in our fancy new
renormalization scheme. In the low-mass limit, repeating the steps that led
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to eq. (26.1), and including the LSZ correction factor (R'/2)*, we get
T = BT [1 - Ba(In(s/p?) + O(m")) + 0(a?)] (27.19)

where 7y = —g?(s7! + ¢! + u™1) is the tree-level result. Now using R from
eq. (27.16), we find

T="17 [1 — a(% In(s/p?) + £ In(p?/m?) + O(mo)) + O(er)} . (27.20)

To get an observable amplitude-squared with an imperfect detector, we must
square eq.(27.20) and multiply it by the correction factor we derived in
section 26,

obs

T2, = | T [1 n %a(ln((st/mQ) + O(mo)) + O(OP)] : (27.21)

where ¢ is the angular resolution of the detector. Combining this with
eq. (27.20), we get

T = 1Tl [1 = a(3n(s/u2) + 5 n(1/6%) + O(m")) + O(a?)] .
(27.22)

All factors of Inm? have disappeared! Finally, we have obtained an expres-

sion that has a well-defined m — 0 limit.

2
obs

It must be, then, that the explicit dependence on p in eq. (27.22) is canceled

Of course, p is still a fake parameter, and so |7, . cannot depend on it.

by the implicit © dependence of oe. We can use this information to figure out
how a must vary with . Noting that |7o|> = O(g*) = O(a?), we have
In |7 )% = C1+2Ina+ 3allnp + Cy) + O(a?) (27.23)

where C and Cy are independent of 1 and a (but depend on the Mandelstam
variables). Differentiating with respect to In p then gives

d

= In |7 |?
0 dln,u Il| |obs
2 da
== 3a+ 0(a? 27.24
o I +3a+ O(a”) , ( )
or, after rearranging,
dov 3 2 3
= -5 0] . 27.25
dln,u 2a + (a ) ( )

The right-hand side of this equation is called the beta function.
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Returning to eq. (27.22), we are free to choose any convenient value of p
that we might like. To avoid introducing unnecessary large logs, we should
choose ;% ~ s.

To compare the results at different values of s, we need to solve eq. (27.25).
Keeping only the leading term in the beta function, the solution is

_ 04(#1)
) = T ) nGa/n) (27.26)

Thus, as p increases, a(p) decreases. A theory with this property is said
to be asymptotically free. In this case, the tree-level approximation (in the
MS scheme with ;2 ~ s) becomes better and better at higher and higher
energies.

Of course, the opposite is true as well: as p decreases, a(u) increases.
As we go to lower and lower energies, the theory becomes more and more
strongly coupled.

If the particle mass is nonzero, this process stops at p ~ m. This is because
the minimum value of s is 4m?, and so the factor of In(s/u?) becomes an
unwanted large log for y < m. We should therefore not use values of  below
m. Perturbation theory is still good at these low energies if a(m) < 1.

If the particle mass is zero, a(u) continues to increase at lower and lower
energies, and eventually perturbation theory breaks down. This is a signal
that the low-energy physics may be quite different from what we expect on
the basis of a perturbative analysis.

In the case of 3 theory, we know what the correct low-energy physics
is: the perturbative ground state is unstable against tunneling through the
potential barrier, and there is no true ground state. Asymptotic freedom is,
in this case, a signal of this impending disaster.

Much more interesting is asymptotic freedom in a theory that does have
a true ground state, such as quantum chromodynamics. In this example, the
particle excitations are colorless hadrons, rather than the quarks and gluons
we would expect from examining the lagrangian.

If the sign of the beta function is positive, then the theory is infrared
free. The coupling increases as y increases, and, at sufficiently high energy,
perturbation theory breaks down. On the other hand, the coupling decreases
as we go to lower energies. Once again, though, we should stop this process
at p ~ m if the particles have nonzero mass. Quantum electrodynamics with
massive electrons (but, of course, massless photons) is in this category.

Still more complicated behaviors are possible if the beta function has a
zero at a nonzero value of a. We briefly consider this case in the next section.
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Reference notes

Minimal subtraction is treated in more detail in Brown, Collins, and
Ramond L

Problems

27.1) Suppose that we have a theory with
B(a) = bia® +0(a®), (27.27)
Ym (@) = cra + O(a?) . (27.28)

Neglecting the higher-order terms, show that

a c1/b1
(i) = [agl‘jﬂ () (27.29)
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The renormalization group

Prerequisite: 27

In section 27 we introduced the MS renormalization scheme, and used the
fact that physical observables must be independent of the fake parameter p
to figure out how the lagrangian parameters m and g must change with pu.
In this section we rederive these results from a much more formal (but cal-
culationally simpler) point of view, and see how they extend to all orders of
perturbation theory. Equations that tells us how the lagrangian parameters
(and other objects that are not directly measurable, like correlation func-
tions) vary with u are collectively called the equations of the renormalization
group.

Let us recall the lagrangian of our theory, and write it in two different
ways. In d = 6 — ¢ dimensions, we have

L= —32,0"00up — 5 Zmm>@” + §29957%° + Y (28.1)
and
L = —30"p00up0 — 3me5 + 59090 + Yoo - (28.2)

The fields and parameters in eq.(28.1) are the renormalized fields and
parameters. (And in particular, they are renormalized using the MS scheme,
with u? = 4re~7fi2.) The fields and parameters in eq.(28.2) are the bare
fields and parameters. Comparing eqgs. (28.1) and (28.2) gives us the rela-
tionships between them:

po(x) = Z*p(x) |
mo = 2,2 Z*m
90 = 2,32 Z4gi"/* |
Yo =2,% .

169
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Recall that, after using dimensional regularization, the infinities coming
from loop integrals take the form of inverse powers of € = 6 — d. In the MS
renormalization scheme, we choose the Zs to cancel off these powers of 1/¢,
and nothing more. Therefore the Zs can be written as

Zy=1+Y a’;(no‘) : (28.7)
n=1
oo b,

Zn=1+3 g(f) , (28.8)
n=1

Zy=1+Y C’”‘s(f) : (28.9)
n=1

where o = g?/(4m)3. Computing II(k?) and V3(ki, ko, k3) in perturbation
theory in the MS scheme gives us Taylor series in a for a,(a), by(a), and
cn(@). So far we have found

ar(a) = —%a +0(a?) (28.10)
bi(a) = —a+0(a?), (28.11)
ci(a) = —a+ 0(a?), (28.12)

and that a,(a), b,(a), and c,(a) are all at least O(a?) for n > 2.

Next we turn to the trick that we will employ to compute the beta function
for «, the anomalous dimension of m, and other useful things. This is the
trick: bare fields and parameters must be independent of L.

Why is this so? Recall that we introduced p when we found that we had
to regularize the theory to avoid infinities in the loop integrals of Feynman
diagrams. We argued at the time (and ever since) that physical quantities
had to be independent of p. Thus p is not really a parameter of the theory,
but just a crutch that we had to introduce at an intermediate stage of the
calculation. In principle, the theory is completely specified by the values
of the bare parameters, and, if we were smart enough, we would be able
to compute the exact scattering amplitudes in terms of them, without ever
introducing p. The point is this: since the exact scattering amplitudes are
independent of u, the bare parameters must be as well.

Let us start with gg. It is convenient to define

ao = gp/(4m)? = 237 i (28.13)
and also

Glo,e) =In(Z2Z,7) . (28.14)
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From the general structure of egs. (28.7) and (28.9), we have

Gla,e) = i Gula) (28.15)

En

n=1

where, in particular,
Gi(a) = 2¢1(a) — 3aq(a)
=-3a+0(a?). (28.16)
The logarithm of eq. (28.13) can now be written as
Inag = G(a,e) +Ina+celnji. (28.17)

Next, differentiate eq. (28.17) with respect to ln p, and require g to be
independent of it:

0

= 1
dln p nao

_ 0G(a,e) da 1 da

— . 28.1
OJa  dlnp adhrl,u—i_E (28.18)

Now regroup the terms, multiply by «, and use eq. (28.15) to get

! !
0= <1 L aGie) | O‘G22(O‘) 4. ) 92 4 ea. (28.19)
5 € nu

Next we use some physical reasoning: da/dlInpu is the rate at which «
must change to compensate for a small change in In p. If compensation is
possible at all, this rate should be finite in the € — 0 limit. Therefore, in a
renormalizable theory, we should have

da
dlnp

= —ca + ﬁ(a) . (28.20)

The first term, —ea, is fixed by matching the O(e) terms in eq. (28.19). The
second term, the beta function (), is similarly determined by matching
the O(?) terms; the result is

Bla) = ?Gy(a) . (28.21)

Terms that are higher-order in 1/¢ must also cancel, and this determines
all the other G («)s in terms of G’ («). Thus, for example, cancellation of
the O(e™1) terms fixes G4 (a) = aG(a)?. These relations among the G/, (a)s
can of course be checked order by order in perturbation theory.
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From eq. (28.21) and eq. (28.16), we find that the beta function is
Ba) = —3a* 4+ 0(a?) . (28.22)

Hearteningly, this is the same result we found in section 27 by requiring the
observed scattering cross section |72, to be independent of p. However,
simply as a matter of practical calculation, it is much easier to compute
G1(«) than it is to compute |T|2,.

Next consider the invariance of mg. We begin by defining

M(a,e) = 1n(Zg{QZ;1/2)
=> Mnle) (28.23)
n=1 en

From egs. (28.10) and (28.12) we have

=-Za+0(a?). (28.24)
Then, from eq. (28.4), we have
Inmg = M(a,e)+1Inm . (28.25)

Take the derivative with respect to In u and require mg to be unchanged:

0

= |
dlnp o

_ OM(a,e) da 1 dm

da dlnu—'—ﬁdln,u'

_ OM(a,¢) 1 dm
= (—5@ + B(a)) o T (28.26)
Rearranging, we find
1 dm 2 M/ ()
m dlnp (sa —ﬁ(a)) ngl en
=aMi(a)+..., (28.27)

where the ellipses stand for terms with powers of 1/e. In a renormalizable
theory, dm/dlnp should be finite in the e — 0 limit, and so these terms
must actually all be zero. Therefore, the anomalous dimension of the mass,



P1: PJR/PJR P2: RNK/XXX QC: RNK/XXX T1: RNK
CUUKT761-Srednicki August 25, 2006 14:40

The renormalization group 173
defined via
1 dm
= — 28.28
is given by

Ym(a) = aMi ()
= —fHa+0(a”) . (28.29)

Comfortingly, this is just what we found in section 27.
Let us now consider the propagator in the MS renormalization scheme,

A(R?) =i / 5 ¢ (0 Tip(2)0(0)[0) - (28.30)
The bare propagator,
Ao(k?) = i / % ¢ (0T (2)00 (0)]0) | (28.31)

should be (by the now-familiar argument) independent of p. The bare and
renormalized propagators are related by

Ay(k?) = Z,A(K?) . (28.32)
Taking the logarithm and differentiating with respect to In u, we get
d ~
= In Ag(k*
0 dlnp nAo(k’)
dln Z, d <~ 9
= In A(k
dln p +dln,u nAK)
dln Z, 1 0 doao 0 dm 0\ xz,.9
= = — 4+ —— ) A(k"). (28.
dlnp + A(k?) <8lnu + dlnp O + dlnp 8m> (k7). (28.33)
We can write
_ 1,2
InZ, = C”ia) | 22(0) 622a1<a) o (28.34)

Then we have
dln Z, B OlnZ, da

dln Oa  dlnp

_ (@ +.. > (~eo+ 6(a))

= —adj(a)+..., (28.35)
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vifhere the ellipses in the last line stand for terms with powers of 1/e. Since
A(k?) should vary smoothly with p in the ¢ — 0 limit, these must all be
zero. We then define the anomalous dimension of the field

1dlnZ,

= . 28.
From eq. (28.35) we find
Yola) = —gaai(a)
=+5a+0(a?). (28.37)
Eq. (28.33) can now be written as
0 0 0 ~
(50 + Bla)gn + m(ahmg + 21p(0) ) A =0 (2835)

in the € — 0 limit. This is the Callan—Symanzik equation for the propagator.

The Callan-Symanzik equation is most interesting in the massless limit,
and for a theory with a zero of the beta function at a nonzero value of a.
So, let us suppose that B(cw) = 0 for some ay # 0. Then, for a = a, and
m = 0, the Callan-Symanzik equation becomes

9 X (1.2
The solution is
_ Clas) [ 12 —Ye (o)
A(K?) = 5{:2 ) <P> , (28.40)

where C/(a) is an integration constant. (We used the fact that A(k?) has
mass dimension —2 to get the k? dependence in addition to the ; depen-
dence.) Thus the naive scaling law A(k?) ~ k=2 is changed to A(k?) ~
k—20-7e(@)l This has applications in the theory of critical phenomena,
which is beyond the scope of this book.

Reference notes

The formal development of the renormalization group is explored in more
detail in Brown, Collins, and Ramond 1.

Problems
28.1) Consider ¢* theory,
L=-17,0"00,p — 2 Z,m*0* — 2\, (28.41)
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in d = 4 — ¢ dimensions. Compute the beta function to O(A?), the anomalous
dimension of m to O(\), and the anomalous dimension of ¢ to O()).

28.2) Repeat problem 28.1 for the theory of problem 9.3.

28.3) Counsider the lagrangian density,

L= —%Zq,a“(p@mo - %me2<p2 +Yop
— %ZXG“Xaux — %ZMMZX2
+ § 249120 + S Zphp P ox? | (28.42)
in d = 6 — € dimensions, where ¢ and y are real scalar fields, and Y is adjusted
to make (0| (x)|0) = 0. (Why is no such term needed for x?)
a) Compute the one-loop contributions to each of the Zs in the MS renor-

malization scheme.
b) The bare couplings are related to the renormalized ones via

go = Z<;‘°’/2Zgg,u‘€/2 ) (28.43)
ho = 2,1 22 Zphy/? (28.44)

Define
G(g,h,e) = 300 Gulg, h)e™™ =In(2,%/%2,) (28.45)
H(g,h,e) =300 Halg, h)e " = (2,212 2),) . (28.46)

By requiring gg and hy to be independent of u, and by assuming that
dg/dp and dh/dy are finite as € — 0, show that

d oG oG
u—dz = 7%69 + %g(ga—gl + h3—h1> ) (28.47)
dh OH OH

c) Use your results from part (a) to compute the beta functions §,(g, h) =
limg o pdg/dp and B (g, h) = lime_o pdh/du. You should find terms of
order g3, gh?, and h? in B¢, and terms of order g2h, gh?, and h® in Sy

d) Without loss of generality, we can choose g to be positive; h can then
be positive or negative, and the difference is physically significant. (You
should understand why this is true.) For what numerical range(s) of h/g
are By and (5 /h both negative? Why is this an interesting question?
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Effective field theory
Prerequisite: 28

So far we have been discussing only renormalizable theories. In this section,
we investigate what meaning can be assigned to nonrenormalizable theories,
following an approach pioneered by Ken Wilson.

We will begin by analyzing a renormalizable theory from a new point of
view. Consider, as an example, ¢* theory in four spacetime dimensions:

L= —%Z¢8“g08#g0 — %me%)h(pQ - 2_142)\)\th04 . (291)

(This example is actually problematic, because this theory is trivial, a tech-
nical term that we will exlain later. For now we proceed with a perturbative
analysis.) We take the renormalizing Z factors to be defined in an on-shell
scheme, and have emphasized this by writing the particle mass as mp, and
the coupling constant as Apn. We define A\, as the value of the exact 1PI
four-point vertex with zero external four-momenta:

Aph = V4(0,0,0,0) . (29.2)
The path integral is given by
Z(J) = /Dg@ St Je (29.3)
where S = [d% £ and [J¢ is short for [d*z Je.
Our first step in analyzing this theory will be to perform the Wick rotation

(applied to loop integrals in section 14) directly on the action. We define a
euclidean time 7 = it. Then we have

Z(J) = /Dgo e~ SelJe (29.4)

176
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where Sg = [ d% Lg, d*r = d®x dr,
Lg = %Zw?wp@mp + %meghgpQ + iZ,\)\phgp4 , (29.5)
and
Bupdup = (8p/07)% + (Vip)? . (29.6)

Note that each term in Sg is always positive (or zero) for any field configu-
ration op(x). This is the advantage of working in euclidean space: eq. (29.4),
the euclidean path integral, is strongly damped (rather than rapidly oscil-
lating) at large values of the field and/or its derivatives, and this makes its
convergence properties more obvious.

Next, we Fourier transform to (euclidean) momentum space via

d*% bz ~
o(r) = ) e (k) . (29.7)
The euclidean action becomes

1 % ~
S = L / o (k) (Zok? + Zn, ) B(K)

2) (2m)
4 4
+ 2—142%11 / ng)Z (Z 7’:)44 (27)26% (k1 +ko+kz+ky)
x@(k1)p(k2)p(k3)p(ka) - (29.8)

Note that k? = k2 + k2 > 0.

We now introduce an wltraviolet cutoff A. It should be much larger than
the particle mass mpy,, or any other energy scale of practical interest. Then
we perform the path integral over all p(k) with |k > A. We also take
J(k) = 0 for |k| > A. Then we find

Z(J) = /D<P|k|<A e~ Sere (i) — [ T , (29.9)
where
e~ Sere (i) /D(plk|>/\ e~ Se(p) (29.10)

Set(p; A) is called the Wilsonian effective action. We can write the corre-
sponding lagrangian density as

Le(p;N) = $Z(M)0up0up + 3mP (M) + 51 A (M) !
+) 0 cai(M)Ouy (29.11)

d>6 i
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where the Fourier components of ¢(x) are now cut off at |k| > A:

A 4
o(x) :/0 %ei’“ o(k) . (29.12)

The operators Og; in eq. (29.11) consist of all terms that have mass dimen-
sion d > 6 and that are even under ¢ < —¢; i is an index that distinguishes
operators of the same dimension that are inequivalent after integrations by
parts of any derivatives that act on the fields. (The operators must be even
under ¢ <> — in order to respect the ¢ < —¢ symmetry of the original
lagrangian.)

The coefficients Z(A), m%(A), A(A), and cq;(A) in eq.(29.11) are all
finite functions of A. This is established by the following argument. We can
differentiate eq.(29.9) with respect to J(x) to compute correlation func-
tions of the renormalized field ¢(x), and correlation functions of renor-
malized fields are finite. Using eq.(29.9), we can compute these corre-
lation functions as a series of Feynman diagrams, with Feynman rules
based on L.g. These rules include an ultraviolet cutoff A on the loop
momenta, since the fields with higher momenta have already been inte-
grated out. Thus all of the loop integrals in these diagrams are finite. There-
fore the other parameters that enter the diagrams—Z(A), m?(A), A(A), and
cqi(A)—must be finite as well, in order to end up with finite correlation
functions.

To compute these parameters, we can think of eq. (29.8) as the action for
two kinds of fields, those with |k| < A and those with |k| > A. Then we draw
all 1PI diagrams with external lines for |k| < A fields only. For Ay, < 1, the
dominant contribution to cq;(A) for an operator Og; with 2n fields and
d — 2n derivatives is then given by a one-loop diagram with 2n external
lines (representing |k| < A fields), n vertices, and a |k| > A field circulating
in the loop; see fig. 29.1.

The simplest case to consider is Oz, 1 = cpzn. With 2n external lines, there
are (2n)! ways of assigning the external momenta to the lines, but 2" x n x 2
of these give the same diagram: 2" for exchanging the two external lines
that meet at any one vertex; n for rotations of the diagram; and 2 for
reflection of the diagram. Since there are no derivatives on the external
fields, we can set all of the external momenta to zero; then all (2n)!/(2"2n)
diagrams have the same value. With a euclidean action, each internal line
contributes a factor of 1/(k? + mf)h), and each vertex contributes a factor
of —ZxAph = —Aph + O(Agh). The vertex factor associated with the term
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Figure 29.1. A one-loop 1PI diagram with 2n external lines. Each external
line represents a field with |k| < A. The internal (dashed) line represents a
field with |k| > A.

czn’l(A)gp% in Leg is —(2n)! cap,1(A). Thus we have

()t e () = R [ d'k ( | )

212n A @mA\RE+m2y
+O0 . (29.13)

For 2n > 6, the integral converges, and we find

(_)‘ph/2)n 1

cam1(A) = - 32n2n(n—2) A2n—4

+O(H) (29.14)

We have taken A > mpy, and dropped terms down by powers of mpp/A.
For 2n = 4, we have to include the tree-level vertex; in this case, we have

2
3 < d%k 1
“AMA) = =ZyApn + = (=X 2/
( ) A/\ph 2( Ph) A (27T)4 <k2—|—m§h>

+O(X%) - (29.15)

This integral diverges. To evaluate it, we note that the one-loop contribution
to the exact four-point vertex is given by the same diagram, but with fields
of all momenta circulating in the loop. Thus we have

2
3 < d% 1
—V4(0,0,0,0) = —ZyAon + = (= 2/
+O(N) . (29.16)
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Then, using V4(0,0,0,0) = Apn and subtracting eq. (29.15) from eq. (29.16),
we get

on 4 AA) = 2= )2/A @ ! 2+O(/\3) (20.17)
oh T2 Y fy @m)t \ B2 ml, ph/ - '

Evaluating the (now finite!) integral and rearranging, we have
3
AA) = Aph + @Aﬁh [IH(A/mph) - %] + O(/\?f)h) . (29.18)

Note that this result has the problem of a large log; the second term is
smaller than the first only if Ay, In(A/mpy) < 1. To cure this problem, we
must change the renormalization scheme. We will take up this issue shortly,
but first let us examine the case of two external lines while continuing to
use the on-shell scheme.

For the case of two external lines, the one-loop diagram has just one ver-
tex, and by momentum conservation, the loop integral is completely indepe-
dent of the external momentum. This implies that the one-loop contribution
to Z(A) vanishes, and so we have

Z(A) =1+ 0(N\) . (29.19)

The one-loop diagram does, however, give a nonzero contribution to m?(A);
after including the tree-level term, we find

1 < dik 1
2 — _ 2 s 2
m?(A) Zmmgy, + 2( Aph)/A 2n) 12 +m§h +O0(\pn) - (29.20)

This integral diverges. To evaluate it, recall that the one-loop contribution
to the exact particle mass-squared is given by the same diagram, but with
fields of all momenta circulating in the loop. Thus we have

1 < ik 1
2 2 2
—m2 = —Z,m2 + (=) / +0(%). 29.21
ph ph 2( ph) 0 (2 )4 2 f)h ( ph) ( )

Then, subtracting eq. (29.20) from eq. (29.21), we get

. 200y = Ly, A d% 1 2
—myy, +m7(A) = 5(— ph) o @t Rl +O(A5p) - (29.22)
p

Evaluating the (now finite!) integral and rearranging, we have

Aph
m2(A) = m3, — L2 [A2 — m2, In(A2/m2) | + O(N2) . (29.23)
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We see that we now have an even worse situation than we did with the large
log in A(A): the correction term is quadratically divergent.

As already noted, to fix these problems we must change the renormal-
ization scheme. In the context of an effective action with a specific value of
the cutoff Ag, there is a simple way to do so: we simply treat this effective
action as the fundamental starting point, with Z(Ag), m?(Ag), A(Ag), and
cai(Ao) as input parameters. We then see what physics emerges at energy
scales well below Ag. We can set Z(Ag) = 1, with the understanding that the
field no longer has the LSZ normalization (and that we will have to correct
the LSZ formula to account for this). We will also assume that the parame-
ters A(Ao), m?(Ao), and cg;(Ao) are all small when measured in units of the

cutoff:
AAg) < 1, (29.24)

Im?(Ao)| < A, (29.25)

cai(Ao) < Ay (29.26)

The proposal to treat the effective action as the fundamental starting
point may not seem very appealing. For one thing, we now have an infinite
number of parameters to specify, rather than two! Also, we now have an
explicit cutoff in place, rather than trying to have a theory that works at all
energy scales.

On the other hand, it may well be that quantum field theory does not work
at arbitrarily high energies. For example, quantum fluctuations in spacetime
itself should become important above the Planck scale, which is given by
the inverse square root of Newton’s constant, and has a numerical value of
~10' GeV (compared to, say, the proton mass, which is ~1GeV).

So, let us leave the cutoff Ay in place for now. We will then make a two-
pronged analysis. First, we will see what happens at much lower energies.
Then, we will see what happens if we try to take the limit Ay — oo.

We begin by examining lower energies. To make things more tractable,
we will set

cai(Ao) =0 (29.27)

later we will examine the effects of a more general choice.
A nice way to see what happens at lower energies is to integrate out some
more high-energy degrees of freedom. Let us, then, perform the functional
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integral over Fourier modes ¢(k) with A < |k| < Ag; we have

e Su(eh) = /D‘PA<|k|<AU e~ Serr(pibbo) (29.28)

We can do this calculation in perturbation theory, mimicking the procedure
that we used earlier. We find

1 Ao 4 1
m2(A) = mQ(Ao) + 5)\(/\0)//\ (271‘)4 24 mZ(AO) + ..., (29.29)
3 Ao gk 1 2
) = Mo - Sxan) [ ( T AO)> L (2930)
—1)" o gk 1 "
con,1(A) = —%/\”(AO)/A 2n) <I<:2 n m2(A0)> +..., 0 (29.31)

where the ellipses stand for higher-order corrections. For A not too much
less than Ag (and, in particular, for |m?(Ag)| < A?), we find

m2(A) = m2(Ao) + #)\(Ao) (A3-2%) 4. (29.32)

MA) = A(Ag) — %)\Q(AO) In % o (29.33)

con,1(A) = —W%An(Ao)(AQi4 - AQi_4> +... . (29.34)
0

We see from this that the corrections to m?(A), which is the only coefficient
with positive mass dimension, are dominated by contributions from the high
end of the integral. On the other hand, the corrections to cq;(A), coefficients
with negative mass dimension, are dominated by contributions from the low
end of the integral. And the corrections to A(A), which is dimensionless,
come equally from all portions of the range of integration.

For the cq;(A), this means that their starting values at Ay were not very
important, as long as eq. (29.26) is obeyed. Nonzero starting values would
contribute another term of order 1/ Ag"_4 to can,1(A), but all such terms are
less important than the one of order 1/A?"~% that comes from doing the
integral down to |k| = A.

Similarly, nonzero values of cq;(Ag) would make subdominant contribu-
tions to A(A). As an example, consider the contribution of the diagram in
fig. 29.2. Ignoring numerical factors, the vertex factor is cg1(Ag), and the
loop integral is the same as the one that enters into m?(A); it yields a factor
of AZ — A2 ~ A2. Thus the contribution of this diagram to A(A) is of order
c6,1(Ag)A3. This is a pure number that, according to eq. (29.26), is small.
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Figure 29.2. A one-loop contribution to the * vertex for fields with
|k] < A. The internal (dashed) line represents a field with |k| > A.

This contribution is missing the logarithmic enhancement factor In(Agy/A)
that we see in eq. (29.33).

On the other hand, for m?(A), there are infinitely many contributions
of order A2 when c4;(Ag) # 0. These must add up to give m?(A) a value
that is much smaller. Indeed, we want to continue the process down to
lower and lower values of A, with m?(A) dropping until it becomes of
order mf)h at A ~ mpy. For this to happen, there must be very precise
cancellations among all the terms of order A2 that contribute to m?(A).
In some sense, it is more “natural” to have mf)h ~ A(Ag)A3, rather than to
arrange for these very precise cancellations. This philosophical issue is called
the fine-tuning problem, and it generically arises in theories with spin-zero
fields.

In theories with higher-spin fields only, the action typically has more sym-
metry when these fields are massless, and this typically prevents divergences
that are worse than logarithmic. These theories are said to be technically
natural, while theories with spin-zero fields (with physical masses well below
the cutoff) generally are not. (The only exceptions are theories where super-
symmetry relates spin-zero and spin-one-half fields; the spin-zero fields then
inherent the technical naturalness of their spin-one-half partners.) For now,
in ¢* theory, we will simply accept the necessity of fine-tuning in order to
have mp, < A.

Returning to eqgs. (29.32)—(29.34), we can recast them as differential equa-
tions that tell us how these parameters change with the vaule of the cutoff
A. In particular, let us do this for A(A). We take the derivative of eq. (29.33)
with respect to A, multiply by A, and then set Ag = A to get

d 3

dln A AR = 1672

Note that the right-hand side of eq. (29.33) is apparently the same as the
beta function B(N) = d\/dInp that we calculated in problem 28.1, where

M(A)+ ... . (29.35)
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it represented the rate of change in the MS parameter \ that was need
to compensate for a change in the MS renormalization scale u. Eq. (29.33)
gives us a new physical interpretation of the beta function: it is the rate of
change in the coefficient of the ¢?* term in the effective action as we vary the
ultraviolet cutoff in that action.

Actually, though, there is a technical detail: it is really Z(A)~2X(A) that is
most closely analogous to the MS parameter A. This is because, if we rescale
© so that it has a canonical kinetic term of %@Lgo@ucp, then the coefficient of
the p* term is Z(A)72A(A). Since Z(A) = 1 + O(A%(A)), this has no effect
at the one-loop level, but it does matter at two loops. We can account for
the effect of this wave function renormalization (in all the couplings) by
writing, instead of eq. (29.11),

Lei(3 A) = $Z2(M)0up0up + 5 Z(M)m* (M) p® + 31 2%(M)A(A)p*
+ Y > 2" (M)eai(A) Oy (29.36)

d>6 1

where ng; is the number of fields in the operator Oy ;. Now the beta function
for M\ is universal up through two loops; see problem 29.1. At three and higher
loops, differences with the MS beta function can arise, due to the different
underlying definitions of the coupling A in the cutoff scheme and the MS
scheme.

We now have the overall picture of Wilson’s approach to quantum field
theory. First, define a quantum field theory via an action with an explicit
momentum cutoff in place.! Then, lower the cutoff by integrating out higher-
momentum degrees of freedom. As a result, the coefficients in the effective
action will change. If the field theory is weakly coupled—which in practice
means eqs. (29.24)—(29.26) are obeyed—then the coefficients of the operators
with negative mass dimension will start to take on the values we would have
computed for them in perturbation theory, regardless of their precise initial
values. If we continuously rescale the fields to have canonical kinetic terms,
then the dimensionless coupling constant(s) will change according to their
beta functions. The final results, at an energy scale E well below the initial
cutoff Ag, are the same as we would predict via renormalized perturbation
theory, up to small corrections by powers of E/Ay.

The advantage of the Wilson scheme is that it gives a nonperturbative
definition of the theory which is applicable even if the theory is not weakly

I This can be done in various ways: for example, we could replace continuous spacetime with a
discrete lattice of points with lattice spacing a; then there is an effective largest momentum of
order 1/a.
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coupled. With a spacetime lattice providing the cutoff, other techniques
(typically requiring large-scale computer calculations) can be brought to
bear on strongly-coupled theories.

The Wilson scheme also allows us to give physical meaning to nonrenor-
malizable theories. Given an action for a nonrenormalizable theory, we can
regard it as an effective action. We should then impose a momentum cutoff
Ag, where Ay can be defined by saying that the coefficient of every operator
O; with mass dimension D; > 4 is given by ¢;/ AOD i~ With ¢; < 1. Then we
can use this theory for physics at energies below Ag. At energies F far below
Ag, the effective theory will look like a renormalizable one, up to corrections
by powers of E/Ag. (This renormalizable theory might simply be a free-field
theory with no interactions, or no theory at all if there are no particles with
physical masses well below Ag.)

We now turn to the final issue: can we remove the cutoff completely?

Returning to the example of ¢* theory, let us suppose that we are some-
how able to compute the exact beta function. Then we can integrate the
renormalization-group equation dA\/dIn A = B(\) from A = mpp to A = Ay
to get

Ado) g Ao
—— =In—. 29.37
/A(mph) BN Mph ( )

We would like to take the limit Ag — oco. Obviously, the right-hand side of
eq. (29.37) becomes infinite in this limit, and so the left-hand side must as
well.

However, it may not. Recall that, for small A\, 3(\) is positive, and it
increases faster than A. If this is true for all A, then the left-hand side of
eq. (29.37) will approach a fixed, finite value as we take the upper limit of
integration to infinity. This yields a maximum possible value for the initial

cutoff, given by
In Aumax = / A . (29.38)
Mph Amgn) BA)

If we approximate the exact beta function with its leading term, 3\2 /1672,

and use the leading term in eq.(29.18) to get A(mpn) = Aph, then we
find

Ama = mpp €677/3%en (29.39)

The existence of a maximum possible value for the cutoff means that we
cannot take the limit as the cutoff goes to infinity; we must use an effective
action with a cutoff as our starting point. If we insist on taking the cutoff
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to infinity, then the only possible value of App is Apn = 0. Thus, ¢* theory
is trivial in the limit of infinite cutoff: there are no interactions. (There is
much evidence for this, but as yet no rigorous proof. The same is true of
quantum electrodynamics, as was first conjectured by Landau; in this case,
Amax is known as the location of the Landau pole.)

However, the cutoff can be removed if the beta function grows no faster
than A at large A; then the left-hand side of eq. (29.37) would diverge as
we take the upper limit of integration to infinity. Or, 3(\) could drop to
zero (and then become negative) at some finite value A,. Then, if A, <
A«, the left-hand side of eq.(29.37) would diverge as the upper limit of
integration approaches A.. In this case, the effective coupling at higher and
higher energies would remain fixed at \,, and A = A, is called an ultravioldet
fixed point of the renormalization group.

If the beta function is negative for A = A(mpn), the theory is said to
be asymptotically free, and A\(A) decreases as the cutoff is increased. In this
case, there is no barrier to taking the limit A — oo. In four spacetime dimen-
sions, the only asymptotically free theories are nonabelian gauge theories;
see section 69.

Reference notes

Effective field theory is discussed in Georgi, Peskin € Schroeder, and Wein-
berg I. An introduction to lattice theory can be found in Smit.

Problems

29.1) Consider a theory with a single dimensionless coupling g whose beta function
takes the form 3(g) = b1g? + b2g® + ... . Now consider a new definition of the
coupling g; in the regime where eq. (29.40) holds, it can be a function only
of g. We assume that the couplings agree at lowest order, so that we have
J=g+cog®+....

a) Show that 3(§) = b1G% + b23> + . ...
b) Generalize this result to the case of multiple dimensionless couplings.

29.2) Consider * theory in six euclidean spacetime dimensions, with lagrangian

L= 37(80)0u00up + 55 2% (Mo)g(Ao)p* . (29.40)

We assume that we have fine-tuned to keep m?(A) < A2, and so we neglect
the mass term.
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+>
k2=0

3/2 Ao 16
)= 200 (- [ ).

a) Show that

11 1, . d
= <1+29(A0)W[

/AO d% 1
A (27)8 (k+0)202

Hint: note that the tree-level propagator is A(k) = [Z(Ag)k?] .
b) Use your results to compute the beta function

Blg(A)) = dl% g(A) (29.41)

and compare with your result in problem 28.1.
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Spontaneous symmetry breaking

Prerequisite: 21

Consider ¢* theory, where ¢ is a real scalar field with lagrangian
L=—10"pd,p — %mQ 2 _ i)\cpll . (30.1)

As we discussed in section 23, this theory has a Zy symmetry: £ is invariant
under ¢(z) — —p(x), and we can define a unitary operator Z that imple-
ments this:

Z7 o(2)Z = —p(z) . (30.2)

We also have Z2 =1, and so Z~! = Z. Since unitarity implies Z~1 = Z1,

this makes Z hermitian as well as unitary.

2

Now suppose that the parameter m~ is, in spite of its name, negative

rather than positive. We can write £ in the form
L= —%8"(,08ug0 —Vip), (30.3)
where the potential is
V(p) = 3m*¢” + g7 \¢"
= i)\(gﬂ —v?)? — 2—14)\1)4 ) (30.4)
In the second line, we have defined
v = +(6lm?| /N2 . (30.5)

We can (and will) drop the last, constant, term in eq. (30.4).

From eq. (30.4) it is clear that there are two classical field configurations
that minimize the energy: ¢(x) = +v and p(x) = —v. This is in contrast to
the usual case of positive m?, for which the minimum-energy classical field
configuration is ¢(x) = 0.

188
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We can expect that the quantum theory will follow suit. For m? < 0, there
will be two ground states, |0+) and |0—), with the property that

(0+]p(2)|0+) = +v
(0—[p(2)[0—) = —v, (30.6)

up to quantum corrections from loop diagrams that we will treat in detail
in section 30. These two ground states are exchanged by the operator Z,

Z|0+) = [0—) (30.7)

and they are orthogonal: (0+]0—) = 0.
This last claim requires some comment. Consider a similar problem in
quantum mechanics,

H=1ip* + 3 A= —v?)2. (30.8)

There are two approximate ground states in this case, specified by the
approximate wave functions

Yy (x) = (x]|0+) ~ exp|—w(z F 0)2/2] , (30.9)

where w = (A?/3)'/2 is the frequency of small oscillations about the mini-
mum. However, the true ground state is a symmetric linear combination of
these. The antisymmetric linear combination has a slightly higher energy,
due to the effects of quantum tunneling.

We can regard a field theory as an infinite set of oscillators, one for each
point in space, each with a hamiltonian like eq. (30.8), and coupled together
by the (V)? term in the field-theory hamiltonian. There is a tunneling
amplitude for each oscillator, but to turn the field-theoretic state |0+) into
|0—), all the oscillators have to tunnel, and so the tunneling amplitude gets
raised to the power of the number of oscillators, that is, to the power of
infinity (more precisely, to a power that scales like the volume of space).
Therefore, in the limit of infinite volume, (0+|0—) vanishes.

Thus we can pick either |04) or |0—) to use as the ground state. Let us
choose |0+). Then we can define a shifted field,

p(z) =¢(z) —v, (30.10)

which obeys (0+|p(x)|0+) = 0. (We must still worry about loop corrections,
which we will do at the end of this section.) The potential becomes

V(p) = 31Al(p + v)* — 0%
= 2 + thp® + 0t (30.11)
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and so the lagrangian is now
L= —%6%8#;) — %)\’UQ,OQ — %)\Upg — ﬁ/\p4 . (30.12)

We see that the coefficient of the p? term is $v? = [m?|. This coefficient
should be identified as %m%, where m,, is the mass of the corresponding p
particle. Also, we see that the shifted field now has a cubic as well as a
quartic interaction.

Eq. (30.12) specifies a perfectly sensible, renormalizable quantum field
theory, but it no longer has an obvious Zs symmetry. We say that the Zo
symmetry is spontaneously broken.

This leads to a question about renormalization. If we include renormaliz-

ing Z factors in the original lagrangian, we get
L= —%Zwawa“(p - %me2g02 — ﬁZA)\LpZL . (30.13)

For positive m?2, these three Z factors are sufficient to absorb infinities for
d < 4, where the mass dimension of )\ is positive or zero. On the other hand,
looking at the lagrangian for negative m? after the shift, eq.(30.12), we
would seem to need an extra Z factor for the p? term. Also, once we have
a p? term, we would expect to need to add a p term to cancel tadpoles. So,
the question is, are the original three Z factors sufficient to absorb all the
divergences in the Feynman diagrams derived from eq. (30.13)?

The answer is yes. To see why, consider the quantum action (introduced
in section 21)

- 2 otk
+) o @ (2@4( )6 (k.. 4kn)

$Vo(kt, . k) B(k1) ... 3(kn) | (30.14)

computed with m? > 0. The ingredients of I'(p)—the self-energy IT1(k?) and
the exact 1PI vertices V,,—are all made finite and well-defined (in, say, the
MS renormalization scheme) by adjusting the three Z factors in eq. (30.13).
Furthermore, for m? > 0, the quantum action inherits the Z, symmetry of
the classical action. To see this directly, we note that V, must zero for
odd n, simply because there is no way to draw a 1PI diagram with an odd
number of external lines using only a four-point vertex. Thus I'(¢) also has
the Zo symmetry. This is a simple example of a more general result that we
proved in problem 21.2: the quantum action inherits any linear symmetry
of the classical action, provided that it is also a symmetry of the integration



P1: PJR/PJR P2: RNK/XXX QC: RNK/XXX T1: RNK
CUUKT761-Srednicki August 25, 2006 14:41

Spontaneous symmetry breaking 191

measure Dep. (Linear means that the transformed fields are linear functions
of the original ones.) The integration measure is almost always invariant;
when it is not, the symmetry is said to be anomalous. We will meet an
anomalous symmetry in section 75.

Once we have computed the quantum action for m? > 0, we can go ahead
and consider the case of m? < 0. Recall from section 21 that the quantum
equation of motion in the presence of a source is 6I'/d6p(z) = —J(x), and
that the solution of this equation is also the vacuum expectation value of
@(x). Now set J(x) =0, and look for a translationally invariant (that is,
constant) solution ¢(x) = v. If there is more than one such solution, we
want the one(s) with the lowest energy. This is equivalent to minimizing the
quantum potential U(y), where

['(p) = /d4x [—U(p) — 3Z(p)0 00+ ...] (30.15)

and the ellipses denote terms with more derivatives. In a weakly coupled
theory, we can expect the loop-corrected potential U(yp) to be qualitatively
similar to the classical potential V(). Therefore, for m? < 0, we expect
that there are two minima of U () with equal energy, located at ¢(z) = v,
where v = (0|p(x)|0) is the exact vacuum expectation value of the field.

Thus we have a description of spontaneous symmetry breaking in the
quantum theory based on the quantum action, and the quantum action is
made finite by adjusting only the three Z factors that appear in the original,
symmetric form of the lagrangian.

In the next section, we will see how this works in explicit calculations.
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Broken symmetry and loop corrections

Prerequisite: 30

Consider ¢* theory, where ¢ is a real scalar field with lagrangian
L= —%Z(p@“go@u(p — %meQgOQ — ﬁZ,\)\gp4 . (31.1)

In d = 4 spacetime dimensions, the coupling A is dimensionless.

We begin by considering the case m? > 0, where the Z, symmetry of £
under ¢ — —y is manifest. We wish to compute the three renormalizing Z
factors. We work in d = 4 — ¢ dimensions, and take A\ — A\ (where ji has
dimensions of mass) so that A remains dimensionless.

The propagator correction IT(k?) is given by the diagrams of fig.31.1,
which yield

(k%) = 4 (—iNi®)1A(0) — i(AK* + Bm?) (31.2)

2

where A =Z, —1and B = Z,, — 1, and

) d
A(0) :/% Mﬁ (31.3)

Using the usual bag of tricks from section 14, we find

A b 2 27,2y |,,2
a-A0) = (an)2 {5 + 1+ 1In(p*/m )]m , (31.4)
where ;2 = 4we~7i%. Thus
I(k?) = _ 12 + 1+ In(p?/m?)|m? — Ak* — Bm? (31.5)
2(4m)? | e ' '

192
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VAN
k k k k

Figure 31.1. O(\) corrections to II(k?).

l+k1+k2

k

Figure 31.2. The O(A\?) correction to V4(ky, ks, k3, ks4). Two other dia-
grams, obtained from this one via kg <> k3 and ko < k4, also contribute.

From eq. (31.5) we see that we must have

A=00?), (31.6)
= #GMB) +0(\?), (31.7)

where kp is a finite constant (that may depend on p). In the MS renor-
malization scheme, we take kg =0, but we will leave xkp arbitrary for
now.

Next we turn to the vertex correction, given by the diagram of fig. 31.2,
plus two others with ko < k3 and ks < ky4; all momenta are treated as incom-
ing. We have

iVa(ky, ko, k3, ka) = —iZxh + S(=in)? (3) [iF(—s) + i F(—t) 4+ iF(—u)
+O0(N?). (31.8)

Here we have defined s = —(k1 + k)2, t = — (k1 + k3)?, u= —(k1 + k4)?,
and

iF(k?)

e [ d¥ 1
: / @m)? ((+k) + m2)(2 + m?)

= o [g +/01dx 1n(/,L2/D)] , (31.9)
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where D = z(1—x)k? + m?. Setting Z) = 1 + C in eq. (31.8), we see that we
need

=—| -+ =+ 1.1
C 162 <€ Hc> O(\?), (31.10)

where k¢ is a finite constant.

We may as well pause to compute the beta function, S(\) = d\/d1n p,
where the derivative is taken with the bare coupling Ay held fixed, and
the finite parts of the counterterms set to zero, in accord with the MS
prescription. We have

Xo = ZNZ2NiE (31.11)
with
310 1
-2\ _ - 2
In(ZAZq, ) = 1532 TON). (31.12)

Let Li(\) be the coefficient of 1/¢ in eq. (31.12). Our analysis in section 28
shows that the beta function is then given by B(\) = A2L/(\). Thus we find

32

=k O3 . (31.13)

B(A)

The beta function is positive, which means that the theory becomes more
and more strongly coupled at higher and higher energies.

Now we consider the more interesting case of m? < 0, which results in the
spontaneous breakdown of the Zo symmetry.

Following the procedure of section 30, we set ¢(x) = p(x) + v, where
v = (6|m?|/A\)'/? minimizes the potential (without Z factors). Then the
lagrangian becomes (with Z factors)

L= —52,0"p0up — 5(§ 20— 1 Zm)mipp?
+ 5(Zm—22) 3/ A35) P mip
— 223 (3NEE) P, p® — L ZNifpt (31.14)

where mz = 2|m?|. Now we can compute various one-loop corrections.

We begin with the vacuum expectation value of p. The O(\) correction is
given by the diagrams of fig. 31.3. The three-point vertex factor is —iZ)gs,
where g3 can be read off eq. (31.14):

g3 = (3\i°)Y%m, . (31.15)
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%—Q\l-i—%%(
k k

Figure 31.3. The O(\) correction to the vacuum expectation value of the

p field.
@ 1+k
+ R\ +
/

k k k k k k
Figure 31.4. O()) corrections to the p propagator.

The one-point vertex factor is 1Y, where Y can also be read off eq. (31.14):
Y = 5(Zn—2,) (3/ M) *m3 . (31.16)

Following the discussion of section 9, we then find that
@0} = (i + §(-i23)1A0) [ dytaE-y, (G117

plus higher-order corrections. Using eqs.(31.15) and (31.16), and

eq. (31.4) with m? —>m12), the factor in large parentheses in eq.(31.17)
becomes

i A2

5(3/)\)1/2mi (Zm—Z,\ + 152 [g +1+ 1n(M2/m,§)} + O()P)) . (31.18)

Using Z,, =14 B and Z) =1+ C, with B and C from egs. (31.7) and
(31.10), the factor in large parentheses in eq. (31.18) becomes

A
1672

All the 1/es have canceled. The remaining finite vacuum expectation value

(kB — ke + 1+ In(u?/m2)] . (31.19)

for p(z) can now be removed by choosing
KB — ko =—1— ln(,uQ/mi) . (31.20)

This will also cancel all diagrams with one-loop tadpoles.

Next we consider the p propagator. The diagrams contributing to the
O(\) correction are shown in fig. 31.4. The counterterm insertion is —i.X,
where, again reading off of eq. (31.14),

X = A’ + (3C — {B)m}, . (31.21)
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Figure 31.5. O()) corrections to the vertex for three p fields.

Putting together the results of eq.(31.2) for the first diagram (with
m? — mg), eq. (31.9) for the second (ditto), and eq.(31.21) for the third,
we get

(k%) = —3(Mi°)FA(0) + 33 F (k) — X + O(N?)

2
= mz [E +1+ ln(/f/mz)]

— AK® — (3C - $B)Ym’ + O(N?) . (31.22)

Again using egs. (31.7) and (31.10) for B and C, we see that all the 1/es
cancel, and we're left with

1
(k%) = 3212 mi [1 + ln(u2/m2) —I—/O dz In(p?/D) + L (9kc — /{B)}

+0(\?) . (31.23)

We can now choose to work in an OS scheme, where we require H(—m,%) =0
and IT'(—m3) = 0. We see that, to this order in A, IT(k?) is independent of
k2. Thus, we automatically have IT’ (—m%) = 0, and we can choose 9x¢c — KB
to fix H(—m/%) = 0. Together with eq. (31.20), this completely determines xp
and k¢ to this order in A.

Next we consider the one-loop correction to the three-point vertex, given
by the diagrams of fig.31.5. We wish to show that the infinities are can-
celed by the value of Zy = 1 + C that we have already determined. The first
diagram in fig. 31.5 is finite, and so for our purposes we can ignore it. The
remaining three, plus the original vertex, sum up to give

iV (ki ko, k3)diy = —iZ0g3 + S(—iN)(—igs) (L)
x [z'F(k%) FiF(k2) + z‘F(kg)]
+O(\?) (31.24)
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where the subscript div means that we are keeping only the divergent part.
Using eq. (31.9), we have

32 1
V3(kla k27 k3)div = —g3 (1 +C — @ g + O(A2)) . (3125)

From eq. (31.10), we see that the divergent terms do indeed cancel to this
order in A.

Finally, we have the correction to the four-point vertex. In this case, the
divergent diagrams are just those of fig. 31.1, and so the calculation of the
divergent part of V4 is exactly the same as it is when m? > 0 (but with m,,
in place of m). Since we have already done that calculation (it was how we
determined C' in the first place), we need not repeat it.

We have thus seen how we can compute the divergent parts of the coun-
terterms in the simpler case of m? > 0, where the Zy symmetry is unbroken,
and that these counterterms will also serve to cancel the divergences in the
more complicated case of m? < 0, where the Zy symmetry is spontaneously
broken. This a general rule for renormalizable theories with spontaneous
symmetry breaking, regardless of the nature of the symmetry group.

Reference notes

Another example of renormalization of a spontaneously broken theory is
worked out in Peskin € Schroeder.
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Spontaneous breaking of continuous symmetries

Prerequisite: 22, 30

Consider the theory (introduced in section 22) of a complex scalar field ¢
with

L =—0"p"0,0 —m*olo — M (eTe)? . (32.1)
This lagrangian is obviously invariant under the U(1) transformation

o(x) (32.2)

p(z) — e
where « is a real number.

Now suppose that m? is negative. The minimum of the potential of
eq. (32.1) is achieved for

p(a) = Jsve ™, (32.3)
where
v = (4m?|/ N2, (32.4)

and the phase € is arbitrary; the factor of root-two in eq. (32.3) is conven-
tional. Thus we have a continuous family of minima of the potential, param-
eterized by 6. Under the U(1) transformation of eq.(32.2), # changes to
0 + «; thus the different minimum-energy field configurations are all related
to each other by the symmetry.
In the quantum theory, we therefore expect to find a continuous family
of ground states, labeled by 8, with the property that
1, b
Olp(x)|0) = e (32.5)
Also, according to the discussion in section 30, we expect (6'|#) =0 for

0 +0.

198



P1: PJR/PJR P2: RNK/XXX QC: RNK/XXX T1: RNK
CUUKT761-Srednicki August 25, 2006 14:42

Spontaneous breaking of continuous symmetries 199

Returning to classical language, there is a flat direction in field space that
we can move along without changing the energy. The physical consequence
of this is the existence of a massless particle called a Goldstone boson.

Let us see how this works in more detail. We first choose the phase 8 = 0,
and then write

o(z) = \%[v + a(z) +ib(z)] , (32.6)

where a and b are real scalar fields. Substituting eq. (32.6) into eq. (32.1),
we find

L= —%6*‘@6,@ — %8%8#()
— [m?a?® — IAY2|mla(a® + 0%) — L A(a® + )2 . (32.7)
We see from this that the a field has a mass given by $m?2 = |m?|. The b
field, on the other hand, is massless, and we identify it as the Goldstone
boson.

A different parameterization brings out the role of the massless field more
clearly. We write

p(w) = J5(v+ pla))e XD/ (32.8)
where p and y are real scalar fields. Substituting eq. (32.8) into eq. (32.1),

we get

_ _lou 1 P\ i
L=—50"p0up— 35 l—i-; 0"x0ux
— [m?|p* — A% Imlp® — A" . (32.9)

We see from this that the p field has a mass given by %mz = |m?|, and that
the x field is massless. These are the same particle masses we found using the
parameterization of eq. (32.6). This is not an accident: the particle masses
and scattering amplitudes are independent of field redefinitions.

Note that the x field does not appear in the potential at all. Thus it
parameterizes the flat direction. In terms of the p and x fields, the U(1)
transformation takes the simple form x(z) — x(z) + a.

Does the masslessness of the x field survive loop corrections? It does.
To see this, we note that if the y field remains massless, its exact prop-
agator AX(kQ) should have a pole at k? = 0; equivalently, the self-energy
IT, (k2), related to the propagator by A, (k?) = 1/[k? — 1, (k?)], should sat-
isfy II(0) = 0.

We can evaluate II,(0) by summing all 1PI diagrams with two external
X lines, each with four-momentum k& = 0. We note from eq. (32.9) that the
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derivatives acting on the x fields imply that the vertex factors for the pxx
and ppxx vertices are each proportional to ki-ks, where k1 and ko are the
momenta of the two x lines that meet at that vertex. Since the external lines
have zero momentum, the attached vertices vanish; hence, II, (0) = 0, and
the x particle remains massless.

The same conclusion can be reached by considering the quantum action
I'(p), which includes all loop corrections. According to our discussion in
section 29, the quantum action has the same symmetries as the classical
action. Therefore, in the case at hand,

[(p) =T(e ). (32.10)

Spontaneous symmetry breaking occurs if the minimum of I'(y) is at a con-
stant, nonzero value of ¢. Because of eq. (32.10), the phase of this constant
is arbitrary. Therefore, there must be a flat direction in field space, corre-
sponding to the phase of ¢(z). The physical consequence of this flat direction
is a massless particle, the Goldstone boson.

All of this has a straightforward extension to the nonabelian case. Con-
sider

L =—30"pidupi — 3m*pipi — 15M(wipi)? (32.11)

where a repeated index is summed. This lagrangian is invariant under the
infinitesimal SO(NN) transformation

(S(pi = —iga(Ta)ij(pj s (32.12)

where runs from 1 to $N(N—1), 6% is a set of 1N(N—1) real, infinitesi-
mal parameters, and each antisymmetric generator matrix 7% has a single
nonzero entry —i above the main diagonal, and a corresponding +i below
the main diagonal.

Now let us take m? < 0 in eq.(32.11). The minimum of the potential

2 = vv; = 4/m?|/), and the direction in

is achieved for ¢;(z) = v;, where v
which the N-component vector ¢’ points is arbitrary. In the quantum theory,
we interpret v; as the vacuum expectation value (VEV for short) of the
quantum field ¢;(x). We can choose our coordinate system so that v; = vé;n;
that is, the VEV lies entirely in the last component.

Now consider making an infinitesimal SO(N) transformation. This

changes the VEV; we have
V; — U — iga(Ta)ijUj

= voiny — 0 (T);nv . (32.13)
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For some choices of #%, the second term on the right-hand side of eq. (32.13)
vanishes. This happens if the corresponding T® has no nonzero entry in the
last column. There are N—1 T%s with a nonzero entry in the last column:
those with the —i in the first row and last column, in the second row and last
column, etc, down to the N—1th row and last column. These T%s are said to
be broken generators. A generator is broken if (7%);jv; # 0, and unbroken
if (T“)ijvj = 0.

An infinitesimal SO(N) transformation that involves a broken generator
changes the VEV of the field, but not the energy. Thus, each broken gener-
ator corresponds to a flat direction in field space. Each flat direction implies
the existence of a corresponding massless particle. This is Goldstone’s theo-
rem: there is one massless Goldstone boson for each broken generator.

The unbroken generators, on the other hand, do not change the VEV of
the field. Therefore, after rewriting the lagrangian in terms of shifted fields
(each with zero VEV), there should still be a manifest symmetry corre-
sponding to the set of unbroken generators. In the present case, the number
of unbroken generators is $N(N—1) — (N—1) = 3(N—1)(N—2). This is the
number of generators of SO(N—1). Therefore, we expect SO(N—1) to be an
obvious symmetry of the lagrangian after it is written in terms of shifted
fields.

Let us see how this works in the present case. We can rewrite eq. (32.11)
as

L =—30"0i0upi — V() , (32.14)
with
V(p) = 1Mpivpi —v?)?, (32.15)

where v = (4|m?|/\)'/2, and the repeated index i is implicitly summed from
1 to N. Now let on(z) = v+ p(z), and plug this into eq. (32.14). With the
repeated index ¢ now implicitly summed from 1 to N—1, we have

L= —30"0i0upi — 50"00up — V(p, ) (32.16)
where
V(p, ) = HA[(v+p)? + pips — v*]?
= 15 2vp + p* + pipi)?

= 120%0% + Fhop(p” + pivi) + 1A (0° + pigi)” . (32.17)
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There is indeed a manifest SO(N—1) symmetry in egs. (32.16) and (32.17).

Also,

the N—1 ¢; fields are massless: they are the expected N—1 Goldstone

bosons.

Reference notes

Further discussion of Goldstone’s theorem can be found in Georgi, Peskin &
Schroeder, and Weinberg I.

32.1)

32.2)

32.3)

Problems

Consider the Noether current j# for the U(1) symmetry of eq. (32.1), and the

corresponding charge Q.

a) Show that e~i@@ petiaQ = etiag,

b) Use eq. (32.5) to show that e~*?|0) = |0 + a).

c) Show that Q|0) # 0; that is, the charge does not annihilate the § =0
vacuum. Contrast this with the case of an unbroken symmetry.

In problem 24.3, we showed that [p;, Q%] = (T);;¢;, where Q“ is the Noether

charge in the SO(N) symmetric theory. Use this result to show that Q*|0) # 0

if and only if Q® is broken.

We define the decay constant f of the Goldstone boson via

(k[j#(2)|0) = fRMe ™o, (32.18)

where |k) is the state of a single Goldstone boson with four-momentum #,

normalized in the usual way, |0) is the # = 0 vacuum, and j#(z) is the Noether

current.

a) Compute f at tree level. (That is, express j* in terms of the p and x
fields, and then use free field theory to compute the matrix element.)
A nonvanishing value of f indicates that the corresponding current is
spontaneously broken.

b) Discuss how your result would be modified by higher-order corrections.
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33

Representations of the Lorentz group

Prerequisite: 2

In section 2, we saw that we could define a unitary operator U(A) that
implemented a Lorentz transformation on a scalar field ¢(x) via

UA) " o(@)UA) = p(A 2) . (33.1)

As shown in section 2, this implies that the derivative of the field transforms
as

U(N) 10" p(z)U(A) = A*,0°p(A 1) , (33.2)

where the bar on he derivative means that it is with respect to the argument
z=A "1z

Eq. (33.2) suggests that we could define a vector field A*(x) that would
transform as

U(N) LA (2)U(A) = A*,AP(A ) | (33.3)
or a tensor field B*(z) that would transform as
U(A)"'B* (2)U(A) = A*,A”5 B (A ') . (33.4)

Note that if B is either symmetric, B*(x) = B"*(z), or antisymmetric,
B#(x) = —BY#(x), then the symmetry is preserved by the Lorentz trans-
formation. Also, if we take the trace to get T'(x) = g, B*"(x), then, using
G\ N 5 = g,0, we find that T'(z) transforms like a scalar field,

UM T (x)U(A) = T(A ) . (33.5)
Thus, given a tensor field B (x) with no particular symmetry, we can write

B (z) = A" (z) + S (z) + 9" T (z) , (33.6)

205
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where A* is antisymmetric (A" = —A"*) and S* is symmetric (S* =
S¥) and traceless (g,,S"” = 0). The key point is that the fields A, S*,
and T do not mix with each other under Lorentz transformations.

Is it possible to further break apart these fields into still smaller sets that
do not mix under Lorentz transformations? How do we make this decomposi-
tion into irreducible representations of the Lorentz group for a field carrying
n vector indices? Are there any other kinds of indices we could consistently
assign to a field? If so, how do these behave under a Lorentz transformation?

The answers to these questions are to be found in the theory of group
representations. Let us see how this works for the Lorentz group (in four
spacetime dimensions).

Consider a field (not necessarily hermitian) that carries a generic Lorentz
index, p4(x). Under a Lorentz transformation, we have

UA) ™ pa(@)U(A) = La®(App(A™'2) (33.7)

where LsP(A) is a matrix that depends on A. These finite-dimensional
matrices must obey the group composition rule

LaB(N)LC(A) = Ls“(N'A) . (33.8)

We say that the matrices Lo®(A) form a representation of the Lorentz
group.
For an infinitesimal transformation A*, = 6*, + éw*,, we can write

U(14+6w) = T + 6w, MM (33.9)

where the operators M*” are the generators of the Lorentz group. As shown
in section 2, the generators obey the commutation relations

(M9, MP7] = i (g M = (jw) ) = (pso) | (33.10)

which specify the Lie algebra of the Lorentz group.

We can identify the components of the angular momentum operator J as
Ji = %aijijk and the components of the boost operator K as K; = M.
We then find from eq. (33.10) that

[, Jj] = +igijndy (33.11)
[Ji, Kj] = +iein Ky (33.12)
(K, K] = —igirJy - (33.13)

For an infinitesimal transformation, we also have

LaP(146w) = 647 + $6w,u (S") 47, (33.14)
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Eq. (33.7) then becomes

[oa(@), MM = LM a(x) + (") P p(2) , (33.15)

where L = %(a:“@” — z”0"). Both the differential operators £ and the
representation matrices (S*¥) 4 must separately obey the same commuta-
tion relations as the generators themselves; see problems 2.8 and 2.9.

Our problem now is to find all possible sets of finite-dimensional matri-
ces that obey eq. (33.10), or equivalently egs. (33.11)—(33.13). Although the
operators M* must be hermitian, the matrices (S**) 4% need not be.

If we restrict our attention to eq.(33.11) alone, we know (from stan-
dard results in the quantum mechanics of angular momentum) that we
can find three (2j+1) x (2j+1) hermitian matrices Ji, J2, and J3 that
obey eq. (33.11), and that the eigenvalues of (say) J3 are —j, —j+1,...,+7,
where j has the possible values 0, %,1,.... We further know that these
matrices constitute all of the inequivalent, irreducible representations of the
Lie algebra of SO(3), the rotation group in three dimensions. Inequivalent
means not related by a unitary transformation; irreducible means cannot be
made block-diagonal by a unitary transformation. (The standard derivation
assumes that the matrices are hermitian, but allowing nonhermitian matri-
ces does not enlarge the set of solutions.) Also, when j is a half integer,
a rotation by 27 results in an overall minus sign; these representations of
the Lie algebra of SO(3) are therefore actually not represenations of the
group SO(3), since a 27 rotation should be equivalent to no rotation. As we
saw in section 24, the Lie algebra of SO(3) is the same as the Lie algebra
of SU(2); the half-integer representations of this Lie algebra do qualify as
representations of the group SU(2).

We would like to extend these conclusions to encompass the full set of
egs. (33.11)—(33.13). In order to do so, it is helpful to define some nonher-
mitian operators whose physical significance is obscure, but which simplify
the commutation relations. These are

Ni =
NZT =

(Ji —iK;) (33.16)
(J; +iK;) . (33.17)

N—= N

In terms of N; and N, eqgs. (33.11)~(33.13) become
[Ni, Nj] = i€ijiN (33.18)
[N}, NT] = ieg N} (33.19)
[Ni,Nj]=0. (33.20)
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We see that we have two different SU(2) Lie algebras that are exchanged by
hermitian conjugation. As we just discussed, a representation of the SU(2)
Lie algebra is specified by an integer or half integer; we therefore conclude
that a representation of the Lie algebra of the Lorentz group in four space-
time dimensions is specified by two integers or half-integers n and n’.

We will label these representations as (2n+1,2n'+1); the number of com-
ponents of a representation is then (2n+1)(2n/+1). Different components
within a representation can also be labeled by their angular momentum rep-
resentations. To do this, we first note that, from egs. (33.16) and (33.17),
we have J; = N; + NZT. Thus, deducing the allowed values of j given n and
n' becomes a standard problem in the addition of angular momenta. The
general result is that the allowed values of j are [n—n/|, [n—n'|+1,...,n+n’,
and each of these values appears exactly once.

The four simplest and most often encountered representations are (1,1),
(2,1), (1,2), and (2,2). These are given special names:

(1,1) = scalar or singlet

(2,1) = left-handed spinor

(1,2) = right-handed spinor

(2,2) = vector. (33.21)

It may seem a little surprising that (2,2) is to be identified as the vector
representation. To see that this must be the case, we first note that the
vector representation is irreducible: all the components of a four-vector mix
with each other under a general Lorentz transformation. Secondly, the vector
representation has four components. The only candidate irreducible repre-
sentations are (4, 1), (1,4), and (2, 2). The first two of these contain angular
momenta j = % only, whereas (2,2) contains j = 0 and 1. This is just right
for a four-vector, whose time component is a scalar under spatial rotations,
and whose space components are a three-vector.

In order to gain a better understanding of what it means for (2,2) to be
the vector representation, we must first investigate the spinor representations
(1,2) and (2,1), which contain angular momenta j = % only

Reference notes

An extended treatment of representations of the Lorentz group in four
dimensions can be found in Weinberg I.

Problems

33.1) Express A*Y(x), S*(z), and T'(z) in terms of B*(x).
33.2) Verify that egs. (33.18)—(33.20) follow from egs. (33.11)—(33.13).
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34

Left- and right-handed spinor fields
Prerequisite: 3, 33

Consider a left-handed spinor field 1,(x), also known as a left-handed Weyl
field, which is in the (2,1) representation of the Lie algebra of the Lorentz
group. Here the index a is a left-handed spinor index that takes on two
possible values. Under a Lorentz transformation, we have

U(A) " a(x)U(A) = L"(A)yp(A ') (34.1)

where L,’(A) is a matrix in the (2, 1) representation. These matrices satisfy
the group composition rule

L (NYLyS(A) = LS(A'A) . (34.2)
For an infinitesimal transformation A*, = 6#, + dwH,, we can write
L (146w) = 8," + 36w, (SH)a" (34.3)
where (S')q? = —(S*),? is a set of 2 x 2 matrices that obey the same
commutation relations as the generators M*", namely
(517, 807 = i 827 = (ue)) = (pso) - (34.4)
Using
U(l4+6w) = I + Léw,, M"™ (34.5)

eq. (34.1) becomes
[Wa (@), MM] = L9 () + (SEY)a () , (34.6)

where LM = 1(z#0” — 2¥9"). The LM term in eq.(34.6) would also be
present for a scalar field, and is not the focus of our current interest; we
will suppress it by evaluating the fields at the spacetime origin, x* = 0.

209
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Recalling that M%7 = 9% J, where J;, is the angular momentum operator,
we have

e [1ha(0), Ji] = (S7)a"1(0) - (34.7)

Recall that the (2, 1) representation of the Lorentz group includes angular
momentum j = % only. For a spin-one-half operator, the standard convention
is that the matrix on the right-hand side of eq. (34.7) is 1£%*oy, where we
have suppressed the row index a and the column index b, and where o, is a

Pauli matrix:

01:((1) é) oy = <? _OZ> 03:((1) 01). (34.8)

We therefore conclude that

(S9),0 = Le'kgy, . (34.9)
Thus, for example, setting i=1 and j=2 yields (S1?),? = %51%% = %03, and
so (S12),1 = +1, (512)p2 = —1, and (S12),2 = (S12)a! = 0.

Once we have the (2, 1) representation matrices for the angular momen-
tum operator J;, we can easily get them for the boost operator Kj = M*0,
This is because J, = Ny, + N,I and Ky = i(Ny — N,I), and, acting on a field
in the (2,1) representation, N, ,I is zero. Therefore, the representation matri-
ces for K, are simply 4 times those for Ji, and so

(SF0)0 = Lioy, . (34.10)

Now consider taking the hermitian conjugate of the left-handed spinor
field 14(x). Recall that hermitian conjugation swaps the two SU(2) Lie
algebras that comprise the Lie algebra of the Lorentz group. Therefore,
the hermitian conjugate of a field in the (2,1) representation should be a
field in the (1,2) representation; such a field is called a right-handed spinor
field or a right-handed Weyl field. We will distinguish the indices of the (1,2)
representation from those of the (2,1) representation by putting dots over
them. Thus, we write

[Ya(@)]T =} (2) . (34.11)
Under a Lorentz transformation, we have

U(N) " )(2)U(A) = Rab(A)](A1a) (34.12)



P1: PJR/PJR P2: RNK/XXX QC: RNK/XXX T1: RNK
CUUKT761-Srednicki August 25, 2006 14:43

Left- and right-handed spinor fields 211

where Rdi’(A) is a matrix in the (1, 2) representation. These matrices satisfy
the group composition rule

RiP (M) R;*(A) = Raf(N'A) . (34.13)
For an infinitesimal transformation A*, = 6#, + dwH,, we can write

RaP(14+6w) = 82> + 16w, (S2)ab | (34.14)
where (Sﬁy)db = —(Sﬁ”)ai’ is a set of 2 x 2 matrices that obey the same
commutation relations as the generators M*”. We then have

[} (0), M) = (SE)aby ] (0) . (34.15)

Taking the hermitian conjugate of this equation, we get

(MM 45, (0)] = [(SE)a""443(0) - (34.16)

Comparing this with eq. (34.6), we see that
(58)5> = ~[(S)a"]* . (34.17)

In the previous section, we examined the Lorentz-transformation proper-
ties of a field carrying two vector indices. To help us get better acquainted
with the properties of spinor indices, let us now do the same for a field that
carries two (2, 1) indices. Call this field Cyp(x). Under a Lorentz transfor-
mation, we have

U(A) " Cap(2)U(A) = Lo“(A) Ly () Cea(A ') . (34.18)

The question we wish to address is whether or not the four components of
Cgap can be grouped into smaller sets that do not mix with each other under
Lorentz transformations.

To answer this question, recall from quantum mechanics that two spin-
one-half particles can be in a state of total spin zero, or total spin one.
Furthermore, the single spin-zero state is the unique antisymmetric com-
bination of the two spin-one-half states, and the three spin-one states are
the three symmetric combinations of the two spin-one-half states. We can
write this schematically as 2 ® 2 = 15 @ 3g, where we label the representa-
tion of SU(2) by the number of its components, and the subscripts S and
A indicate whether that representation appears in the symmetric or anti-
symmetric combination of the two 2s. For the Lorentz group, the relevant
relation is (2,1) ® (2,1) = (1,1)a @ (3,1)s. This implies that we should be
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able to write
Cop(z) = eapD(x) + Gop(z) | (34.19)

where D(x) is a scalar field, e, = —&p, is an antisymmetric set of constants,
and Ggp(r) = Gpe(x). The symbol g, is uniquely determined by its symme-
try properties up to an overall constant; we will choose €91 = —¢12 = +1.

Since D(z) is a Lorentz scalar, eq. (34.19) is consistent with eq. (34.18)
only if

Lo (M) Ly (A)eeq = €ap - (34.20)

This means that €4 is an invariant symbol of the Lorentz group: it does not
change under a Lorentz transformation that acts on all of its indices. In this
way, €qp is analogous to the metric g,,, which is also an invariant symbol,
since

A,u,pAz/ngcf = 9Guv - (3421)

We use g, and its inverse g"” to raise and lower vector indices, and we
can use g4, and and its inverse €% to raise and lower left-handed spinor
ab

indices. Here we define €%° via

612 =¢e91 =+1, 821 =e10=-1. (34.22)

With this definition, we have

Eabe? = 64° , e, = 6%, . (34.23)
We can then define
VO (x) = Py (x) (34.24)
We also have (suppressing the spacetime argument of the field)
Yo = cat’ = cae" Ve = 8aYe (34.25)

as we would expect. However, the antisymmetry of €% means that we must
be careful with minus signs; for example, eq. (34.24) can be written in various
ways, such as

P = %qpy = —ebUpy, = —ahpeb® = e . (34.26)
We must also be careful about signs when we contract indices, since
Y'Xa = Eabwaa = *5bawaa = *wbxb . (34-27)

In section 35, we will (mercifully) develop an index-free notation that auto-
matically keeps track of these essential (but annoying) minus signs.
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An exactly analogous discussion applies to the second SU(2) factor; from
the group-theoretic relation (1,2) ® (1,2) = (1,1)a ® (1, 3)s, we can deduce
the existence of an invariant symbol ¢ ; = —¢;.. We will normalize gab
according to eq. (34.22). Then egs. (34.23)-(34.27) hold if all the undotted
indices are replaced by dotted indices.

Now consider a field carrying one undotted and one dotted index, Ay ().
Such a field is in the (2,2) representation, and in section 33 we concluded
that the (2, 2) representation was the vector representation. We would more
naturally write a field in the vector representation as A*(x). There must,
then, be a dictionary that gives us the components of A, (z) in terms of the
components of A#(z); we can write this as

Agalx) = 0" A, (2) | (34.28)

i

aa
be deduced from the group-theoretic relation

where ¢'’. is another invariant symbol. That such a symbol must exist can

2,1)®(1,2)®(2,2)=101e.... (34.29)

As we will see in section 35, it turns out to be consistent with our already
established conventions for S** and S to choose

oy = (1,0) . (34.30)
3 _ 3 _ 3 _ 3 _
Thus, for example, oy = +1, 0% = 1, Oy =05 = 0.

In general, whenever the product of a set of representations includes the
singlet, there is a corresponding invariant symbol. For example, we can
deduce the existence of g,, = g, from

Another invariant symbol, the Levi-Civita symbol, follows from
(2,2) ®(2,2) ®(2,2) ®(2,2) = (LA ®..., (34.32)

where the subscript A denotes the completely antisymmetric part. The Levi-
Civita symbol is eé**??  which is antisymmetric on exchange of any pair of its
indices, and is normalized via £%123 = +1. To see that e#/?7 is invariant, we
note that A”QA”ﬁAPWA"gEO‘/BV“" is antisymmetric on exchange of any two of
its uncontracted indices, and therefore must be proportional to ¢#*?. The
constant of proportionality works out to be det A, which is +1 for a proper
Lorentz transformation.

We are finally ready to answer a question we posed at the beginning of

section 33. There we considered a field B*(z) carrying two vector indices,
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and we decomposed it as
BHY(x) = AV (x) + SHY(x) + %g“”T(x) , (34.33)

where A* is antisymmetric (A* = —A"¥) and S* is symmetric (S* =
S¥I) and traceless (g, S* = 0). We asked whether further decomposition
into still smaller irreducible representations was possible. The answer to this
question can be found in eq. (34.31). Obviously, T'(z) corresponds to (1,1),
and S*(x) to (3,3).! But, according to eq. (34.31), the antisymmetric field
AP (z) should correspond to (3,1) @ (1,3). A field in the (3,1) representa-
tion carries a symmetric pair of left-handed (undotted) spinor indices; its
hermitian conjugate is a field in the (1, 3) representation that carries a sym-
metric pair of right-handed (dotted) spinor indices. We should, then, be able
to find a mapping, analogous to eq. (34.28), that gives A" (x) in terms of a
field Gyp(z) and its hermitian conjugate GL-)(J:).

This mapping is provided by the generator matrices S¥” and SE”. We
first note that the Pauli matrices are traceless, and so egs.(34.9) and
(34.10) imply that (S£),* = 0. Using eq. (34.24), we can rewrite this as
e®(SE) 5 = 0. Since €% is antisymmetric, (SF),, must be symmetric on
exchange of its two spinor indices. An identical argument shows that (S&”),;
must be symmetric on exchange of its two spinor indices. Furthermore,
according to egs. (34.9) and (34.10), we have

(596" = —i(SP)a" . (34.34)
This can be written covariantly with the Levi-Civita symbol as
(S1)a" = =577 (S po)a” - (34.35)
Similarly,
(S8)3" = +3eMP% (Sy o )i’ - (34.36)

Eq. (34.36) follows from taking the complex conjugate of eq.(34.35) and
using eq. (34.17).

Now, given a field G4 () in the (3,1) representation, we can map it into
a self-dual antisymmetric tensor G*(x) via

GH () = (S")P Gy () . (34.37)

1 Note that a symmetric traceless tensor has three independent diagonal components, and six
independent off-diagonal components, for a total of nine, the number of components of the
(3, 3) representation.
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By self-dual, we mean that G*(x) obeys

GM"(z) = —LeMP7Gpo() . (34.38)
Taking the hermitian conjugate of eq. (34.37), and using eq. (34.17), we get

G () = — (812G (x) (34.39)
which is anti-self-dual,

G (z) = +5e"P° Gl () . (34.40)

Given a hermitian antisymmetric tensor field A*”(z), we can extract its
self-dual and anti-self-dual parts via

GH (z) = LAWY () — TP () (34.41)
G (z) = LAM (z) 4 £eMP7A o () - (34.42)

Then we have
AP (z) = GH () + GTH () . (34.43)

The field G*(x) is in the (3,1) representation, and the field G (z) is in
the (1, 3) representation; these do not mix under Lorentz transformations.

Problems

34.1) Verify that eq. (34.6) follows from eq. (34.1).
34.2) Verify that egs. (34.9) and (34.10) obey eq. (34.4).
34.3) Show that the Levi-Civita symbol obeys

P e g = — BP0 58P — 8P 587 6P o — 6P 8Y 06"

61567 060 + 808”467 5 + 678" 367, | (34.44)
P e o = —2(6 087 5 — 636" ) | (34.45)
P e ppy = —6 6P . (34.46)

34.4) Consider a field C%+¢%+¢(z), with N undotted indices and M dotted indices,
that is furthermore symmetric on exchange of any pair of undotted indices,
and also symmetric on exchange of any pair of dotted indices. Show that this
field corresponds to a single irreducible representation (2n+1,2n'+1) of the
Lorentz group, and identify n and n'.
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Manipulating spinor indices

Prerequisite: 34

In section 34 we introduced the invariant symbols egp, €, €4y and sai’,
where
2 =2 =gy = €31 = +1, el =gl =g, = €i5 = —1. (35.1)
We use the € symbols to raise and lower spinor indices, contracting the
second index on the e. (If we contract the first index instead, then there is
an extra minus sign).
Another invariant symbol is

ot = (I,5), (35.2)

where [ is the 2 x 2 identity matrix, and

0 1 0 —1 1 0
01—(1 0), 02—<Z, 0>, 03—<0 _1), (35.3)

are the Pauli matrices.

Now let us consider some combinations of invariant symbols with some
indices contracted, such as gﬂyaéfdo’;b. This object must also be invariant.
Then, since it carries two undotted and two dotted spinor indices, it must
be proportional to g4¢,;. Using egs. (35.1) and (35.2), we can laboriously
check this; it turns out to be correct.! The proportionality constant works
out to be minus two:

Ugdapbi) = _2€“b€db . (354)

L If it did not turn out to be correct, then eq. (35.2) would not be a viable choice of numerical
values for this symbol.

216
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bab 1
Similarly, e2¢% aaaabb must be proportional to ¢g"”, and the proportionality
constant is again minus two:
b ab _p
gbed Oailpy = —29" . (35.5)

Next, let us see what we can learn about the generator matrices (Sﬁ‘ V)ab

and (SE”);" from the fact that e, and o, are all invariant symbols.
Begin with

Eab

Eab = L(A) CL(A)(, Eed 5 (356)

which expresses the Lorentz invariance of £,. For an infinitesimal transfor-
mation A¥, = 6, + éwH,, we have

L (1+6w) = 8,° + 36w, (S)a" (35.7)
and eq. (35.6) becomes

€ab = €ab T+ %6wul/ |: (SM ) Ecb T (SM )b <C:ad] + 0(6‘“‘)2)

=¢Eqb + %&Uw/ |: _(Sﬁw)ab + (Sﬁw)ba} + O(&")Q) : (358)

Since eq. (35.8) holds for any choice of éw,,,, it must be that the factor in

square brackets vanishes. Thus we conclude that (S£”) ., = (SE”)pa, which we

had already deduced in section 34 by a different method. Similarly, starting

from the Lorentz invariance of ,;, we can show that (S£”),; = (S&”);,-
Next, start from

0P, = AP L(A)"R(A)sbo (35.9)

bb’

which expresses the Lorentz invariance of ¢%.. For an infinitesimal transfor-
mation, we have

AP = 6P 4 E8w,, (SH)P (35.10)
P (14+8w) = 6,° + L6w,n (SH)a" (35.11)
RaP(146w) = 85" + £6w,u (S")a? | (35.12)
where
(SEvyP, = L(ghesv, — g'Pot,) . (35.13)

Substituting egs. (35.10)—(35.13) into eq. (35.9) and isolating the coefficient
of 6wy, yields

(gHP6" - — g"P Mot 4+ i(SH),b ob. + Z(S’“’) ol =0. (35.14)
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Now multiply by o, to get

ooty — oloh +i(SM) ol 0 pei + i(SH )i oLy e = 0 (35.15)

cé cc” aq

Next use eq. (35.4) in each of the last two terms to get

UgéO'gd - ch'a(l;a + 27;(5#”)(106(1& + 27;(55”)(1&6@0 =0. (35.16)

If we multiply eq. (35.16) by €%¢, and remember that £%¢(S4")se = 0 and that
£%eqe = —2, we get a formula for (S),., namely

(SH) e = iedé(afj&ac’/& —ouoti) . (35.17)

Similarly, if we multiply eq. (35.16) by £%¢, we get

(SH)ee = ieac(a“-a” —ao¥.oh). (35.18)

aa” cc¢ aa” cc¢

These formulae can be made to look a little nicer if we define

ghia = gabeibolh (35.19)

Numerically, it turns out that
gHaa = (I,-3) . (35.20)
Using 6%, we can write egs. (35.17) and (35.18) as
(SH),b = +E(0"5” — 0¥5M)," (35.21)
(SE)4; = —L(GHa” — Vo) . (35.22)

In eq.(35.22), we have suppressed a contracted pair of undotted indices
arranged as ¢, and in eq. (35.21), we have suppressed a contracted pair of
dotted indices arranged as ¢ .

We will adopt this as a general convention: a missing pair of contracted,
undotted indices is understood to be written as ¢., and a missing pair of
contracted, dotted indices is understood to be written as ¢ ¢. Thus, if ¥ and
1 are two left-handed Weyl fields, we have

X =x"a and x'yl = Iyt (35.23)

We expect Weyl fields to describe spin-one-half particles, and (by the
spin-statistics theorem) these particles must be fermions. Therefore the
correspoding fields must anticommute, rather than commute. That is, we
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should have
Xa(2)¥6(y) = =t (y)Xa(2) - (35.24)
Thus we can rewrite eq. (35.23) as
XV = X"V = —thaX" =¥ "Xa =YX - (35.25)

The second equality follows from anticommutation of the fields, and the third
from switching , * to ¢, (which introduces an extra minus sign). Eq. (35.25)
tells us that x@ = ¥, which is a nice feature of this notation. Furthermore,
if we take the hermitian conjugate of xv, we get

()T = ()T = (W) (T = pix! = vixt . (35.26)

That (x) =TT is just what we would expect if we ignored the indices
completely. Of course, by analogy with eq.(35.25), we also have iyt =
Xt

In order to tell whether a spinor field is left- or right-handed when its
spinor index is suppressed, we will adopt the convention that a right-handed
field is always written as the hermitian conjugate of a left-handed field. Thus,
a right-handed field is always written with a dagger, and a left-handed field
is always written without a dagger.

Let us try computing the hermitian conjugate of something a little more
complicated:

Yoty = plarex. . (35.27)
This behaves like a vector field under Lorentz transformations,
UMD e XU (A) = A, [vT6"x] . (35.28)

(To avoid clutter, we suppressed the spacetime argument of the fields; as
usual, it is # on the left-hand side and A~z on the right.) The hermitian
conjugate of eq. (35.27) is

[Wiarn" = [l X
= X} (6")*¢ha
= x[ 7" 1)
= xfatyp . (35.29)

In the third line, we used the hermiticity of the matrices 6# = (I, —3).
We will get considerably more practice with this notation in the following
sections.
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Problems

35.1) Verify that eq. (35.20) follows from egs. (35.2) and (35.19).
35.2) Verify that eq. (35.21) is consistent with egs. (34.9) and (34.10).
35.3) Verify that eq. (35.22) is consistent with eq. (34.17).
35.4) Verify eq. (35.5).
Hint for all probelms: write everything in “matrix multiplication” order, and
note that, numerically, e = —¢,;, = ios. Then make use of the properties of
the Pauli matrices.
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Lagrangians for spinor fields
Prerequisite: 22, 35

Suppose we have a left-handed spinor field v,. We would like to find a
suitable lagrangian for it. This lagrangian must be Lorentz invariant, and
it must be hermitian. We would also like it to be quadratic in ¢ and
its hermitian conjugate wl, because this will lead to a linear equation of
motion, with plane-wave solutions. We want plane-wave solutions because
these describe free particles, the starting point for a theory of interacting
particles.

Let us begin with terms with no derivatives. The only possibility is ¥y =
V4 = iy, plus its hermitian conjugate. Because of anticommutation
of the fields (¢¥p1hy = —1q1p), this expression does not vanish (as it would if
the fields commuted), and so we can use it as a term in L.

Next we need a term with derivatives. The obvious choice is 9#0,1),
plus its hermitian conjugate. This, however, yields a hamiltonian that is
unbounded below, which is unacceptable. To get a bounded hamiltonian,
the kinetic term must involve both 1 and 9f. A candidate is iqﬂ&“@udj.
This not hermitian, but

(ivfa"0,0)T = (i 34%8,1.)"
= 0] (") Y
= —iB,] 1P,
= ! 5100, 1 — 10, (Y] TPy,
= i a0, — i0,(Tarp) . (36.1)

In the third line, we used the hermiticity of the matrices 6# = (I, —&). In the
fourth line, we used —(0A)B = AOB — 0(AB). In the last line, the second
term is a total divergence, and vanishes (with suitable boundary conditions

221
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on the fields at infinity) when we integrate it over d*r to get the action S.
Thus z'zﬂ&“@,ﬂb has the hermiticity properties necessary for a term in L.
Our complete lagrangian for ¢ is then

L =iple" ) — smypp — Im ylyt (36.2)

where m is a complex parameter with dimensions of mass. The phase of m
is actually irrelevant: if m = |m|e’®, we can set 1) = e~"¥/2 ¢ in eq. (36.2);
then we get a lagrangian for ¢ that is identical to eq. (36.2), but with m
replaced by |m|. So we can, without loss of generality, take m to be real and
positive in the first place, and that is what we will do, setting m* = m in

eq. (36.2).
The equation of motion for v is then
S .
0= 55T = —ig" 3,1 +myt . (36.3)
Restoring the spinor indices, this reads
0 = —io"*dy1pe + map™™ . (36.4)

Taking the hermitian conjugate (or, equivalently, computing —6S/6v), we
get

0 = +i(5*)* D] + map®
= ", T + my®
= —ic, 9, + my, . (36.5)

In the second line, we used the hermiticity of the matrices 6# = (I, —&). In
the third, we lowered the undotted index, and switched ¢ ¢ to ¢ ¢, which gives
an extra minus sign.

Egs. (36.5) and (36.4) can be combined to read

moy° —iagc- 15) Pe
. - ) =o0. (36.6)
—iGhCd,  met pie

We can write this more compactly by introducing the 4 x 4 gamma matrices

o O (36.7)
= ) . 36.
ghe 0

Using the sigma-matrix relations,
(cha” + a"at), = —2¢"" 6, ,

(6Fo” + " ot)%: = —29M 6% (36.8)
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which are most easily derived from the numerical formulae o, = (I, ) and
ghie = (I, —&), we see that the gamma matrices obey

(V") = 29", (36.9)

where {A, B} = AB + BA denotes the anticommutator, and there is an
understood 4 x 4 identity matrix on the right-hand side. We also introduce
a four-component Majorana field

U= (;ﬁ) : (36.10)

(—iv"0, +m)¥ =0. (36.11)

Then eq. (36.6) becomes

This is the Dirac equation. We first encountered it in section 1, where the
gamma matrices were given different names (8 = 1" and o = 4%4*). Also,
in section 1 we were trying (and failing) to interpret ¥ as a wave function,
rather than as a quantum field.

Now consider a theory of two left-handed spinor fields with an SO(2)
symmetry,

L = ipla"d,; — smapab; — dmaplyl | (36.12)

where the spinor indices are suppressed and ¢ = 1,2 is implicitly summed.
As in the analogous case of two scalar fields discussed in sections 22 and 23,
this lagrangian is invariant under the SO(2) transformation

<w1> ( CoSs «v sina) <¢1>
— . (36.13)
(5! —sina cosa P

We can write the lagrangian so that the SO(2) symmetry appears as a U(1)
symmetry instead; let

x = L1 + i) (36.14)
£ = 75 — k) . (36.15)

In terms of these fields, we have
L= ixfﬁ“aux + ifT(?“@Mf —mx&—m&yT. (36.16)

Eq. (36.16) is invariant under the U(1) version of eq. (36.13),

X — e ",
£ —etiog, (36.17)
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Next, let us derive the equations of motion that we get from eq. (36.16),
following the same procedure that ultimately led to eq. (36.6). The result is

mby° —iot. 0 Xe
. - ) =o0. (36.18)
—ighicd,  mes, ) \ gl

We can now define a four-component Dirac field

U= (;) : (36.19)

which obeys the Dirac equation, eq. (36.11). (We have annoyingly used the
same symbol ¥ to denote both a Majorana field and a Dirac field; these are
different objects, and so we must always announce which is meant when we
write W.)

We can also write the lagrangian, eq. (36.16), in terms of the Dirac field
U, eq. (36.19). First we take the hermitian conjugate of ¥ to get

= (xf, €. (36.20)

= 0 & 36.21
=, o ) (36.21)

Numerically, 3 = ~°. However, the spinor index structure of 3 and +° is

Introduce the matrix

different, and so we will distinguish them. Given (3, we define

T=uip= (1)) (36.22)
Then we have
T = %, + xhefd . (36.23)
Also,
TAH9, U = %% 9,67 + x| 519° 9, x . (36.24)

Using A0B = —(0A)B + 9(AB), the first term on the right-hand side of
eq. (36.24) can be rewritten as

4ol 0,610 = (0,690, 1 + 0, (&0, 7). (36.25)
Then the first term on the right-hand side of eq. (36.25) can be rewritten as

—(9,E%) 0t €1 = eteol, 9,60 = +€] 50,8, . (36.26)
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Here we used anticommutation of the fields to get the first equality, and
switched ¢ to ¢ and , @ to @, (thus generating two minus signs) to get the
second. Combining egs. (36.24)—(36.26), we get

V19, ¥ = x16"0,x + 161,64+ 0, (o€ . (36.27)
Therefore, up to an irrelevant total divergence, we have
L =iUy"9,¥ — mUU . (36.28)
This form of the lagrangian is invariant under the U(1) transformation
U — e
U — ety (36.29)

which, given eq.(36.19), is the same as eq.(36.17). The Noether current
associated with this symmetry is

GH =Ty = yTaty — lare . (36.30)

In quantum electrodynamics, the electromagnetic current is eWy*W¥, where
e is the charge of the electron.

As in the case of a complex scalar field with a U(1) symmetry, there
is an additional discrete symmetry, called charge conjugation, that enlarges
SO(2) to O(2). Charge conjugation simply exchanges x and . We can define
a unitary charge conjugation operator C' that implements this,

CilXa(x)C = fa(‘r) )

C1¢,(2)C = xa(z) | (36.31)
where, for the sake of precision, we have restored the spinor index and space-
time argument. We then have C~1L(2)C = L(z).

To express eq.(36.31) in terms of the Dirac field, eq.(36.19), we first
introduce the charge conjugation matrix

€ac O
C = . (36.32)
O 6&6

Next we notice that, if we take the transpose of ¥, eq. (36.22), we get

T" = <f;> . (36.33)
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Then, if we multiply by C, we get a field that we will call ¥°, the charge
conjugate of W,

Ve =C0" = < gfd) . (36.34)
X

We see that W€ is the same as the original field U, eq. (36.19), except that
the roles of x and £ have been switched. We therefore have

C™ 1 (2)C = ¥°(z) (36.35)

for a Dirac field.
The charge conjugation matrix has a number of useful properties. As a
numerical matrix, it obeys

cr=Ccl=ct=-c, (36.36)

and we can also write it as

_6110 0
C= . (36.37)
0 —eae

A result that we will need later is

g 0 o*,‘jé e O
CyMC = : 3
( 0 5a6> <5”bc 0 0 &
0 SabO'll:éé-féé
6a,~)6“bcece 0

0 —oghae
= . (36.38)
—at, 0

The minus signs in the last line come from raising or lowering an index by
contracting with the first (rather than the second) index of an ¢ symbol.

Comparing with
0o o
A = ( e“) , (36.39)

we see that
CIrC = —(vM)" . (36.40)

Now let us return to the Majorana field, eq. (36.10). It is obvious that a
Majorana field is its own charge conjugate, that is, ¥© = W. This condition
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is analogous to the condition ¢ = ¢ that is satisfied by a real scalar field. A
Dirac field, with its U(1) symmetry, is analogous to a complex scalar field,
while a Majorana field, which has no U(1) symmetry, is analogous to a real

scalar field.

We can write our original lagrangian for a single left-handed spinor field,
eq. (36.2), in terms of a Majorana field, eq. (36.10), by retracing egs. (36.20)—
(36.28) with x — ¢ and { — . The result is

L

i@v“ﬁu\lf — %m@‘lf .

i (36.41)

However, we cannot yet derive the equation of motion from eq.(36.41)

because it does not yet incorporate the Majorana condition ¥¢ = W¥. To
remedy this, we use eq. (36.36) to write the Majorana condition ¥ = C¥"”
as W = UTC. Then we can replace ¥ in eq. (36.41) by UTC to get

L

i

-2

UTCHH 9, — ImUTCV . (36.42)

The equation of motion that follows from this lagrangian is once again the

Dirac equation.

We can also recover the Weyl components of a Dirac or Majorana field

by means of a suitable projection matrix. Define

-

—8,°
0

0

. 36.43
s (36.43)

)

where the subscript 5 is simply part of the traditional name of this matrix,

rather than the value of some index. Then we can define left and right

projection matrices

P,

Py

Thus we have, for a Dirac field,

8a¢ 0
(1 —15) = < 0 O>’
s(1+75) = " (.) : (36.44)
? 0 &%
()
PO = ,
0
0
P = <gé> . (36.45)
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The matrix 5 can also be expressed as
15 = iy
= —51Emwpe V"V Y7 (36.46)

where €0123 = —1.

Finally, let us consider the behavior of a Dirac or Majorana field under
a Lorentz transformation. Recall that left- and right-handed spinor fields
transform according to

U(A)_li/}a(l‘)U(A) = L(A)ac ¢C(A_1$) > (36'47)
UN) 9l (@)U(A) = R(A)C ol (A a) (36.48)

where, for an infinitesimal transformation A*, = 6", + dw*,,

L(1+6w)o = 80 + £6wu (S"),° (36.49)
R(146w)a = 855 + 36w (S#)a¢ (36.50)
and where
(SF)o¢ = +L(at5” — 0¥5")," (36.51)
(SE). = —L(gto” — 5¥at)% . (36.52)

From these formulae, and the definition of 4*, eq. (36.7), we can see that
P G 0 e
i = ( . —(S{{”)%) = Sm (36.53)
Then, for either a Dirac or Majorana field ¥, we can write
U(A) 10 (2)U(A) = D(A)Y (A ), (36.54)
where, for an infinitesimal transformation, the 4 x 4 matrix D(A) is
D(146w) = 1+ 6w, S* (36.55)

with S# given by eq. (36.53). The minus sign in front of S£” in eq. (36.53)
is compensated by the switch from a ¢ contraction in eq. (36.50) to a ¢¢
contraction in eq. (36.54).
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Problems

36.1) Using the results of problem 2.9, show that, for a rotation by an angle 6 about
the z axis, we have

D(A) = exp(—ifS*?) , (36.56)
and that, for a boost by rapidity 7 in the z direction, we have
D(A) = exp(+inS3Y) . (36.57)

36.2) Verify that eq. (36.46) is consistent with eq. (36.43).
36.3) a) Prove the Fierz identities

(7" x2) (b xa) = =20 xd) (xaxa) (36.58)
(x5 x2) (xauxa) = (x5 xa) (xdaxe) - (36.59)

b) Define the Dirac fields

Xi o &
U, = (5.*)’ v = ()J). (36.60)

Use egs. (36.58) and (36.59) to prove the Dirac form of the Fierz identities,
(617HPL\I/2)(§37NPL\I/4) = —2($1PR\I’§)(TZPL\I/2) 5 (3661)
(ﬁl’YMPL\IJQ)(Eg’}/‘uPL\IM) = (@1’7HPL\I/4)($3’)/#PL\I/2) . (3662)

¢) By writing both sides out in terms of Weyl fields, show that

Uy PaWly = — U5y PTG | (36.63)
T, P,y = +TSP 0§ (36.64)
T, Py0y = +05 P05 . (36.65)

Combining egs. (36.63)—(36.65) with egs. (36.61) and (36.62) yields more
useful forms of the Fierz identities.
36.4) Counsider a field p4(x) in an unspecified representation of the Lorentz group,
indexed by A, that obeys

UM pa(@)U(N) = La®(M)pp(A ') . (36.66)
For an infinitesimal transformation,

LaP(146w) = 647 + $6w, (") 47 . (36.67)

a) Following the procedure of section 22, show that the energy-momentum
tensor is

oL
T — gt - P2 gup, . 36.68
g 9, 0m O ( )
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b) Show that the Noether current corresponding to a Lorentz transformation
is

MHVP = gVTHP — pPTHY | BHVP (36.69)
where
oL
BMP = _4 "~ (GQVP B . 36.70
8(0%%4)( )A” ¢B ( )

c) Use the conservation laws 9, T*” = 0 and J,M**? = 0 to show that
TP — TP 4+ 0,B"P =0. (36.71)
e) Define the improved energy-momentum tensor or Belinfante tensor
e =TH + %ap(Bp/“’ — BHPY — BYPHY | (36.72)

Show that ©#" is symmetric: ©*” = ©¥#. Also show that ©* is conserved,
9,0 =0, and that [ d®x 0" = [ d% T% = P, where PV is the energy-
momentum four-vector. (In general relativity, it is the Belinfante tensor
that couples to gravity.)

f) Show that the improved tensor

THVP — LV QHP _ pPQHY (36.73)

obeys 9,27 = 0, and that [ d’z E%” = [ d* M = M"?, where M"?
are the Lorentz generators.
g) Compute O for a left-handed Weyl field with £ given by eq. (36.2), and
for a Dirac field with £ given by eq. (36.28).
36.5) Symmetries of fermion fields. (Prerequisite: 24.) Consider a theory with N
massless Weyl fields 15,

L =iplo"d,n; (36.74)

where the repeated index j is summed. This lagrangian is clearly invariant
under the U(N) transformation,

v; — Uiy, (36.75)

where U is a unitary matrix. State the invariance group for the following
cases:
a) N Weyl fields with a common mass m,

L= iplot 0 — gm(yy + o)) . (36.76)
b) N massless Majorana fields,

L=5UiCy"0,9; . (36.77)
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¢) N Majorana fields with a common mass m,

L=LViCy0,¥; — smUiCY; .

— 2
d) N massless Dirac fields,
L= iaj'y“au\llj .
e) N Dirac fields with a common mass m,

E = iﬁj’yuau\lfj - m@j\I/j .

231

(36.78)

(36.79)

(36.80)



P1: PJR/PJR P2: RNK/XXX QC: RNK/XXX T1: RNK
CUUKT761-Srednicki August 25, 2006 14:44

37

Canonical quantization of spinor fields I

Prerequisite: 36

Consider a left-handed Weyl field v with lagrangian

L =iplardup — Im(py + Piypt) . (37.1)
The canonically conjugate momentum to the field v, () is then'
riw) = — 25
9(0otha())
= ] ()5 . (37.2)
The hamiltonian is
H = 7m"0gtpq — L

— iwlﬁodawa Y

= —i)15" 0 + gm(Py + ¢Tyl) . (37.3)
The appropriate canonical anticommutation relations are
{tha(x,1), ¥e(y. 1)} = 0, (37.4)
{alx,8), 7°(y, 1)} = i6,°83(x — y) (37.5)
Substituting in eq. (37.2) for 7¢, we get
{Ya(x,1). 0l (y. D} = 6, 6% (x —y) . (37.6)

1 Here we gloss over a subtlety about differentiating with respect to an anticommuting object; we
will take up this topic in section 44, and for now simply assume that eq. (37.2) is correct.

232
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Then, using ° = ¢ = I, we have

{Ya(x,),0(y. )} = 0%, 8 (x — ) , (37.7)

or, equivalently,

{(x,t), 01y, )} =" (x - y) . (37.8)

We can also translate this into four-component notation for either a Dirac
or a Majorana field. A Dirac field is defined in terms of two left-handed Weyl

fields x and £ via
Xc
U= ( ) . (37.9)
gt

T=wp=(x)), (37.10)

= 0 &% 37.11
ﬂ:<%c 0>. (37.11)

L =ix'a"9,x +icta"d,6 — m(xe + € xh

We also define

where

The lagrangian is

= iUy 9, U — mU ¥ . (37.12)

The fields x and £ each obey the canonical anticommutation relations of
eq. (37.5). This translates into

{\IJQ(X, t)a \Ilﬂ(y7 t)} =0 ) (3713)
{Wa(x,1), Uy, 1)} = (V)ap 8’ (x —y) , (37.14)
where a and (8 are four-component spinor indices, and
0 oy
Y= . . (37.15)
ghtee 0

Egs. (37.13) and (37.14) can also be derived directly from the four-
component form of the lagrangian, eq. (37.12), by noting that the canon-
ically conjugate momentum to the field ¥ is 9L/9(0p¥) = i¥+°, and that

() =1.
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A Majorana field is defined in terms of a single left-handed Weyl field v

via
[ e
U= (W) . (37.16)

U =wig= (g2 ¢l). (37.17)

A Majorana field obeys the Majorana condition

We also define

U =9"C, (37.18)

_gCLC 0
C= (37.19)
0 —eac

is the charge conjugation matrix. The lagrangian is
£ =ipla"dup — gm(vy + Py

= %@7“8,}11 — %m@lﬂ

where

= LUTCy"0, ¥ — tmUTC . (37.20)

The field 9 obeys the canonical anticommutation relations of eq. (37.5). This
translates into

{Ta(x,1), Us(y, 1)} = (C1")ap 8 (x ~ ), (37.21)

{Ta(x,1), sy, 1)} = (1°)ap 8’ (x — ), (37.22)

where « and (3 are four-component spinor indices. To derive egs. (37.21) and
(37.22) directly from the four-component form of the lagrangian, eq. (37.20),
requires new formalism for the quantization of constrained systems. This is
because the canonically conjugate momentum to the field ¥ is 0L/0(0p V) =
%WTCVO, and this is linearly related to W itself; this relation constitutes a
constraint that must be solved before imposition of the anticommutation
relations. In this case, solving the constraint simply returns us to the Weyl
formalism with which we began.

The equation of motion that follows from either eq. (37.12) or eq. (37.20)
is the Dirac equation,

(=i +m)¥ =0 . (37.23)
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Here we have introduced the Feynman slash: given any four-vector a”, we

define
h=a,y". (37.24)

To solve the Dirac equation, we first note that if we act on it with i@ + m,
we get

0= (i@ +m)(—i@ + m)¥
= (P9 +m*)¥
= (- +m*). (37.25)

Here we have used

figh = apa, "y
= auau@{v‘ﬂv”} + %[W“m”])
= apay<—g“” + 3%, 7”])
= —aua,9"" +0
= —a®. (37.26)

From eq. (37.25), we see that U obeys the Klein-Gordon equation. There-
fore, the Dirac equation has plane-wave solutions. Let us consider a specific
solution of the form

U(x) = u(p)e®” 4 v(p)e P* . (37.27)
where p° = w = (p? + m?)"/2, and u(p) and v(p) are four-component con-
stant spinors. Plugging eq. (37.27) into the eq. (37.23), we get

(# + m)u(p)e™ + (—p +m)v(p)e P* = 0. (37.28)
Thus we require

(#+m)u(p) =0,
(—¢+m)v(p) =0

Each of these equations has two linearly independent solutions that we will

(37.29)

call uy(p) and vy (p); their detailed properties will be worked out in the
next section. The general solution of the Dirac equation can then be written
as

U(z) =) / dp [bs(p)us(p)eipx +dl(p)vs(p)e~ 7|, (37.30)
s=%
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where the integration measure is as usual

T dp
P=ms2w
Problems

(37.31)

37.1) Verify that egs. (37.13) and (37.14) follow from egs. (37.4) and (37.5).



P1: PJR/PJR P2: RNK/XXX QC: RNK/XXX T1: RNK
CUUKT761-Srednicki August 25, 2006 14:44

38

Spinor technology
Prerequisite: 37

The four-component spinors us(p) and vs(p) obey the equations

(¥ +m)us(p) =0,
0.

(=¢ + m)vs(p) (38.1)

Each of these equations has two solutions, which we label via s =+ and
s = —. For m # 0, we can go to the rest frame, p = 0. We will then distin-
guish the two solutions by the eigenvalue of the spin matrix

. . %0’3 0
Sz = %[71772] = %7172 = L . (382)
0 50'3
Specifically, we will require

S.ug(0) = £1uy(0)
Szvi(O) = :F%Uj:(()) . (383)

The reason for the opposite sign for the v spinor is that this choice results
in

bL(0),
d.(0), (38.4)
where J, is the z component of the angular momentum operator. Eq. (38.4)

implies that b:_(()) and dl (0) each creates a particle with spin up along the
z axis. We will verify eq. (38.4) in problem 39.2.
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For p = 0, we have p = —mAY, where

0 I
7 = :

(38.5)

Egs. (38.1) and (38.3) are then easy to solve. Choosing (for later convenience)
a specific normalization and phase for each of u(0) and v (0), we get

1 0
0 1
@ =vm |1, w@=vam|, |
0 1
0 -1
1 0
v =vm| o | e@=vn| (38.6)
-1 0
For later use we also compute the barred spinors
us(p) = ul(p)5
vs(p) = vl(P)B (38.7)
where
o= (" (35.5)
= 38.8
I 0
satisfies
Br=pl=p"=p (38.9)
We get
ﬂ+(0) = m (17 07 17 0) )
u_(0) =+/m (0,1,0,1),
@-F(O) = \/ﬁ (07 17 07 1) )
v_(0) =+vm (1,0, -1, 0) . (38.10)

We can now find the spinors corresponding to an arbitrary three-momentum
p by applying to us(0) and vs(0) the matrix D(A) that corresponds to an

appropriate boost. This is given by

D(A) = exp(inp-K) ,

(38.11)
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where p is a unit vector in the p direction, K7 = £[y7,79] = L4940 is the
boost matrix, and = sinh~!(|p|/m) is the rapidity (see problem 2.9). Thus
we have

us(p) = exp(in p-K)us(0) ,
vs(p) = exp(inp-K)vs(0) . (38.12)

We also have

Us(p) = Us(0) exp(—inp-K) ,

Us(p) = Us(0) exp(—in p-K) . (38.13)
This follows from KJ = KJ, where for any general combination of gamma
matrices,
A=pATE. (38.14)
In particular, it turns out that
=,
57 — g |
E = 2’75 5
Y5 =75
15 S* = iy SHY . (38.15)

The barred spinors satisfy the equations

us(p)(p+m) =0,
Ts(p)(—p+m)=0. (38.16)

It is not very hard to work out us(p) and vs(p) from eq. (38.12), but it is
even easier to use various tricks that will sidestep any need for the explicit
formulae. Consider, for example, Ty (p)us(p); from egs. (38.12) and (38.13),
we see that Uy (p)us(p) = us (0)us(0), and this is easy to compute from
egs. (38.6) and (38.10). We find

Uy (p)us(P) = +2m oy

Vs (P)vs(P) = —2m g5 ,

uy (p)us(p) =0,

Uy (P)us(p) = 0. (38.17)
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Also useful are the Gordon identities,
2m s (p')7"us(p) = s (p') [(p’ +p) = 208" (p' — p)u} us(p)

—2m g (p' )y vs(p) = Uy (P') [(p’ + p)H — 2iS* (p' — p)y] vs(p) . (38.18)

To derive them, start with
V=5 {v", B+ s Pl = —pt - 25" p, (38.19)
Pt =3 — s = =+ 208y, (38.20)

Add egs. (38.19) and (38.20), sandwich them between %’ and w spinors (or
v’ and v spinors), and use egs. (38.1) and (38.16). An important special case
is p’ = p; then, using eq. (38.17), we find

ﬂs/(p)’y“us(p) - 2pués’s )
Vs (P)V0s(P) = 2p"6ss - (38.21)

With a little more effort, we can also show

iy (p)y’vs(—p) = 0,
Uy (P)7 us(—p) = 0.
We will need egs. (38.21) and (38.22) in the next section.
Consider now the spin sums ) ., us(p)us(p) and )., vs(p)7s(p), each
of which is a 4 x 4 matrix. The sum over eigenstates of S, should remove any
memory of the spin-quantization axis, and so the result should be express-
ible in terms of the four-vector p* and various gamma matrices, with all
vector indices contracted. In the rest frame, p = —mAY, and it is easy to
check that >, us(0)us(0) = mA® +m and Y., v5(0)05(0) = my® — m.
We therefore conclude that

Z us(p)us(p) = _ﬁ +m,
s==+

> vs(p)Tu(p) = —p—m. (38.23)

s==+

(38.22)

We will make extensive use of eq. (38.23) when we calculate scattering cross
sections for spin-one-half particles.

From eq. (38.23), we can get u4(p)u+(p), etc, by applying appropriate
spin projection matrices. In the rest frame, we have

(14 2s5,)us(0) = bss us (0) ,

1
2
2(1 = 255.)vy(0) = 855 vy (0) . (38.24)
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In order to boost these projection matrices to a more general frame, we first
recall that

-1 0
75 = iy 243 = . (38.25)
0 I
This allows us to write S, = %7172 as S, = *%757370. In the rest frame, we
can write 7 as —p/m, and v* as #, where z* = (0,2); thus we have
S. = s (38.26)

Now we can boost S, to any other frame simply by replacing 7 and p with
their values in that frame. (Note that, in any frame, z* satisfies 22 = 1 and
z-p = 0.) Boosting eq. (38.24) then yields

%(1 - 5757é)u5’(p) = 685’ us’(p) s
%(1 - S’Y5f)1)5/(p) = 688’ vs/(p) ) (3827)

where we have used eq.(38.1) to eliminate p. Combining eqs. (38.23) and
(38.27) we get

us(p)Us(p) = 3(1 — sy54) (—p +m)
vs(P)Vs(P) = 5(1 — s754)(—p — m) . (38.28)

It is interesting to consider the extreme relativistic limit of this formula.
Let us take the three-momentum to be in the z direction, so that it is parallel
to the spin-quantization axis. The component of the spin in the direction
of the three-momentum is called the helicity. A fermion with helicity +1/2
is said to be right-handed, and a fermion with helicity —1/2 is said to be
left-handed. For rapidity n, we have

%pu = (coshn,0,0,sinhn) ,
2 = (sinh 7, 0,0, cosh) . (38.29)

The first equation is simply the definition of 7, and the second follows from
22 =1 and p-z = 0 (along with the knowledge that a boost of a four-vector
in the z direction does not change its x and y components). In the limit of
large 7, we see that

#=Lpt+0(e™). (38.30)

Hence, in eq. (38.28), we can replace Z with p/m, and then use the matrix
relation (/m)(—p £ m) = F(—p £ m), which holds for p?> = —m?. For con-
sistency, we should then also drop the m relative to p, since it is down by a
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factor of O(e™"). We get

us(p)us(p) — 3(1+ s75)(—p) ,
vs(p)Ts(p) — 5(1 — s75)(—p) - (38.31)

The spinor corresponding to a right-handed fermion (helicity +1/2) is u4(p)
for a b-type particle and v_(p) for a d-type particle. According to eq. (38.31),
either of these is projected by %(1 + 75) = diag(0,0, 1, 1) onto the lower two
components only. In terms of the Dirac field ¥(x), this is the part that
corresponds to the right-handed Weyl field. Similarly, left-handed fermions
are projected (in the extreme relativistic limit) onto the upper two spinor
components only, corresponding to the left-handed Weyl field.

The case of a massless particle follows from the extreme relativistic limit
of a massive particle. In particular, egs. (38.1), (38.16), (38.17), and (38.21)—
(38.23) are all valid with m = 0, and eq. (38.31) becomes exact.

Finally, for our discussion of parity, time reversal, and charge conjuga-
tion in section 40, we will need a number of relationships among the u
and v spinors. First, note that Sus(0) = +us(0) and [Svs(0) = —vs(0). Also,
BKJ = —K73. We then have

us(—p) = +Pus(p) ,
vs(—p) = —Pvs(p) - (38.32)
Next, we need the charge conjugation matrix

o -1 0 O

+1 0 0 0
C=10% o o0 41]° (38.33)
0 0 -1 0
which obeys
C*=Cl=Cc'=-C, (38.34)
BC = —Cp, (38.35)
ClyiC = —(yM)". (38.36)

Using egs. (38.6), (38.10), and (38.33), we can show that Ctus(0)" = vs(0) and
Cv5(0)" = u,(0). Also, eq. (38.36) implies C"!KIC = —(K7)". From this we
can conclude that

Cus(p)" = vs(p)
Cos(p)" = us(p) - (38.37)
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Taking the complex conjugate of eq. (38.37), and using @™ = al = fu, we
get
us(p) = Chus(p)
v; (p) = CPBus(p) - (38.38)
Next, note that ys5us(0) = +sv_s(0) and vy5v5(0) = —su_5(0), and that
75K’ = KJ~s5. Therefore
W5us(P) = +sv-s(P) ,
Y5vs(P) = —su—s(p) - (38.39)
Combining egs. (38.32), (38.38), and (38.39) results in

u”(—p) = —sCy5us(p) ,
V2 (—=p) = —sCy50s(p) - (38.40)

We will need eq. (38.32) in our discussion of parity, eq. (38.37) in our discus-
sion of charge conjugation, and eq. (38.40) in our discussion of time reversal.

Problems

38.1) Use eq.(38.12) to compute us(p) and vys(p) explicity. Hint: show that the
matrix 2ip-K has eigenvalues +1, and that, for any matrix A with eigenvalues
+1, e = (cosh¢) + (sinh ¢) A, where c is an arbitrary complex number.

38.2) Verify eq. (38.15).

38.3) Verify eq. (38.22).

38.4) Derive the Gordon identities

Ty (p') {(p’ +p)H — 218" (p — p)u}vsus(p) =0,

vy (p') [(p’ +p)t =28 (p' p)u] Y50s(p) = 0. (38.41)



P1: PJR/PJR

P2: RNK/XXX QC: RNK/XXX T1: RNK

CUUKT761-Srednicki August 25, 2006 14:44

39

Canonical quantization of spinor fields II

Prerequisite: 38

A Dirac field ¥ with lagrangian
L=iVd¥ — mU¥ (39.1)
obeys the canonical anticommutation relations
{Ua(x,t), Ys(y,t)} =0, (39.2)
{Ta(x,1), Us(y, 1)} = (1")ap 6’ (x —y) , (39.3)
and has the Dirac equation
(—i@+m)¥ =0 (39.4)

as its equation of motion. The general solution is
¥(@)= 3 [db [bup)un(p)e™ + dlp)eple ] (305)
s=%

where bs(p) and dg(p) are operators; the properties of the four-component
spinors us(p) and vs(p) were belabored in the previous section.
Let us express by(p) and di(p) in terms of ¥(z) and ¥(z). We begin with

/d3x e_ipm\ll(x) = Z [%bs/(p)us/(p) + %e%"tdi,(fp)vsz(fp) . (39.6)
s'==%

Next, multiply on the left by u,(p)y", and use s (p)7 us (p) = 2wéss and
Us(p)Y vs (—p) = 0 from section 38. The result is

b(p) = [ do e p) (e) (39.7)
Note that bs(p) is time independent.

244
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To get bl(p), take the hermitian conjugate of eq. (39.7), using

[mn @) = w0
= U(2)7us(p)
= ()7 us(p) , (39.8)
where, for any general combination of gamma matrices A,
A=pATS. (39.9)
Thus we find
bi(p) = / &’z €W (2)7 us(p) - (39.10)

To extract dl(p) from W¥(x), we start with

/ dn 70 (x) = 37 [ ey (—p)ug (~p) + 5l (p)vs(p)] .
s'=+
(39.11)
Next, multiply on the left by ws(p)y", and use vs(p)y vy (p) = 2wéss and

Us(p)7y us (—p) = 0 from section 38. The result is

di(p) = /d3$ e 5,(p)y0 U (x) . (39.12)

To get ds(p), take the hermitian conjugate of eq. (39.12), which yields

ds(p) = /d?’x e~ P ()7 ,(p) - (39.13)

Next, let us work out the anticommutation relations of the b and d oper-
ators (and their hermitian conjugates). From eq. (39.2), it is immediately
clear that

{bs(p)7 bs’ (p/)} =0 ,
{ds(p)u ds’(p/)} =0 s
{bs(p),dL ()} =0, (39.14)

because these involve only the anticommutator of ¥ with itself, and this
vanishes. Of course, hermitian conjugation also yields

{bl(p), 0L (0)} =0,
{di(p),d},(p)} =0,
{bl(p), ds(p))} = 0. (39.15)
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Now consider

{bs(p) / ¢TI ()70 (B (), T ()}t ()
/ 7 (0)1%7°1 s (p)
27)%8° (p — P') s (p)y us (P)

= (27)%83(p — p/) 2whss (39.16)

In the first line, we are free to set x° = 4° because bs(p) and bi,(p’ ) are
actually time independent. In the third, we used (7°)? = 1, and in the fourth,
Us(p)Y us (p) = 2whss

Similarly,
(B dup)} = [ d iy ¥, (p)o (), Tlw) v ()
:/ P03, (p)7°4 %7 s ()
= (2m)%6°(p — P') Ts(p)7vs (P)
= (2m)%6%(p — P) 2w6ss - (39.17)
And finally,

{bs<p)7ds/(p/)} = /dgxdgyeipwZ'p/yﬂs(p)'yo{\lj(x)’W(y)}’yovs/(p/)
/ d*r e PP ()7 0904 vy (p')

= (27)°6*(p + p') Us(P)7 v (—P)
=0. (39.18)

According to the discussion in section 3, egs. (39.14)—(39.18) are exactly
what we need to describe the creation and annihilation of fermions. In this
case, we have two different kinds: b-type and d-type, each with two possible
spin states, s = 4 and s = —.

Next, let us evaluate the hamiltonian

H= /d U(—iy'0; + m)¥ (39.19)
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in terms of the b and d operators. We have
(=i O +m)e =3 / dp (=ir'0; + m)( ba(p)us(p)e?”
s==+

+ dl(p)vs(p)e‘i’”)

=3 @ [ mpuspie

+ di(p)(—7'pi + m)vs(p)e P }

= / dp [bs(p)(’yow)us(p)eipx
s=+ 4
+dl(p)(—"w)i(p)e ™| (39.20)
Therefore
1= [y’ e (o000 (6 + o 050 ()

x w (bs ()7 us(P)e™ — dl (D)1 v, (p)e ™)

=" [dvdp” %o [ B (0)0u() () () €0
" — b, (p)dl(p) Ty (P')7 vs(p) €7 P TP
+ dy (p)bs(P) Tar (P')7 us(p) ¥ P
— dy(p")d(p) T« (p')7 vs(p) 6“(”’_’”)9“]
=y / dp [ b, (p)bs(P) T (P)7 us(P)
- — b, (—p)di(p) Tw (—p)7 vs(p) !
+ dy (—p)bs(p) D (—p)7 us(p) €72
— dy (p)dL(p) Ty ()1 vs(p)
=Y [do o [bie)(p) - dup)dip)] (39.21)
Using eq. (35.17), we can rewrite this as

=3 [ [+ dipam)] a6, @92
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where & = %(277)_3 [ d*: w is the zero-point energy per unit volume that we
found for a real scalar field in section 3, and V = (27)363(0) = [ d3r is the
volume of space. That the zero-point energy is negative rather than positive
is characteristic of fermions; that it is larger in magnitude by a factor of
four is due to the four types of particles that are associated with a Dirac
field. We can cancel off this constant energy by including a constant term
Qo = —4&) in the original lagrangian density; from here on, we will assume
that this has been done.

The ground state of the hamiltonian (39.22) is the vacuum state |0) that
is annihilated by every bs(p) and ds(p),

bs(p)|0) = ds(p)|0) = 0. (39.23)

Then, we can interpret the b;r(p) operator as creating a btype parti-
cle with momentum p, energy w = (p? +m2)1/2, and spin S, = s and
the dl(p) operator as creating a d-type particle with the same propertles.
The b-type and d-type particles are distinguished by the value of the charge
Q= d?z j°, where j* = U~y*W is the Noether current associated with the
invariance of £ under the U(1) transformation ¥ — e~ 0¥, ¥ — ety
Following the same procedure that we used for the hamiltonian, we can
show that

Q= /d3a: U0

- Z/dp (p) — di(p)ds(p )} + constant . (39.24)

Thus the conserved charge () counts the total number of b-type particles
minus the total number of d-type particles. (We are free to shift the over-
all value of @) to remove the constant term, and so we shall.) In quantum
electrodynamics, we will identify the b-type particles as electrons and the
d-type particles as positrons.

Now consider a Majorana field ¥ with lagrangian

L=1U"CPY — ImP¥™CY . (39.25)

The equation of motion for ¥ is once again the Dirac equation, and so the
general solution is once again given by eq.(39.5). However, ¥ must also
obey the Majorana condition ¥ = CU". Starting from the barred form of
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eq. (39.5),
V(@) =), / dp |bL(p)s(P)e™ 7" + dy(p)Ts(p)e ™",
s==%

we have

(@)= Y [ [Bhw)Cat(pre ™ +d (o) o (p)e™].
s==+

From section 38, we have

Cus(p)” = vs(P) ,
Cos(p)" = us(p) ,

CT"(2) = / dp [b(p)us(p)e " + dy(p)us(p)e™]
=4+

249

(39.26)

(39.27)

(39.28)

(39.29)

Comparing eqs. (39.5) and (39.29), we see that we will have ¥ = CU" if

ds(p) = bs(p) -

Thus a free Majorana field can be written as
W(w)= 3 [ dp [bu(p)un(p)e™ + bip)u(p)e ]
s=+

The anticommutation relations for a Majorana field,
{\IJQ(X, t)’ \I]ﬁ(y7 t)} = (C/yo)ocﬂ 63(X - Y) )

{\I/a(x, t)’ﬁﬁb@t)} = (VO)aﬁ 63(X - Y) s

can be used to show that
{bs(p), bs (p’)} =0,

{bs(p), bl (p)} = (21)38%(p — P') 2w,y |

as we would expect.
The hamiltonian for the Majorana field ¥ is

H=} / d>z UTC(—in'0; +m)W

_ %/d% T(—in'0; + m)¥ |

(39.30)

(39.31)

(39.32)

(39.33)

(39.34)

(39.35)
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and we can work through the same manipulations that led to eq. (39.21); the
only differences are an extra overall factor of one-half, and ds(p) = bs(p).
Thus we get

=1y [ o [tiome) - b@ri®)] . (030

Note that this would reduce to a constant if we tried to use commutators
rather than anticommutators in eq. (39.34), a reflection of the spin-statistics
theorem. Using eq. (39.34) as it is, we find

H=Y" / dp w b (p)bs(p) — 26,V . (39.37)
s=+

Again, we can (and will) cancel off the zero-point energy by including a term
Qo = —2&) in the original lagrangian density.

The Majorana lagrangian has no U(1) symmetry. Thus there is no asso-
ciated charge, and only one kind of particle (with two possible spin states).

Problems

39.1) Verify eq. (39.24).
39.2) Use [¥(z), M"] = —i(xH0¥ — 2V O*)¥(z) + S* ¥ (z), plus whatever spinor
identities you need, to show that

J. bl (p2)|0) = §sbl(p2)]0) ,
J. d}(p2)|0) = §sdi(p2)[0) , (39.38)

where p = pz is the three-momentum, and Z is a unit vector in the z direction.
39.3) Show that

U(A)~'bl(p)U(A) = bl(A™"p)
UM~ di(p)U(A) = di(A"p) (39.39)
and hence that
UN)lp,s,q) = |Ap,s,q) (39.40)
where
p, s, +) = bl(p)[0) ,
p,s,—) = di(p)[0) (39.41)

are single-particle states.
39.4) The spin-statistics theorem for spin-one-half particles. We will follow the
proof for spin-zero particles in section 4. We start with b,(p) and bl(p) as
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the fundamental objects; we take them to have either commutation (—) or
anticommutation (+) relations of the form

[bs(p)a bs’(pl)]¢ =0,
bi(p). bl (P =0,
[bs(p), bl (P')]5 = (27)2w8%(p — P')8ssr - (39.42)

i

Define
) =) / dpb(p)us(p)e™
s==+

L OESY / dpbl(p)vs(p)e™ P . (39.43)
s==+

a) Show that U(A) ='W+ (2)U(A) = D(A)T+(A~12).

b) Show that [U*(x)]" = [U~(2)]"CB. Thus a hermitian interaction term in
the lagrangian must involve both ¥+ (z) and ¥~ (z).

¢) Show that [U} (z), U5 (y)]5 # 0 for (z —y)* > 0.

d) Show that [V (z), ¥ (9)]s = —[¥3 (y), Uy (2))5 for (= — )2 > 0.

e) Consider ¥(z) = ¥*(z)+ AU~ (x), where A is an arbitrary complex
number, and evaluate both [U,(z), ¥s(y)l+ and [, (z), Vs(y)]: for
(x —y)? > 0. Show these can both vanish if and only if |A\| =1 and we
use anticommutators.
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40

Parity, time reversal, and charge conjugation

Prerequisite: 23, 39

Recall that, under a Lorentz transformation A implemented by the unitary
operator U(A), a Dirac (or Majorana) field transforms as

U(A) 0 (2)U(A) = D(A)T(A ) . (40.1)
For an infinitesimal transformation A*, = 6#, 4+ éw*,, the matrix D(A) is
given by
D(146w) = I + 26w, S™ (40.2)
where the Lorentz generator matrices are
SH =2y (40.3)

In this section, we will consider the two Lorentz transformations that cannot
be reached via a sequence of infinitesimal transformations away from the
identity: parity and time reversal. We begin with parity.

Define the parity transformation

+1
PH, — (P, = - (40.4)
-1
and the corresponding unitary operator
P=U(P). (40.5)
Now we have
P~ 'U(z)P = D(P)¥(Px) . (40.6)

The question we wish to answer is, what is the matrix D(P)?

252
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First of all, if we make a second parity transformation, we get
P72U(2)P?* = D(P)*¥(z) , (40.7)

and it is tempting to conclude that we should have D(P)? = 1, so that we
return to the original field. This is correct for scalar fields, since they are
themselves observable. With fermions, however, it takes an even number of
fields to construct an observable. Therefore we need only require the weaker
condition D(P)? = £1.

We will also require the particle creation and annihilation operators to
transform in a simple way. Because

P'PP=-P, (40.8)
PP =47, (40.9)

where P is the total three-momentum operator and J is the total angu-
lar momentum operator, a parity transformation should reverse the three-
momentum while leaving the spin direction unchanged. We therefore require

Pl (p)P =nbl(-p),
P~Ydi(p)P =ndi(-p) , (40.10)

where 7 is a possible phase factor that (by the previous argument about
observables) should satisfy n? = +1. We could, in principle, assign different
phase factors to the b and d operators, but we choose them to be the same so
that the parity transformation is compatible with the Majorana condition
ds(p) = bs(p). Writing the mode expansion of the free field

V()= / dp [bs(p)us(p)eim + dl (p)vs(p)e™ |, (40.11)
s==+

the parity transformation reads
P lu(z)P
= [ [(P )P )untp)e™ + (Pl (o) P )un(p)e ]
s==+ )

=3 [ [Pl + (- pvepe ]
s==% -

=3 [ [ ) o) 012)
s=+ N
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In the last line, we have changed the integration from p to —p. We now use
a result from section 38, namely that

us(—p) = +Pus(p) ,
vs(—=p) = —Pus(p) , (40.13)

(" 40.14
ﬂ—(I 0)' (40.14)

Then, if we choose n = —i, eq. (40.12) becomes

where

P*l\Il(:c)P = Z /E]; [ibs(p)ﬁus(p)eippx _i_idi(p)ﬁvS(p)efipr]
s==+

= iBU(Px) . (40.15)

Thus we see that D(P) = i3. (We could also have chosen 7 = 4, resulting in
D(P) = —if3; either choice is acceptable.)

The factor of ¢ has an interesting physical consequence. Consider a state
of an electron and positron with zero center-of-mass momentum,

6) = / dp $(p)bi(p)d, (=p)|0) : (40.16)

here ¢(p) is the momentum-space wave function. Let us assume that the
vacuum is parity invariant: P|0) = P~1|0) = |0). Let us also assume that
the wave function has definite parity: ¢(—p) = (—=)‘¢(p). Then, applying
the inverse parity operator on |¢), we get

P6) = [ dp oto) (P8 p)P) (P71l (-p)P) P 1)
= (-0 [ dp 6(p)tl(-p)dL (p)I0)
— (=0 [ dp o(-p)ti(w)a (~p)0)
=—(=)Y¢) . (40.17)

Thus, the parity of this state is opposite to that of its wave function; an
electron-positron pair has an intrinsic parity of —1. This also applies to a
pair of Majorana fermions. This influences the selection rules for fermion
pair annihilation in theories that conserve parity. (A pair of electrons also
has negative intrinsic parity, but this is less interesting because the electrons
are prevented from annihilating by charge conservation.)



P1: PJR/PJR P2: RNK/XXX QC: RNK/XXX T1: RNK
CUUKT761-Srednicki August 25, 2006 14:45

Parity, time reversal, and charge conjugation 255

Let us see what eq. (40.15) implies for the two Weyl fields that comprise

the Dirac field. Recalling that
Xa
U = -, (40.18)
gh

we see from egs. (40.14) and (40.15) that
P a(@)P = i (Px) ,
P (@) P = ixa(Px) . (40.19)

Thus a parity transformation exchanges a left-handed field for a right-
handed one.

If we take the hermitian conjugate of eq. (40.19), then raise the index on
one side while lowering it on the other (and remember that this introduces
a relative minus sign!), we get

P x14(@)P = i&,(Pa)
Pl (x)P = ix'4(Px) . (40.20)

Comparing egs. (40.19) and (40.20), we see that they are compatible with
the Majorana condition x,(x) = &,(x).
Next we take up time reversal. Define the time-reversal transformation

-1
TH, = (T Y, = 1 I (40.21)
+1
and the corresponding operator
T=U(T). (40.22)
Now we have
T (2)T = D(T)¥(Tx) . (40.23)

The question we wish to answer is, what is the matrix D(7)?

As with parity, we can conclude that D(7)? = 41, and we will require the
particle creation and annihilation operators to transform in a simple way.
Because

T'PT = P, (40.24)
TIT=-J, (40.25)
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where P is the total three-momentum operator and J is the total angu-
lar momentum operator, a time-reversal transformation should reverse the
direction of both the three-momentum and the spin. We therefore require

Tl (p)T = ¢ b' ,(—p) |
T=1dl(p)T = ¢ d ,(—p) - (40.26)

This time we allow for possible s-dependence of the phase factor. Also,
we recall from section 23 that 7" must be an antiunitary operator, so that
T—Y4T = —i. Then we have

T ()T
= [ [(17 o) )i p)e 7+ (17l )T ok ()
s=+ -

=3 [ b [Gbsoppuitp)e ™ + Gl (-p)ui(p)e ™)
s=+ -

= / dp [ ba(D)ut (D) + ¢l (p)o (~p)e T
= (40.27)

In the last line, we have changed the integration variable from p to —p, and
the summation variable from s to —s. We now use a result from section 38,
namely that

u” (=p) = —sCysus(p)

vZs(=P) = —sCy50s(P) - (40.28)
Then, if we choose (s = s, eq. (40.27) becomes

T (2)T = Cys¥(Tx) . (40.29)

Thus we see that D(7) = Cvs. (We could also have chosen (s = —s, resulting
in D(7) = —C~s; either choice is acceptable.)

As with parity, we can consider the effect of time reversal on the Weyl
fields. Using egs. (40.18), (40.29),

-0 (40.30)
B 0 _Edl} ’ '

—06,° 0 " )
V5 = . ) 0.31
0 +6%:

and
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we see that
T~ 'Xa(@)T = +x"(Tx) ,
Tt ()T = —€l(Tx) . (40.32)

Thus left-handed Weyl fields transform into left-handed Weyl fields (and
right-handed into right-handed) under time reversal.

If we take the hermitian conjugate of eq. (40.32), then raise the index on
one side while lowering it on the other (and remember that this introduces
a relative minus sign!), we get

T (@)T = =X} (Ta)
T %, ()T = +6(Tx) . (40.33)

Comparing egs. (40.32) and (40.33), we see that they are compatible with
the Majorana condition x,(x) = &,(x).

It is interesting and important to evaluate the transformation properties
of fermion bilinears of the form WAW, where A is some combination of
gamma matrices. We will consider As that satisfy A = A, where A = SA'3;
in this case, WAV is hermitian.

Let us begin with parity transformations. From ¥ = W'3 and eq. (40.15)
we get

P ()P = —iU(Px)3, (40.34)
Combining egs. (40.15) and (40.34) we find
Pl (@A@)P - W(ﬁfm) v (40.35)

where we have suppressed the spacetime arguments (which transform in the
obvious way). For various particular choices of A we have

p18 =+1,
BivsB = —ivs ,
BB =+,
ByB=—",

B8 = =5 ,
BY V58 = +7"5 - (40.36)
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Therefore, the corresponding hermitian bilinears transform as
P (TW)P T
(\Ifz~y5\1/)P — Ty,
( w\y)P = 4+ P, TAVT
(\Iw 75\11)13 — P T (40.37)

Thus we see that WU and U~y*W¥ are even under a parity transformation,
while Wiys W and UyHys U are odd. We say that UW is a scalar, Uy*W is a
vector or polar vector, Wiys¥ is a pseudoscalar, and Uy*v5V is a pseudovec-
tor or axial vector.

Turning to time reversal, from eq. (40.29) we get

T (2)T = 9(Tx)ysC ' . (40.38)
Combining eqgs. (40.29) and (40.38), along with T-'AT = A*, we find
-1 <EA\I/>T - T(fyg)C’lA*C%) v, (40.39)

where we have suppressed the spacetime arguments (which transform in the
obvious way). Recall that C~'y#C = —(7*)" and that C~'v5C = v5. Also,
7? and 75 are real, hermitian, and square to one, while 4 is antihermitian.
Finally, 75 anticommutes with «*. Using all of this info, we find

75C_11*C'y5 =+1,
Y5C 1 (i5) *Cys = —iv5

¥5C 1 (Y0)*Cys = +’y ,
750 1( Z) C’Y5 )
€1 (775)*Cys = +’Y Vs
C (Y 5)*Cys = =75 - (40.40)
Therefore,
71 (\I/\II)T .
T 1(@2’75‘1/)T = — Uiy U,
-1 (%W)T — TR TN
71! (T’y“%‘II)T = —TH, Uy 50 . (40.41)
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Thus we see that UW is even under time reversal, while Wivys ¥, U~v*W¥, and
WrHys U are odd.

For completeness we will also consider the transformation properties of
bilinears under charge conjugation. Recall that

C(z)C =CV(z),
C™1(z)C =V (z)C . (40.42)
The bilinear WAW therefore transforms as
o1 (@m)c = UTCACT™ . (40.43)

Since all indices are contracted, we can rewrite the right-hand side as its
transpose, with an extra minus sign for exchanging the order of the two
fermion fields. We get

o (EA\I/)C = —TCTA™C™V . (40.44)
Recalling that C* = C~! = —C, we have
o (@A\y)c - E(c—lATc) U (40.45)
Once again we can go through the list:
cC=+1,
CH(iv5)7C = +ivs
e yyC = ot
C(7"75)7C = +9"s5 . (40.46)
Therefore,
T (Tw)C=+Tv,
(\11275\IJ> =+ Wiy,
(\whp>c — T
o (\Iw wp)c — f Ul (40.47)
Thus we see that WU, WiysW, and Uy*vy5W¥ are even under charge conjuga-
tion, while Uy*¥ is odd.

For a Majorana field, we have C~'WC = ¥ and C~'WC = ¥; this implies
C Y (WAW)C = VAV for any combination of gamma matrices A. Since
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eq. (40.47) tells that C~1(W~H*W¥)C = —WUAH ¥ for either a Dirac or Majorana
field, it must be that ¥y*¥ = 0 for a Majorana field.

Let us consider the combined effects of the three transformations (C, P,
and T') on the bilinears. From eqs. (40.37), (40.41), and (40.47), we have

(CPT)™! (w) CPT = + TV
(CPT)~ (\Ifz~y5qz) CPT = + iy ¥
(CPT)~ ( 7“\11) CPT = — TyM0 |
(CPT)~ (\Iw fyg,xp) CPT = — Urrs ¥ (40.48)

where we have used P*, 7", = —6/,. We see that YV and Wiys¥ are both
even under CPT, while U4#*¥ and U~*y5¥ are both odd. These are (it
turns out) examples of a more general rule: a fermion bilinear with n vector
indices (and no uncontracted spinor indices) is even (odd) under CPT if n is
even (odd). This also applies if we allow derivatives acting on the fields, since
each component of J, is odd under the combination PT" and even under C.

For scalar and vector fields, it is always possible to choose the phase
factors in the C', P, and T transformations so that, overall, they obey the
same rule: a hermitian combination of fields and derivatives is even or odd
depending on the total number of uncontracted vector indices. Putting this
together with our result for fermion bilinears, we see that any hermitian
combination of any set of fields (scalar, vector, Dirac, Majorana) and their
derivatives that is a Lorentz scalar (and so carries no indices) is even under
CPT. Since the lagrangian must be formed out of such combinations, we
have £(z) — L(—x) under CPT, and so the action S = [ d%z £ is invariant.
This is the CPT theorem.

Reference notes

A detailed treatment of C' PT for fields of any spin is given in Weinberg L.

Problems

40.1) Find the transformation properties of WS and UiS*~sWU under P, T,
and C'. Verify that they are both even under C'PT, as claimed. Do either or
both vanish if ¥ is a Majorana field?
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LSZ reduction for spin-one-half particles

Prerequisite: 5, 39

Let us now consider how to construct appropriate initial and final states for
scattering experiments. We will first consider the case of a Dirac field W,
and assume that its interactions respect the U(1) symmetry that gives rise
to the conserved current j* = U~*W¥ and its associated charge Q.

In the free theory, we can create a state of one particle by acting on the
vacuum state with a creation operator:

p,s,+) = bl(p)[0) , (41.1)

p,s, —) = di(p)|0) , (41.2)

where the label + on the ket indicates the value of the U(1) charge @, and
bi(p) = [ d ¢ Ta)y (). (41.3)

di(p) = /d?’x e, (p)y° W (z) . (41.4)

Recall that bl(p) and dl(p) are time independent in the free theory. The
states |p, s, &) have the Lorentz-invariant normalization

{p,s,qlp’, s, q) = (27r)3 2w 63(p —p') bssr Oqq’ (41.5)

where w = (p? +m?)/2.

Let us consider an operator that (in the free theory) creates a particle
with definite spin and charge, localized in momentum space near pi, and
localized in position space near the origin:

o) = / @ £1(p)V(p) (41.6)

261
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where

f1(p) o exp[—(p — p1)*/40?] (41.7)

is an appropriate wave packet, and o is its width in momentum space. If
we time evolve (in the Schrodinger picture) the state created by this time-
independent operator, then the wave packet will propagate (and spread out).
The particle will thus be localized far from the origin as ¢t — +oo. If we
consider instead an initial state of the form |i) = b;b;]O), where p; # pa,
then we have two particles that are widely separated in the far past.

Let us guess that this still works in the interacting theory. One complica-
tion is that bl(p) will no longer be time independent, and so bi, eq. (41.6),
becomes time dependent as well. Our guess for a suitable initial state for a
scattering experiment is then

i) = lim b (t)bh(®)]0) . (41.8)

By appropriately normalizing the wave packets, we can make (i|i) = 1, and
we will assume that this is the case. Similarly, we can consider a final state

) =, im_ b, (£)b5,(1)]0) . (41.9)

where p} # p5, and (f|f) = 1. This describes two widely separated particles
in the far future. (We could also consider acting with more creation oper-
ators, if we are interested in the production of some extra particles in the
collision of two particles, or using df operators instead of b operators for
some or all of the initial and final particles.) Now the scattering amplitude
is simply given by (f]7).

We need to find a more useful expression for (f|i). To this end, let us note
that

bl (—00) — bl (+00)
=— /m dt dobl (t)

—00

— [ hiw) [t an(e7 T u, )

—— [ hi) [ @t T (190 - 1% s, (P

=— / &*p f1(p) / d'z V() (7050 —iv'pi — Zm) us, (p)e”
—— [ hip) [ ate Ta) (450 '8 ~ im ), ()™
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= —/d3p fl(p)/d4x T (z) (7080 +7'9; - im)usl(p)eip”
= i/d3p fi(p) /d43: U(z)(+i@ 4+ m)us, (p)e™” . (41.10)

The first equality is just the fundamental theorem of calculus. To obtain the
second, we substituted the definition of bJ{ (t), and combined the d3r from
this definition with the dt to get d*z. The third comes from straightforward
evaluation of the time derivatives. The fourth uses ( + m)us(p) = 0. The
fifth writes ip; as 9; acting on e?®. The sixth uses integration by parts to
move the d; onto the field ¥(z); here the wave packet is needed to avoid a
surface term. The seventh simply identifies 79y + +0; as .

In free-field theory, the right-hand side of eq. (41.10) is zero, since ¥(z)
obeys the Dirac equation, which, after barring it, reads

T(2)(+id +m) =0. (41.11)

In an interacting theory, however, the right-hand side of eq. (41.10) will not
be zero.

We will also need the hermitian conjugate of eq. (41.10), which (after some
slight rearranging) reads

bl(+OO) — bl(—oo)

—i [ @ ap) [ de e ) (-ip - m(a), (1L12)

and the analogous formulae for the d operators,

d} (—00) — d (+00)

— i [ @ Ap) [ i 7 o (p)(-ip 4 mW(), (41.13)
dy(+00) — di(—00)

= i/dSp fi(p) /d4:c @(m)(ﬂ% + m)vs, (p)e”P7 . (41.14)

Let us now return to the scattering amplitude we were considering,
(Fli) = {0lbz (+00)by (+00)b] (~00)b(~c0)|0) . (41.15)

Note that the operators are in time order. Thus, if we feel like it, we can
put in a time-ordering symbol without changing anything:

(F1i) = (0] T b (+00)by: (+00)B] (~00)Bh(~0) [0) . (41.16)



P1: PJR/PJR

P2: RNK/XXX QC: RNK/XXX T1: RNK

CUUKT761-Srednicki August 25, 2006 14:45

264 Quantum Field Theory

The symbol T means the product of operators to its right is to be ordered,
not as written, but with operators at later times to the left of those at earlier
times. However, there is an extra minus sign if this rearrangement involves
an odd number of exchanges of these anticommuting operators.

Now let us use egs. (41.10) and (41.12) in eq. (41.16). The time-ordering
symbol automatically moves all b (—oo)s to the right, where they annihilate
|0). Similarly, all bz(—l—oo)s move to the left, where they annihilate (0.

The wave packets no longer play a key role, and we can take the ¢ — 0
limit in eq. (41.7), so that fi(p) = 62(p — p1). The initial and final states
now have a delta-function normalization, the multiparticle generalization of
eq. (41.5). We are left with the Lehmann—Symanzik—-Zimmermann reduction
formula for spin-one-half particles,

(fliy = i* / dcy dzo dzy dizy
« e PLT; [s,, (P1)(—i@y, + m)]ay,
< e~ Phh [s,, (P2 ) (—idy + m)]a,,
X (0| T Wa,, (22)Va,, (21/) T, (21)a, (22)]0)
X [(+i51 + m)us, (P1)]a, €7

X [(+i2 + m)us, (P2)]a, €727 . (41.17)

The generalization of the LSZ formula to other processes should be clear;
insert a time-ordering symbol, and make the following replacements:

bi(P)in — +i / A () (+i P + m)us(p) e (41.18)
be(Plows = +i [ s P (p)(-P+m)V(@), (41.19)
APl — i [ dls PO P) D+ W) (41.20)
du(Plowt =~ [ o T@)(+iP + mpu.(p)e ™, (4121

where we have used the subscripts “in” and “out” to denote ¢t — —oo and
t — +o0, respectively.

All of this holds for a Majorana field as well. In that case, ds(p) = bs(p),
and we can use either eq. (41.18) or eq.(41.20) for the incoming particles,
and either eq.(41.19) or eq.(41.21) for the outgoing particles, whichever
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is more convenient. The Majorana condition ¥ = W*C guarantees that the
results will be equivalent.

As in the case of a scalar field, we cheated a little in our derivation of the
LSZ formula, because we assumed that the creation operators of free field
theory would work comparably in the interacting theory. After performing
an analysis that is entirely analogous to what we did for the scalar in section
5, we come to the same conclusion: the LSZ formula holds provided the field
is properly normalized. For a Dirac field, we must require

(01w ()[0) =0, (41.22)
(p, s, +|¥(x)|0) =0, (41.23)
(D, 5, —|¥(2)]0) = vs(p)e " , (41.24)
(p, 5, +[T(2)[0) = Ts(p)e™ ™", (41.25)
(p, s, —|¥(z)|0) =0, (41.26)

where (0|0) =1, and the one-particle states are normalized according to
eq. (41.5).

The zeros on the right-hand sides of eqs. (41.23) and (41.26) are required
by charge conservation. To see this, start with [¥(x), Q] = +¥(x), take the
matrix elements indicated, and use Q|0) = 0 and Q|p, s, +) = £[p, s, ).

The zero on the right-hand side of eq.(41.22) is required by Lorentz
invariance. To see this, start with [¥(0), M*] =S¥ (0), and take the
expectation value in the vacuum state |0). If |0) is Lorentz invariant (as we
will assume), then it is annihilated by the Lorentz generators M, which
means that we must have S#”(0|¥(0)|0) = 0; this is possible for all 4 and v
only if (0|¥(0)|0) = 0, which (by translation invariance) is possible only if
(0]¥(x)|0) = 0.

The right-hand sides of eqgs. (41.24) and (41.25) are similarly fixed by
Lorentz invariance: only the overall scale might be different in an interact-
ing theory. However, the LSZ formula is correctly normalized if and only
if egs. (41.24) and (41.25) hold as written. We will enforce this by rescal-
ing (or, one might say, renormalizing) W(z) by an overall constant. This is
just a change of the name of the operator of interest, and does not affect
the physics. However, the rescaled ¥(x) will obey egs. (41.24) and (41.25).
(These two equations are related by charge conjugation, and so actually
constitute only one condition on ¥.)



P1: PJR/PJR

P2: RNK/XXX QC: RNK/XXX T1: RNK

CUUKT761-Srednicki August 25, 2006 14:45

266 Quantum Field Theory

For a Majorana field, there is no conserved charge, and we have

(0 (2)|0) = 0, (11.27)
(b, 8|0 (2)]0) = vs(p)e " . (41.28)
(b, s[T(@)]0) = T (p)e ", (41.20)

instead of egs. (41.22)—(41.26).
The renormalization of ¥ necessitates including appropriate Z factors in
the lagrangian. Consider, for example,

L=iZUPV — ZymUV — 1 Z,9(TV)? (41.30)

where ¥ is a Dirac field, and g is a coupling constant. We choose the three
constants Z, Z,,, and Z; so that the following three conditions are satisfied:
m is the mass of a single particle; g is fixed by some appropriate scattering
cross section; and eq.(41.24) and is obeyed. [Eq. (41.25) then follows by
charge conjugation.]

Next, we must develop the tools needed to compute the correlation func-

tions (0|TW,,, (1) ... Uq, (21)...]0) in an interacting quantum field theory.

Problems

41.1) Assuming that eq.(39.40) holds for the exact single-particle states, verify
egs. (41.23) and (41.26), up to overall scale.
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42

The free fermion propagator

Prerequisite: 39

Consider a free Dirac field

W(w) = 3 [ dp [bu(p)un(p)e™ + dip)en(ple ] (42.1)
s=+

T = Y [ do’ ol (0 (e 77 + da (@) (p)eY] . (122)
s'==+

where
bs(p)|0) = ds(p)[0) =0, (42.3)
and
{bs(p), bl (P")} = (21)38%(p — ) 2w (42.4)
{ds(p), dl,(p")} = (21)°6% (p — D) 2wy (42.5)

and all the other possible anticommutators between b and d operators (and
their hermitian conjugates) vanish.
We wish to compute the Feynman propagator

S(x —y)ap = i(0]TWa(2)Tps(y)|0) , (42.6)
where T denotes the time-ordered product,
TV, (2)Wp(y) = (2" — y°)Wa(2)Wp(y) — 0(y° — 2°)Up(y)Wa(z) , (42.7)

and 6(t) is the unit step function. Note the minus sign in the second term;
this is needed because W, (2)¥s(y) = —V5(y)¥a(z) when 20 £ 0.
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We can now compute (0|¥,(z)¥s(y)|0) and (0|¥5(y) ¥4 (z)|0) by insert-
ing eqgs. (42.1) and (42.2), and then using egs. (42.3)—(42.5). We get

(0]W4(2)Ws(y)|0)
= Z/%%'ei’” e uy(p)alis (P') 5 (0]bs(p)b!, (p')]0)

= Z / dpdp’ €7 eV uy(p) Tl (') (27)°8° (p — P) 2w

= Z/dp eV u, (p)aTis(P) g
_ /EZ; eiP(@=y) (= + M)as - (42.8)

To get the last line, we used a result from section 38. Similarly,

(O[T ()W (2)/0)
=3 [ dpdp’ e )t () (0l (B (PO

= Z / ZZ\I;ZZEI e—ip:v eip’y Us(p)aﬁs’(p/)ﬁ (277)363(1) - p,) 2wbssr

—Z/dpe ip(==y) vs(P)als(P )ﬁ
/dpezxy( —P—m)ap (42.9)

We can combine egs. (42.8) and (42.9) into a compact formula for the time-
ordered product by means of the identity

d ip(z—y) —~ .

iy —a0) / dpe @) f(Cp) | (42.10)

where f(p) is a polynomial in p; the derivation of eq. (42.10) was sketched
in section 8. We get

OO @By (0)10) =+ [ A2 owtemy CHEer gy

i) (2m)* p? +m? —ie

and so

S@ = Ylap = /(i’; v (xy)]%. (42.12)
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Note that S(xz — y) is a Green’s function for the Dirac wave operator:

(i + m)apS(z — ) gy = / % Jinte—y) +;Y2L)igr(n—2p_ tﬁm) 5

= [ e

(2m)4 c p? +m? —ie
= 6z — y)ar - (42.13)
Similarly,
e o d4p ip(z—y) (_ﬁ + m)a,@(? + m)ﬁﬁ’
S(o = yas(+idl, +m)a = [ e et

[ o
(2m)4 p? +m? —ie

= 6z — y)bar - (42.14)

We can also consider (0]TW,(2)¥s(y)|0) and (0|TW,(z)¥sz(y)|0), but it is
easy to see that now there is no way to pair up a b with a b’ or a d with a
dt, and so

(0T o (2) U5 ()|0) = 0, (42.15)
(0T (2)T5(y)[0) = 0. (42.16)

Next, consider a Majorana field
W)= 3 [ dp [b.(p)un(p)e™ + bl(p)u(p)e ] (4217)
s=+
T(y) =) / dp" bl (Bt (9')e ™7 + by (B (B)e ™| . (42.18)
s'=+

It is easy to see that (0|TW,(x)¥s(y)|0) is the same as it is in the Dirac
case; the only difference in the calculation is that we would have b and b' in
place of d and d in the second line of eq. (42.9), and this does not change
the final result. Thus,

(0] TWo(2)Tg(y)|0) = S(z — y)ag , (42.19)

where S(x — y) is given by eq. (42.12).
However, egs. (42.15) and (42.16) no longer hold for a Majorana field.
Instead, the Majorana condition ¥ = W™C, which can be rewritten as
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UT = UC~!, implies
i{0TWa(2)Ws(y)|0) = i(0|TWa(x) Ty (y)[0)(CT g
= [S(z —y)C ap - (42.20)

Similarly, using C* = C~!, we can write the Majorana condition as U" =
C~'W, and so
(0| TWa(2)¥s(y)[0) = i(C™H)ar (O] TV, () T (y)|0)
— [0S (@ — s (42.21)
Of course, C~! = —C, but it will prove more convenient to leave eqs. (42.20)
and (42.21) as they are.

We can also consider the vacuum expectation value of a time-ordered
product of more than two fields. In the Dirac case, we must have an equal
number of Us and Us to get a nonzero result; and then, the ¥s and ¥s must
pair up to form propagators. There is an extra minus sign if the ordering of

the fields in their pairs is an odd permutation of the original ordering. For
example,

(0] T (2)T5(y) T (2)Ts (w)|0) = + S(& — y)ag S(= — w)hs
— S(@ = w)as S(z—y)ys . (42.22)

In the Majorana case, we may as well let all the fields be U’s (since we can
always replace a U with W™C). Then we must pair them up in all possible
ways. There is an extra minus sign if the ordering of the fields in their pairs
is an odd permutation of the original ordering. For example,

(0| T (2) Ws(y) Wy (2) U5 (w)[0) = + [S(z — y)C ™ ag [S(z —w)C™ s
—[S(z = 2)C oy [S(y — w)C s

+[S(z —w)C™as [S(y — 2)C Mgy -
(42.23)

Note that the ordering within a pair does not matter, since
[S(x — y)C_l]ag = —[S(y —2)C Y pa - (42.24)

This follows from anticommutation of the fields and eq. (42.20).

Problems

42.1) Prove eq. (42.24) directly, using properties of the C matrix.
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The path integral for fermion fields
Prerequisite: 9, 42

We would like to write down a path integral formula for the vacuum-
expectation value of a time-ordered product of free Dirac or Majorana fields.
Recall that for a real scalar field with

Ly = —%8“@8,& - %m2<p2
= —50(=0" + m*)p — 50u(¢0"¢) , (43.1)
we have
O[T (). [0) =+ 0 .. Z(J)] (13.2)
where
Zo(J) = /Dgp exp [i/d% (Lo + Jgo)] ) (43.3)

In this formula, we use the epsilon trick (see section 6) of replacing m? with

m? — ie to construct the vacuum as the initial and final state. Then we get

Zo(J) = exp B /d4x d*y J(z)A(z — y)J(y)] , (43.4)

where the Feynman propagator

d4% eik(xfy)

is the inverse of the Klein—-Gordon wave operator:
(=2 +m*) Az —y) =64z —y) . (43.6)
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For a complex scalar field with

Lo=—0"0"9p —m?ply

=~ (=0 +m?)p - (¢ 0"9) , (43.7)
we have instead
1 6 1 6
0T cot(yr) . ]0) = S s L Zo(JY T
OFTe(en) o) 100 = 5 5775 5 w0 20Dy
(43.8)
where
ZO(JT,J) = /DngDgo exp [i/d% (Lo + JTgo—l—gOTJ)}
= exp [i/d% dYy JT(:U)A(;U—y)J(y)] : (43.9)

We treat J and J' as independent variables when evaluating eq. (43.8).

In the case of a fermion field, we should have something similar, except
that we need to account for the extra minus signs from anticommutation.
For this to work out, a functional derivative with respect to an anticommut-
ing variable must itself be treated as anticommuting. Thus if we define an
anticommuting source 7n(z) for a Dirac field, we can write

577(2:1:) / dy [y ¥ () + Tlyn(y)| = T, (43.10)
5@?@ / dy [ﬁ(yﬂ’(y) +@(y)n(y)} = +U(z). (43.11)

The minus sign in eq. (43.10) arises because the §/6n must pass through ¥
before reaching 7.
Thus, consider a free Dirac field with

Lo =iVP¥ — mI¥
= —U(—id + m)¥ . (43.12)

A natural guess for the appropriate path-integral formula, based on analogy
with eq. (43.9), is

(0|TWq, (21) ... g, (y1) ... |0)

|
1 ) o)
- . i—— ... Zy(7, , 43.13
i 0T, (71) 6ng, (Y1) (7, 7m) n=7=0 ( )
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where

Zofm.n) = [ DYDT exp [z [dteico+me+ @7)]

~exp [ [ ey nesi - y)n(yﬂ , (43.14)

and the Feynman propagator

—i + m)ePlz—y)
S(xy)z/(déxp (Pt m) ’ (43.15)

2m)t p? 4+ m? —ie

is the inverse of the Dirac wave operator:
(=i, +m)S(z —y) = 6'(z —y) . (43.16)

Note that each §/6n in eq. (43.13) comes with a factor of ¢ rather than the
usual 1/7; this reflects the extra minus sign of eq. (43.10). We treat n and 7
as independent variables when evaluating eq. (43.13). It is straightforward to
check (by working out a few examples) that eqgs. (43.13)-(43.16) do indeed
reproduce the result of section 42 for the vacuum expectation value of a
time-ordered product of Dirac fields.

This is really all we need to know. Recall that, for a complex scalar field
with interactions specified by £1(pf, @), we have

Z(JT,J) x exp[i/d% C1<1 J L

i 6J(x) i 6JF(x)
where the overall normalization is fixed by Z(0,0) = 1. Thus, for a Dirac
field with interactions specified by £1(¥, ¥), we have

Z(@n) exp[i/d% cl<z%@%%@)>] ZoGim) . (43.18)

where again the overall normalization is fixed by Z(0,0) = 1. Vacuum expec-

ﬂ Zo(JT,J),  (43.17)

tation values of time-ordered products of Dirac fields in an interacting theory

will now be given by eq. (43.13), but with Zy(77, ) replaced by Z(7,n). Then,

just as for a scalar field, this will lead to a Feynman-diagram expansion for

Z(7m,1n). There are two extra complications: we must keep track of the spinor

indices, and we must keep track of the extra minus signs from anticommu-

tation. Both tasks are straightforward; we will take them up in section 45.
Next, let us consider a Majorana field with

Lo=LU"CPY — fmU™CY

= —1UTC(—id + m)¥ . (43.19)
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A natural guess for the appropriate path-integral formula, based on analogy
with eq. (43.2), is

16
O e, (21)..10) = § 5o o Zo(n)‘nzo , (43.20)
where
Zo(n) = /mf exp [z’/d‘*x (Lo +77T\Il)}
= exp [—% /d4x d*y n"(x)S(x — y)Cln(y)} . (43.21)

The Feynman propagator S(z — y)C~! is the inverse of the Majorana wave
operator C(—i@d + m):

C(—i@, +m)S(x —y)C ' =6z —y) . (43.22)

The extra minus sign in eq.(43.21), as compared with eq.(43.14), arises
because all functional derivatives in eq.(43.20) are accompanied by 1/i,
rather than half by 1/i and half by 4, as in eq. (43.13). It is now straightfor-
ward to check (by working out a few examples) that egs. (43.20)-(43.22) do
indeed reproduce the result of section 42 for the vacuum expectation value
of a time-ordered product of Majorana fields.
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Formal development of fermionic path integrals

Prerequisite: 43

In 43, we formally defined the fermionic path integral for a free Dirac field
U via

Zo(m,m) = /D@DE exp[i/d4x§(i@—m)\11+ﬁ@+@n]

—expli [ dedy @S-t | (44.1)

where the Feynman propagator S(z — y) is the inverse of the Dirac wave
operator:

(—id, +m)S(x —y) = Sz —y). (44.2)

We would like to find a mathematical framework that allows us to derive
this formula, rather than postulating it by analogy.

Consider a set of anticommuting numbers or Grassmann variables 1; that
obey

{vi, 05} =0, (44.3)

where ¢ = 1,...,n. Let us begin with the very simplest case of n =1, and
thus a single anticommuting number 1) that obeys ¥? = 0. We can define
a function f(1) of such an object via a Taylor expansion; because 12 = 0,
this expansion ends with the second term:

fW)=a+yb. (44.4)

The reason for writing the coefficient b to the right of the variable ¥ will
become clear in a moment.
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Next we would like to define the derivative of f() with respect to .
Before we can do so, we must decide if f(v) itself is to be commuting or
anticommuting; generally we will be interested in functions that are
themselves commuting. In this case, a in eq. (44.4) should be treated as an
ordinary commuting number, but b should be treated as an anticommuting
number: {b,b} = {b,9} = 0. In this case, f(¢)) = a + b= a — by.

Now we can define two kinds of derivatives. The left derivative of f(1))
with respect to v is given by the coefficient of ¢ when f(v) is written with
the ¢ always on the far left:

Oy f(Y) =+b. (44.5)

Similarly, the right derivative of f(1) with respect to v is given by the
coefficient of ¥ when f(1)) is written with the ¢ always on the far right:

f@)dy=-b. (44.6)

Generally, when we write a derivative with respect to a Grassmann vari-
able, we mean the left derivative. However, in section 37, when we wrote the
canonical momentum for a fermionic field ¢ as m = 9L/9(dp1)), we actually
meant the right derivative. (This is a standard, though rarely stated, conven-
tion.) Correspondingly, we wrote the hamiltonian density as H = 7y — L,
with Jp to the right of .

Finally, we would like to define a definite integral, analogous to integrating
a real variable x from minus to plus infinity. The key features of such an
integral over = (when it converges) are linearity,

+oo +o0o
/ decf(x) = c/ dx f(z) , (44.7)
and invariance under shifts of the dependent variable x by a constant:
+oo +oo
/ dz f(x +a) = / dx f(x) . (44.8)

Up to an overall numerical factor that is the same for every f(v), the only
possible nontrivial definition of [ dy f(¢) that is both linear and shift invari-
ant is

[ v s —v. (44.9)
Now let us generalize this to n > 1. We have

f) =a+ b + %¢ilwi2ci1i2 +...+ %w“ ety dyy g (44.10)
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where the indices are implicitly summed. Here we have written the coef-
ficients to the right of the variables to facilitate left-differentiation. These
coefficients are completely antisymmetric on exchange of any two indices.
The left derivative of f(1) with respect to 1; is

E%}Jf(w) = bj + ¢icji + ...+ ﬁlf)h . windjig...i" . (4411)

Next we would like to find a linear, shift-invariant definition of the integral
of f(). Note that the antisymmetry of the coefficients implies that

di,...i,, = d&iy..i,, (44.12)

where d is just a number (ordinary if f is commuting and n is even, Grass-
mann if f is commuting and n is odd, etc.), and &;, ; is the completely
antisymmetric Levi-Civita symbol with 1., = +1. This number d is a can-
didate (in fact, up to an overall numerical factor, the only candidate!) for
the integral of f(v):

/ d f(y) = d . (44.13)

Although eq. (44.13) really tells us everything we need to know about | d™,
we can, if we like, write d™) = diy, ... dy (note the backwards ordering),
and treat the individual differentials as anticommuting: {di;,dy;} =0,
{d;,;j} = 0. Then we take [di; =0 and [ diy;¢; = 6;; as our basic for-
mulae, and use them to derive eq. (44.13).

Let us work out some consequences of eq. (44.13). Consider what happens
if we make a linear change of variable,

Vi = Ji (44.14)

where Jj; is a matrix of commuting numbers (and therefore can be written
on either the left or right of ¢}). We now have

f@)=a+...+ 5(Jigdh,) - (Jig, ¥, )eirind (44.15)

n

Next we use
Eirovindirjs - o Jingn = (det J)Ej1---jn , (44.16)
which holds for any n x n matrix J, to get

fW)=a+...+ S .. ey 4 (det J)d . (44.17)
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If we now integrate f(1)) over d™), eq.(44.13) tells us that the result is
(det J)d. Thus,

[ s = @eeny [aw ). (44.18)

Recall that, for integrals over commuting real numbers x; with z; = Jijw;-,
we have instead

/ & f(z) = (det J) L / & f() (44.19)

Note the opposite sign on the power of the determinant.

Now consider a quadratic form ™M1 = 1; M;;2);, where M is an antisym-
metric matrix of commuting numbers (possibly complex). Let’s evaluate the
gaussian integral [ d") exp(%lﬁTM ). For example, for n = 2, we have

0 +m
M= ( ) , (44.20)

-m 0

and ™M 1) = 2my11pe. Thus exp(3¢™™My) = 1 + map1ebe, and so

/d% exp(3¢Y™Mv) =m . (44.21)
For larger n, we use the fact that a complex antisymmetric matrix can be
brought to a block-diagonal form via

0 +mj
U'™MU=|—-m1 0 , (44.22)

where U is a unitary matrix, and each my is real and positive. (If n is odd
there is a final row and column of all zeros; from here on, we assume n is
even.) We can now let ¢; = Uj; ;; then, we have

n/2

/ d"p exp(39"Mp) = (det U) ] / dxpr exp(L™rp),  (44.23)
I=1

where M| represents one of the 2 x 2 blocks in eq. (44.22). Each of these
two-dimensional integrals can be evaluated using eq. (44.21), and so
n/2

/ d"p exp(3y™Mp) = (det U) ' [ mi - (44.24)

I=1
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Taking the determinant of eq. (44.22), we get

n/2
(det U)?(det M) Hml (44.25)

We can therefore rewrite the right-hand side of eq. (44.24) as

/ d™p exp(39™Mp) = (det M)V/? . (44.26)

In this form, there is a sign ambiguity associated with the square root; it is
resolved by eq. (44.24). However, the overall sign (more generally, any overall
numerical factor) will never be of concern to us, so we can use eq. (44.26)
without worrying about the correct branch of the square root.

It is instructive to compare eq. (44.26) with the corresponding gaussian
integral for commuting real numbers,

/d v exp(—i2"Mzx) = (2m)"/%(det M)~1/2 (44.27)

Here M is a complex symmetric matrix. Again, note the opposite sign on
the power of the determinant.
Now let us introduce the notion of complex Grassmann variables via

s (1 + i)

-

Sl

75 (1 —ita) . (44.28)

We can invert this to get

w1 1) (%
(W):%Q _i> <X> (11,29
The determinant of this transformation matrix is —i¢, and so
d%)p = dippdipy = (—i) Ldy dy . (44.30)
Also, Y119 = —ixx. Thus we have
/dX dx xx = (—i)(—1) /d%d% Y1 = 1. (44.31)

Thus, if we have a function

fx,x) =a+xb+ xc+xxd, (44.32)
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its integral is
[ vax oo =d. (14.33)

In particular,

/dx dx exp(myyx) =m . (44.34)

Let us now consider n complex Grassmann variables x; and their complex
conjugates, Y;. We define

Then under a change of variable, x; = J;;x; and X; = K;;X, we have
d™ d"g = (det J) 1 (det K)~td™ d"Y’ . (44.36)

Note that we need not require Kj;; = J;‘j, because, as far as the integral is
concerned, it is does not matter whether or not y; is the complex conjugate
of Xi-

We now have enough information to evaluate [ d™x d™y exp(x" M), where
M is a general complex matrix. We make the change of variable y = Uy’
and x' = xIV, where U and V are unitary matrices with the property that

VMU is diagonal with positive real entries m;. Then we get
/d"x d"x exp(xTMx) = (det U) "} (det V)~ H/dXidXi exp(m; XiX:)
i=1

= (detU) " (det V)~ ] mi
=1

— det M . (44.37)

This can be compared to the analogous integral for commuting complex
variables z; = (z; +iy;)/V2 and z = (z; — iy;)/V/2, with d"2 d"z = d"x d"y,

namely
/ d"z d"z exp(—z'Mz) = (2m)"(det M) 7L . (44.38)

We can now generalize eqs. (44.26) and (44.37) by shifting the integration
variables, and using shift invariance of the integrals. Thus, by making the
replacement 1) — ¢ — M~ in eq. (44.26), we get

/dnl/) exp(%wTMw +nY) = (det ]\4)1/2 exp(%nTMfln) . (44.39)
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(In verifying this, remember that M and its inverse are both antisym-
metric.) Similarly, by making the replacements y — x — M ~'n and x' —
X' —=nTM~1 in eq. (44.37), we get

/d"x d"x exp(xTMx + n'x + x™n) = (det M) exp(—n'M 1) . (44.40)

We can now see that eq. (44.1) is simply a particular case of eq. (44.40),
with the index on the complex Grassmann variable generalized to include
both the ordinary spin index a and the continuous spacetime argument = of
the field W, (z). Similarly, eq. (43.21) for the path integral for a free Majorana
field is simply a particular case of eq. (44.39). In both cases, the determinant
factors are constants (that is, independent of the fields and sources) that we
simply absorb into the overall normalization of the path integral. We will
meet determinants that cannot be so neatly absorbed in sections 53 and 71.
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45

The Feynman rules for Dirac fields
Prerequisite: 10, 12, 41, 43

In this section we will derive the Feynman rules for Yukawa theory, a theory
with a Dirac field ¥ (with mass m) and a real scalar field ¢ (with mass M),
interacting via

L1 = gpPW (45.1)

where ¢ is a coupling constant. In this section, we will be concerned with
tree-level processes only, and so we omit renormalizing Z factors.

In four spacetime dimensions, ¢ has mass dimension [¢] = 1 and ¥ has
mass dimension [V] = %; thus the coupling constant g is dimensionless:
[g] = 0. As discussed in section 12, this is generally the most interesting
situation.

Note that £ is invariant under the U(1) transformation ¥ — e~ ‘¥, as is
the free Dirac lagrangian. Thus, the corresponding Noether current Wy*W¥
is still conserved, and the associated charge @ (which counts the number
of b-type particles minus the number of d-type particles) is constant in
time.

We can think of @ as electric charge, and identify the b-type particle
as the electron e~, and the d-type particle as the positron e'. The scalar
particle is electrically neutral (and could, for example, be thought of as the
Higgs boson; see section 88).

We now use the general result of sections 9 and 43 to write

2, J) e exp[ig/ = (16Jiw>>("6nj<x>)<1«mf(x))] Bl J)
(45.2)

282
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where
2ot ) = espi [ deatyns(e — vyt
X exp [% /d4:c dYy J(z)A(z — y)J(y)} , (45.3)
and

— o+ m)ePla—y)
S(x—y):/(d“P (—=p+m) , (45.4)

2m)4 p?2 4+ m? —ie
d4 etk (z—y)
Alr — y) = 45.
(=) /(277)4 k2 + M? — ie (45.5)

are the appropriate Feynman propagators for the corresponding free fields.
We impose the normalization Z(0,0,0) = 1, and write

Z(m,m,J) = exp[iW (17,7, J)] - (45.6)

Then iW (7,n,J) can be expressed as a series of connected Feynman dia-
grams with sources.

We use a dashed line to stand for the scalar propagator %A(a: — ), and a
solid line to stand for the fermion propagator %S (x —y). The only allowed
vertex joins two solid lines and one dashed line; the associated vertex factor
is ig. The blob at the end of a dashed line stands for the ¢ source i [ d*z J(z),
and the blob at the end of a solid line for either the ¥ source i [ d*z7(z), or
the W source i [ d*zn(z). To tell which is which, we adopt the “arrow rule”
of problem 9.3: the blob stands for i [ d*zn(z) if the arrow on the attached
line points away from the blob, and the blob stands for i [ d*z7(x) if the
arrow on the attached line points towards the blob. Because £1 involves one
U and one ¥, we also have the rule that, at each vertex, one arrow must
point towards the verter, and one away. The first few tree diagrams that
contribute to tW (7,7, J) are shown in fig. 45.1. We omit tadpole diagrams;
as in 2 theory, these can be canceled by shifting the ¢ field, or, equivalently,
adding a term linear in ¢ to £. The LSZ formula is valid only after all tadpole
diagrams have been canceled in this way.

The spin indices on the fermionic sources and propagators are all con-
tracted in the obvious way. For example, the complete expression corre-
sponding to fig. 45.1(b) is

3
Fig. 45.1(b) :i?’(%) (ig) / 4 dy db dw

x [(@)S(@ - y)S(y - 2)n(=)]
X Ay —w)J(w) . (45.7)
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(a) (b)

1

6 6 o——— @
(©) (d)

Figure 45.1. Tree contributions to i{W (7, n, J) with four or fewer sources.

Our main purpose in this section is to compute the tree-level amplitudes
for various two-body elastic scattering processes, such as e~ ¢ — e ¢ and
ete™ — p; for these, we will need to evaluate the tree-level contributions to
connected correlation functions of the form (0| T¥Wpy|0)c. Other processes
of interest include e"e~ — e~ e~ and ete™ — ete™; for these, we will need
to evaluate the tree-level contributions to connected correlation functions of
the form (0| TYWYV|0)c.

For (0|TUWpy|0)¢, the relevant tree-level contribution to iW (7,7, J) is
given by fig. 45.1(c). We have

(0| TWa(2)Ws(y)e(21)p(22)10)c

s 6 16 1 o
T 5@ ) 1670a) i 00 B

= (1) (ig? / Ay 'y
X [S(z—w1)S (w1 —w2)S(w2—y)]ag
X A(Zl—wl)A(Z2—w2)

+ (21 — 22) + 0(94) . (458)

The corresponding diagrams, with sources removed, are shown in fig. 45.2.
For (0|TYWWW|0)c, the relevant tree-level contribution to iW (7,7, J) is
given by fig. 45.1(d), which has a symmetry factor S = 2. We have

(0| TWa, (21)Ws, (1) Vo, (22) P, (32)]0)c

16 8 18 0
i 67y, (1) M, (Y1) @ 6T, (72) Onp, (y2)

iW (7, m,J)

n=n=J=0
(45.9)
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y Wl W2 X y Wl W2 X

: : : :

I I —|— I I

| | | |

I I I I

2! n 2 7

Figure 45.2. Diagrams corresponding to eq. (45.8).

Y1 Wy X1 Y1 Wy X3

Y2 wr X3 2 wa X1

Figure 45.3. Diagrams corresponding to eq. (45.10).

The two 7 derivatives can act on the two 7s in the diagram in two different
ways; ditto for the two 7 derivatives. This results in four different terms,
but two of them are algebraic duplicates of the other two; this duplication
cancels the symmetry factor (which is a general result for tree diagrams).
We get

<0’T\IIC¥1 (l.l)@ﬂl (yl)qjﬂm (1‘2)@52 (yQ) ‘0>C

:(%)5(19)2 d*wy dwy
><[ (z1—w1)S(w1—y1)]a, g,

A(wy—ws)

x [S(z2—w2)S(w2—Yy2)]asp,

— ((y1, 1) < (y2, B2)) + O(g") . (45.10)

The corresponding diagrams, with sources removed, are shown in fig. 45.3.
Note that we now have a relative minus sign between the two diagrams, due
to the anticommutation of the derivatives with respect to 7.

In general, the overall sign for a diagram can be determined by the follow-
ing procedure. First, draw each diagram with all the fermion lines horizon-
tal, with their arrows pointing from left to right, and with the left endpoints
labeled in the same fixed order (from top to bottom). Next, in each dia-
gram, note the ordering (from top to bottom) of the labels on the right
endpoints of the fermion lines. If this ordering is an even permutation of an
arbitrarily chosen fixed ordering, then the sign of that diagram is positive,
and if it is an odd permutation, the sign is negative. (This rule arises because
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p  ptk p’ p p-k' p

1 1 1 1
EAN VY T Y A
1 1 1 1

Figure 45.4. Diagrams for e~ ¢ — e~ ¢, corresponding to eq. (45.16).

endpoints with arrows pointing away from the vertex come from derivatives
with respect to 77 that anticommute. Of course, we could equally well put
the right endpoints in a fixed order, and get the sign from the permutation
of the left endpoints, which come from derivatives with respect to 1 that
anticommute.) Also, in loop diagrams, a closed fermion loop yields an extra
minus sign; we will discuss this rule in section 51.

Let us now consider a particular scattering process: e~ — e~ ¢. The
scattering amplitude is

(f1i) = (0] T a(kK )outbs (P )outbl (P)inal ()i |0) . (45.11)

Next we make the replacements

() — i [ dy TP+ mu )™, (15.12)
b (B = 1 [l € () (i 4 m) V() (45.13)
af (K)i — i / diz et* (0% + m?)p(21) , (45.14)
a(k)out — i/d4z2 em M2 (—0% + m?)p(2) (45.15)

in eq.(45.11), and then use eq.(45.8). The wave operators (either Klein—
Gordon or Dirac) act on the external propagators, and convert them to delta
functions. After using egs. (45.4) and (45.5) for the internal propagators, all
dependence on the various spacetime coordinates is in the form of plane-
wave factors, as in section 10. Integrating over the internal coordinates then
generates delta functions that conserve four-momentum at each vertex. The
only new feature arises from the spinor factors us(p) and s (p’). We find
that us(p) is associated with the external fermion line whose arrow points
towards the vertex, and that uy (p’) is associated with the external fermion
line whose arrow points away from the vertex. We can therefore draw the
momentum-space diagrams of fig. 45.4. Since there is only one fermion line
in each diagram, the relative sign is positive. The tree-level e — e ¢
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Figure 45.5. Diagrams for et¢ — e, corresponding to eq. (45.22).

scattering amplitude is then given by
—p—k+tm P+ E+m
5 T 2
—s+m —u+m

iy—e*gp%e*(p = %(Zg)Qﬂs’ (p,) Us(p) ) (4516)

where s = —(p + k)? and u = —(p — k). (We can safely ignore the ies in the
propagators, because their denominators cannot vanish for any physically
allowed values of s and w.)

Next consider the process ety — eT¢. We now have

<f|Z> = <0| Ta(k,)outds’(p/)outdl(p)ina-r(k)in |O> . (4517)

The relevant replacements are

d(D)in — —i / d'v ¢ T, (p) (—ip + m)W(x),  (45.18)
ds (P )out — —i / dy T(y)(+iP + m)ve (p') e P | (45.19)
ot (k)i — i / dizy et (92 £ m2)p(z) (45.20)
(K Yot — i / dizy e~ (02 + m2)p(z) (45.21)

We substitute these into eq. (45.17), and then use eq. (45.8). This ultimately
leads to the momentum-space Feynman diagrams of fig. 45.5. Note that we
must now label the external fermion lines with minus their four-momenta;
this is characteristic of d-type particles. (The same phenomenon occurs for a
complex scalar field; see problem 10.2.) Regarding the spinor factors, we find
that —vs(p) is associated with the external fermion line whose arrow points
away from the vertex, and —vy(p’) with the external fermion line whose
arrow points towards the vertex. The minus signs attached to each v and
v can be consistently dropped, however, as they only affect the overall sign
of the amplitude (and not the relative signs among contributing diagrams).
The tree-level expression for the ey — ey amplitude is then
P-F+m pri+m
7 2
—u+m —s+m

il]ﬂe‘*’cpﬂe‘*'cp = %(ig)Qﬁs(p) Vg (p/) s (4522)

where again s = —(p+ k)? and u = —(p — k)%
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After working out a few more of these (you might try your hand at some
of them before reading ahead), we can abstract the following set of Feynman

rules.

)
2)
3)
n
5)
6)

7)

10)

11)

For each incoming electron, draw a solid line with an arrow pointed towards
the vertex, and label it with the electron’s four-momentum, p;.

For each outgoing electron, draw a solid line with an arrow pointed away from
the vertex, and label it with the electron’s four-momentum, pj.

For each incoming positron, draw a solid line with an arrow pointed away from
the vertex, and label it with minus the positron’s four-momentum, —p;.

For each outgoing positron, draw a solid line with an arrow pointed towards the
vertex, and label it with minus the positron’s four-momentum, —pj.

For each incoming scalar, draw a dashed line with an arrow pointed towards
the vertex, and label it with the scalar’s four-momentum, k;.

For each outgoing scalar, draw a dashed line with an arrow pointed away from
the vertex, and label it with the scalar’s four-momentum, k.

The only allowed vertex joins two solid lines, one with an arrow pointing
towards it and one with an arrow pointing away from it, and one dashed line
(whose arrow can point in either direction). Using this vertex, join up all the
external lines, including extra internal lines as needed. In this way, draw all
possible diagrams that are topologically inequivalent.

Assign each internal line its own four-momentum. Think of the four-momenta
as flowing along the arrows, and conserve four-momentum at each vertex. For
a tree diagram, this fixes the momenta on all the internal lines.

The value of a diagram consists of the following factors:

for each incoming or outgoing scalar, 1;

for each incoming electron, us, (p;);

for each outgoing electron, U (p});

for each incoming positron, Ts, (p;);

for each outgoing positron, vy (p});

for each vertex, ig;

for each internal scalar, —i/(k* + M? — ie);

for each internal fermion, —i(—y +m)/(p* +m?* — ie).

Spinor indices are contracted by starting at one end of a fermion line: specif-
ically, the end that has the arrow pointing away from the vertex. The factor
associated with the external line is either @ or ¥. Go along the complete fermion
line, following the arrows backwards, and write down (in order from left to right)
the factors associated with the vertices and propagators that you encounter.
The last factor is either a u or v. Repeat this procedure for the other fermion
lines, if any.

The overall sign of a tree diagram is determined by drawing all contributing
diagrams in a standard form: all fermion lines horizontal, with their arrows
pointing from left to right, and with the left endpoints labeled in the same
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P ky P ky
e
V- + P1-k
—~<Ly- <L
) ky P2 ky

Figure 45.6. Diagrams for ete™ — ¢, corresponding to eq. (45.23).

/
P )41 P P2

)2 Py Py P

Figure 45.7. Diagrams for e"e~ — e~ e, corresponding to eq. (45.24).

fixed order (from top to bottom); if the ordering of the labels on the right
endpoints of the fermion lines in a given diagram is an even (odd) permutation
of an arbitrarily chosen fixed ordering, then the sign of that diagram is positive
(negative).

12) The value of ¢7 (at tree level) is given by a sum over the values of the con-
tributing diagrams.

There are additional rules for counterterms and loops; in particular, each
closed fermion loop contributes an extra minus sign. We will postpone dis-
cussion of loop corrections to section 51.

Let us apply these rules to ete™ — . Let the initial electron and
positron have four-momenta p; and ps, respectively, and the two final scalars
have four-momenta k] and k5. The relevant diagrams are shown in fig. 45.6;
there is only one fermion line, and so the relative sign is positive. The result
is

_1¢1+k,1+m+_1¢1+kl2+m
—t+m? —u + m?

i/fe*e*—wpcp = %(ig)2 Vs, (p2)

Us, (pl) )

(45.23)

where t = —(p; — k})? and u = —(p1 — kb)?.
Next, consider e"e~ — e~ e~ . Let the initial electrons have four-momenta
p1 and pg, and the final electrons have four-momenta p} and pf. The relevant
diagrams are shown in fig. 45.7, and according to rule no. 11 the relative sign
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/ /
P P P P
: Pty
/ _ oo -
\I/Pl —P
! /
7 P2 P>
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Figure 45.8. Diagrams for eTe™ — eTe™, corresponding to eq. (45.25).

P )4 P )
T T
| |
/
Y py-pf - Y pi+p,
| |
/ / /
w2 P> P2 P1

Figure 45.9. Same as fig. 45.8, but with the diagrams redrawn in the stan-
dard form given in rule no. 11.

is negative. Thus the result is

: _agove [ @uw)(@ug) () (wyus)
iTe-e—ee = 3(i9) A a2 | (45.24)

where u; is short for ug, (p1), etc., and t = —(p; — p})?, u = —(p1 — ph)>.
One more: ete™ — eTe™. Let the initial electron and positron have four-
momenta p; and pg, respectively, and the final electron and positron have
four-momenta p} and p, respectively. The relevant diagrams are shown in
fig. 45.8. If we redraw them in the the standard form of rule no. 11, as shown
in fig. 45.9, we see that the relative sign is negative. Thus the result is
(wjur)(Wavy) — (Daua)(yv5)

ZJTeJre*ﬂeJre* = %(29)2 —t+ M2 - —u+ M2 ) (4525)

where s = —(p; +p2)2 and t = —(p1 _p,1)2'

Problems

45.1) a) Determine how ¢(z) must transform under parity, time reversal, and
charge conjugation in order for these to all be symmetries of the theory.
(Prerequisite: 39)

b) Same question, but with the interaction given by £; = igeW~5¥ instead
of eq. (45.1).

45.2) Use the Feynman rules to write down (at tree level) ¢7 for the processes

etet —ete™ and pp — ete™.
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Spin sums

Prerequisite: 45

In the last section, we calculated various tree-level scattering amplitudes in
Yukawa theory. For example, for e~ — e~ ¢ we found

—pktm —p+ ¥ +m

_ 2= /
T =g (p) —s+m? —u + m?

us(p) » (46.1)

where s = —(p+k)? and u = —(p — k)%, In order to compute the corre-
sponding cross section, we must evaluate |7|> = 77*. We begin by simpli-
fying eq. (46.1) a little; we use (p + m)us(p) = 0 to replace the —p in each
numerator with m. We then abbreviate eq. (46.1) as

T =u'Au , (46.2)
where
—F+2m ¥4 2m
A=g? ¥ .
g R +m2—u (46.3)
Then we have
T" =T = uAu = uAu (46.4)

where in general A = BAT3, and, for the particular A of eq. (46.3), A = A.
Thus we have

T = (@'Au) (@A)
= Z ﬂ;AaﬂuﬁﬂvAw‘iUg
afBvyé

= Z Ugﬂ;Aaﬂuﬁﬂ’yAwé‘
afBvyé

- Tr[(u’ﬂ’)A(uH)A . (46.5)

291
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Next, we use a result from section 38:

us(p)Us(p) = 3(1—s75#)(—p+m) , (46.6)

where s = £ tells us whether the spin is up or down along the spin quanti-
zation axis z. We then have

T2 = %Tr[(l—s"yg,/é')(—}ﬁ/ +m)A(l=sy52)(—p + m)A| . (46.7)

We now simply need to take traces of products of gamma matrices; we will
work out the technology for this in the next section.

However, in practice, we are often not interested in (or are unable to easily
measure or prepare) the spin states of the scattering particles. Thus, if we
know that an electron with momentum p’ landed in our detector, but know
nothing about its spin, we should sum |7|? over the two possible spin states
of this outgoing electron. Similarly, if the spin state of the initial electron
is not specially prepared for each scattering event, then we should average
|T|? over the two possible spin states of this initial electron. Then we can
use

> us(p)us(p) = —p+m (46.8)

s==+

in place of eq. (46.6).
Let us, then, take |7|2, sum over all final spins, and average over all initial
spins, and call the result (|7]?). In the present case, we have

(TP =5 ITP

= 4T+ m)A(—p+ m)A] (46.9)

which is much less cumbersome than eq. (46.7).
Next let us try something a little harder, namely eTe™ — eTe™. We found
in section 45 that

(ﬂ/uﬂ(ﬁgvl) (ﬁgul)(ﬁ’v’)
7292{ 1M2_t2 —~ M2—132 : (46.10)
We then have
— (ﬂlu’ )(5/’02) (ﬂlvg)(ﬁ’u’)
T=¢° [ Ml2 _2t -0 _25 L. (46.11)

When we multiply 7 by 7, we will get four terms. We want to arrange the
factors in each of them so that every u and every v stands just to the left
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of the corresponding w and v. In this way, we get

4
”]”2 = 4+ (]\/[37_02 Tr [ulﬁlu’ﬂ{} Tr [0/2@1)252}

4
(Mgi—sp Tr |:'LL1H1U262] Tr [Uéﬁéuaﬂ{}

4
9 o
— (V2—1)(M2—s) Tr [ululvgvgvévéuﬁu{}

_|_

4
1 Mz_sg)( M) Tr [uﬁluw{véﬁévm} : (46.12)

Then we average over initial spins and sum over final spins, and use eq. (46.8)
and

> vu(p)s(p) = —p—m . (46.13)

s==+

We then must evaluate traces of products of up to four gamma matrices.
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Gamma matrix technology

Prerequisite: 36

In this section, we will learn some tricks for handling gamma matrices. We
need the following information as a starting point:

{2 = 29", (47.1)
B=1, (47.2)
{7,755} =0, (47.3)
Trl=4. (47.4)

Now consider the trace of the product of n gamma matrices. We have

Triy . Afn] = Te[y3y" 3 . 3]
= Tr[(vs7""5) - - - (157" 5]
= Tr[(=737") ... (=237
— (—1)V ey Lyt (47.5)

We used eq. (47.2) to get the first equality, the cyclic property of the trace
for the second, eq. (47.3) for the third, and eq. (47.2) again for the fourth. If
n is odd, eq. (47.5) tells us that this trace is equal to minus itself, and must
therefore be zero:

Tr[odd no. of v*’s] =0 . (47.6)
Similarly,

Tr[75 (odd no. of v*’s)] = 0. (47.7)

294
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Next, consider Tr[y#~"]. We have

Tr[y"9"] = Tr[y"+"]

= 3 Te[y"y” + 7]

=—g"Trl

P (47.8)
The first equality follows from the cyclic property of the trace, the second
averages the left- and right-hand sides of the first, the third uses eq. (47.1),
and the fourth uses eq. (47.4).

A slightly nicer way of expressing eq. (47.8) is to introduce two arbitrary

four-vectors a* and b*, and write

Tr[af] = —4(ab) , (47.9)

where ¢ = a,¥*, § = b,¥*, and (ab) = a*b,,.
Next consider Tr[¢f¢d]. We evaluate this by moving ¢ to the right, using
eq. (47.1), which is now more usefully written as

iy = —Pd — 2(ab) . (47.10)

Using this repeatedly, we have

Trdpfd] = —Tr[pagd] — 2(ab) Tr[¢]
= +TrBd] + 2(ac) Tr[§d] — 2(ad) Tr(¢d]
= —Tr[pgdd] — 2(ad)Tr(h¢] + 2(ac) Tr[pd] — 2(ab)Tr[¢d] . (47.11)

Now we note that the first term on the right-hand side of the last line is, by
the cyclic property of the trace, equal to minus the left-hand side. We can
then move this term to the left-hand side to get

2 Tr[dlé¢d) = — 2(ad)Tr[B¢] + 2(ac) Tr[Bd] — 2(ab) Tr[¢d)] . (47.12)
Finally, we evaluate each Tr[a}§] with eq. (47.9), and divide by two:

Tr[ah¢d] = 4| (ad)(bc) — (ac)(bd) + (ab)(cd) | . (47.13)

This is our final result for this trace.

Clearly, we can use the same technique to evaluate the trace of the product
of any even number of gamma matrices.

Next, let us consider traces that involve v5s and *s. Since {vs,v*} = 0,
we can always bring all the 5s together by moving them through the ~+*s
(generating minus signs as we go). Then, since 72 = 1, we end up with either



P1: PJR/PJR

P2: RNK/XXX QC: RNK/XXX T1: RNK

CUUKT761-Srednicki August 25, 2006 14:47

296 Quantum Field Theory

one 75 or none. So we need only consider Tr[ysy** ...~+#"]. And, according
to eq. (47.7), we need only be concerned with even n.
Recall that an explicit formula for ~5 is

vs = iy 0yly23 (47.14)
Eq. (47.13) then implies
Trys =0. (47.15)
Similarly, we can show that
Tr[ysy" "] = 0. (47.16)

Finally, consider Tr[ysy*#v”~v?7?]. The only way to get a nonzero result is

to have the four vector indices take on four different values. If we consider

the special case Tr[y573727'4%], plug in eq. (47.14), and then use (v*)? = —1

and (79)2 =1, we get i(—1)3Tr 1 = —4i, or equivalently
Tr[vsvHy P ] = —4iehP? | (47.17)
where 0123 = 3210 — 41
Another category of gamma matrix combinations that we will eventually
encounter is y*¢ . ..~,. The simplest of these is
Y = g
= %guu{'}/uv PYV}
= _gw/g'uy
= —d. (47.18)
To get the second equality, we used the fact that g,, is symmetric, and
so only the symmetric part of y#v” contributes. In the last line, d is the
number of spacetime dimensions. Of course, our entire spinor formalism has
been built around d = 4, but we will need formal results for d = 4—e when
we dimensionally regulate loop diagrams involving fermions.
We move on to evaluate
Vv = V(= s — 2a,)
= ="l — 24
= (d—2)¢ . (47.19)

We continue with

Vi, = 4ab) — (d—4)dp (47.20)
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and

Vb = 204 + (d—4) ¢ ; (47.21)

the derivations are left as an exercise.

Problems

47.1) Verify eq. (47.16).

47.2) Verify eqgs. (47.20) and (47.21).

47.3) Show that the most general 4 x 4 matrix can be written as a linear combina-
tion (with complex coefficients) of 1, y*, SH, S# s, ~H~s, and 75, where 1
is the identity matrix and S* = %[y*,~"]. Hint: if A and B are two different
members of this set, prove linear independence by showing that Tr ATB =0

nv

vanishes. Then count.
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48

Spin-averaged cross sections
Prerequisite: 46, 47

In section 46, we computed |7 |2 for (among other processes) ete™ — ete™.
We take the incoming and outgoing electrons to have momenta p; and p},
respectively, and the incoming and outgoing positrons to have momenta po
and p), respectively. We have p? = p? = —m?, where m is the electron (and
positron) mass. The Mandelstam variables are

s=—(p1+p2)®=—(py +ph)*,

t=—(p—p))?=—(p2— 15",
u=—(p1—p5)* = —(p2 — 11)?, (48.1)
and they obey s 4t 4+ u = 4m?. Our result was
) Dy + Dy Dy
T2 = 58 _ st s 48.2
Tr=9\ar—s2 0r-sor-p " or-) WY
where M is the scalar mass, and
P, =Tr -ulﬂlvzﬁg] Tr {vé@éuﬁﬂ{} ,
Dy = Tr _ulﬂlullﬂ{} Tr [Uéﬁévgﬁg} ,
by =Tr :ulﬂluﬁﬂ{véﬁévgﬁ} ,
Oy =Tr _ulﬂlvﬁgvéﬂéu’ﬂd : (48.3)

Next, we average over the two initial spins and sum over the two final
spins to get

(TP =132, TP (48.4)

298
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Then we use

S uy(p)a(p) = —p+m .
s==%

> vs(P)Ts(p) = —p—m, (48.5)
to get -
(@as) = 4T (—p,+m)(—y—m) | Tr| (—h—m) (s +m)| . (48.6)
(i) = 1T (=, +m)(—p{+m)| Tr | (—ph—m)(—p,—m)| . (487)
(@) = §Tr[ (g tm) (i +m)(—dh—m) (—pp=—m)],  (488)
(@es) = FTe[(—py+m) (—ppm) (—h—m) (—H+m)| . (48.9)

It is now merely tedious to evaluate these traces with the technology of
section 47.
For example,

T | (~p+m) (=) | = Telpyy] — m? Tr1
= —4(p1p2) — 4m?* (48.10)

It is convenient to write four-vector products in terms of the Mandelstam
variables. We have

pip2 = piph = —(s —2m?)

p1p} = paph = +1(t —2m?) ,
p1phy = pip2 = +3(u—2m?) (48.11)

and so

Tr[(—pl—l—m)(—;%—m)} = 25— 8m?. (48.12)

Thus, we can easily work out eqgs. (48.6) and (48.7):
(®gs) = (s —4m?)?, (48.13)
(By) = (t — 4m?)?. (48.14)

Obviously, if we start with (@) and make the swap s < t, we get (®y). We
could have anticipated this from egs. (48.6) and (48.7): if we start with the
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right-hand side of eq. (48.6) and make the swap pa < —p|, we get the right-
hand side of eq. (48.7). But from eq. (48.11), we see that this momentum
swap is equivalent to s < t.

Let us move on to (@) and (Pys). These two are also related by ps < —pf,
and so we only need to compute one of them. We have

(®st) = TP Bip)

+ m? Te[p ] — s — Biy — Wil — P, + apy] + ymt Tr 1
(p1p1) (P2ph) — (P195) (P21) + (P1p2) (P1P2)

— m?[p1p} — piph — P12 — PiPs — Pip2 + paph] + m*

= —%st +2m?u . (48.15)

To get the last line, we used eq. (48.11), and then simplified it as much as
possible via s+t + u = 4m?. Since our result is symmetric on s < ¢, we
have (®y5) = (Dgy).

Putting all of this together, we get

(s — 4m?)? st — 4m?u (t — 4m?)?
A2 —sf TP -9 -0 T e =12

(1712 = ¢* (48.16)
This can then be converted to a differential cross section (in any frame) via
the formulae of section 11.

Let’s do one more: e~ ¢ — e . We take the incoming and outgoing
electrons to have momenta p and p’, respectively, and the incoming and
outgoing scalars to have momenta k and k', respectively. We then have
p? = p? = —m? and k? = k’> = —M?. The Mandelstam variables are

s=—(p+k)? =0 +K),
t=—(p-p)=-(k-Fk)*,

u=—(p-K)?=—-(k-p)?, (48.17)
and they obey s + t 4+ u = 2m? + 2M?2. Our result in section 46 was
(IT) = $Te[A(—p+ m)A(—' +m)| , (48.18)
where
A=g [_f;f? + %f;; _273] . (48.19)

Thus we have

<|T|2> _ g4|: <q)ss> + <(I>su> + <(I)us> <(I>uu>

(m2 — 5)2 (m2 _ 3)(m2 _ u) (m2 — u)2 :| 5 (48.20)
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where now
(" +m)(—fr2m) (—pm) (—f+2m)|, (48.21)
(@) = 3T :(—pf’+m)(+k/+2m)(—¢+m)(+gé’+2m)} . (48.22)

(@) = 1Tx :(—ﬁ'+m)(—%+2m)(—¢+m)(+k/—|—2m)} . (48.23)

(Pus) = 5T :(—Zﬁl—i-m)(+kl+2m)(—zﬁ+m)(—éé+2m)} . (48.24)

We can evaluate these in terms of the Mandelstam variables by using our
trace technology, along with

pk=p'k' =—1(s —m? = M?),
pp’ = +5(t —2m?),
kK = +3(t —2M?),
pk' =pk=+3(u—m? - M?). (48.25)

Examining eqgs. (48.21) and (48.22), we see that (@) and (Py,,) are trans-
formed into each other by k < —k’. Examining eqs. (48.23) and (48.24), we
see that (®g,) and (®,,) are also transformed into each other by k « —k'.
From eq. (48.25), we see that this is equivalent to s <> u. Thus we need only
compute (Pg5) and (P, ), and then take s <> u to get (Py,,) and (Py5). This
is, again, merely tedious, and the results are

_ 2 4 2772 4
ss) = — - s .
(Pss) su+m°(9s +u) +Tm* —8m"M*+ M (48.26)
_ 2 4 _ g 27r2 4
uu) — s .
(D) su+m“(u + s) +Tm* —8m"M=+ M (48.27)
(Bgy) = +su + 3m?(s +u) + 9Im* —8m*M? — M* | (48.28)
_ 2 4 2772 4
us/ — - - . .
(Pys) = +su+3m“(s+u) +9m™ —8m*“M* — M (48.29)

Problems

48.1) The tedium of these calculations is greatly alleviated by making use of a
symbolic manipulation program like Mathematica or Maple. One approach
is brute force: compute 4 x 4 matrices like gf in the CM frame, and take
their products and traces. If you are familiar with a symbolic-manipulation
program, write one that does this. See if you can verify eqs. (48.26)—(48.29).

48.2) Compute (|T|?) for eTe™ — . You should find that your result is the same
as that for e~ — e, but with s < ¢, and an extra overall minus sign. This
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relationship is known as crossing symmetry. There is an overall minus sign

for each fermion that is moved from the initial to the final state.

Compute (|7|?) for e“e~ — e"e~. You should find that your result is the

same as that for eTe™ — eTe™, but with s «» u. This is another example of

crossing symmetry.

Suppose that M > 2m, so that the scalar can decay to an electron-positron

pair.

a) Compute the decay rate, summed over final spins.

b) Compute |7 |? for decay into an electron with spin s; and a positron with
spin so. Take the fermion three-momenta to be along the z axis, and let
the z-axis be the spin-quantization axis. You should find that |7]? = 0 if
$1 = —8g, or if M =2m (so that the outgoing three-momentum of each
fermion is zero). Discuss this in light of conservation of angular momentum
and of parity. (Prerequisite: 40.)

c) Compute |7 |? for decay into an electron with helicity s; and a positron
with helicity ss. (See section 38 for the definition of helicity.) You should
find that the decay rate is zero if s; = —s5. Discuss this in light of conser-
vation of angular momentum and of parity.

d) Now consider changing the interaction to £; = igp¥vy;V¥, and compute
the spin-summed decay rate. Explain (in light of conservation of angular
momentum and of parity) why the decay rate is larger than it was without
the 5 in the interaction.

e) Repeat parts (b) and (c) for the new form of the interaction, and explain
any differences in the results.

The charged pion m~ is represented by a complex scalar field ¢, the muon

w1~ by a Dirac field M, and the muon neutrino v, by a spin-projected Dirac

field P, N, where P, = %(1—75). The charged pion can decay to a muon and

a muon antineutrino via the interaction

L1 = 2¢1Gy fr 0o M P,N + hec. | (48.30)

where ¢y is the cosine of the Cabibbo angle, Gy is the Fermi constant, and f

is the pion decay constant.

a) Compute the charged pion decay rate T.

b) The charged pion mass is m, = 139.6MeV, the muon mass is m, =
105.7MeV, and the muon neutrino is massless. The Fermi constant is
measured in muon decay to be Gp = 1.166 x 107° GeV 2, and the cosine
of the Cabibbo angle is measured in nuclear beta decays to be ¢; = 0.974.
The measured value of the charged pion lifetime is 2.603 x 10~ s. Deter-
mine the value of f, in MeV.
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The Feynman rules for Majorana fields

Prerequisite: 45

In this section we will deduce the Feynman rules for Yukawa theory, but
with a Majorana field instead of a Dirac field. We can think of the particles
associated with the Majorana field as massive neutrinos.

We have

L= %gcpT\Il
= 1gpU7CY , (49.1)

where ¥ be a Majorana field (with mass m), ¢ is a real scalar field (with

mass M), and g is a coupling constant. In this section, we will be concerned

with tree-level processes only, and so we omit renormalizing Z factors.
From section 41, we have the LSZ rules appropriate for a Majorana

field,
() — i [ e €t 5, (p) (<09 + m) W) (19.2)
— / % U (2)C(+i + m)us(p)et " | (49.3)
b (0 )outs — -+i / dhe e~ 'T Ty (p) (=i + m) U (x) | (49.4)

= —i/d4:1: e~ \I/T(w)CH—i(é +m)vg (pe T . (49.5)

Eq. (49.3) follows from eq. (49.2) by taking the transpose of the right-hand
side, and using vy (p’)" = —Cug(p’) and (—i@ +m)* = C(+id +m)C;
similarly, eq. (49.5) follows from eq. (49.4). Which form we use depends on
convenience, and is best chosen on a diagram-by-diagram basis, as we will
see shortly.

303



P1: PJR/PJR

P2: RNK/XXX QC: RNK/XXX T1: RNK

CUUKT761-Srednicki August 25, 2006 14:48

304 Quantum Field Theory

Egs. (49.2)-(49.5) lead us to compute correlation functions containing U’s,
but not U’s. In position space, this leads to Feynman rules where the fermion
propagator is %S(az —y)C~!, and the oUW vertex is igC; the factor of % in £y
is canceled by a symmetry factor of 2! that arises from having two identical
U fields in £;. In a particular diagram, as we move along a fermion line, the
C~! in the propagator will cancel against the C in the vertex, leaving over
a final C~! at one end. This C~! can be canceled by a C from eq. (49.3) (for
an incoming particle) or eq. (49.5) (for an outgoing particle). On the other
hand, for the other end of the same line, we should use either eq.(49.2)
(for an incoming particle) or eq.(49.4) (for an outgoing particle) to avoid
introducing an extra C at that end. In this way, we can avoid ever having
explicit factors of C in our Feynman rules.!

Using this approach, the Feynman rules for this theory are as follows.

1) The total number of incoming and outgoing neutrinos is always even; call this
number 2n. Draw n solid lines. Connect them with internal dashed lines, using a
vertex that joins one dashed and two solid lines. Also, attach an external dashed
line for each incoming or outgoing scalar. In this way, draw all possible diagrams
that are topologically inequivalent.

2) Draw arrows on each segment of each solid line; keep the arrow direction con-
tinuous along each line.

3) Label each external dashed line with the momentum of an incoming or outgoing
scalar. If the particle is incoming, draw an arrow on the dashed line that points
towards the vertex; If the particle is outgoing, draw an arrow on the dashed line
that points away from the vertex.

4) Label each external solid line with the momentum of an incoming or outgoing
neutrino, but include a minus sign with the momentum if (a) the particle is
incoming and the arrow points away from the vertex, or (b) the particle is
outgoing and the arrow points towards the vertex. Do this labeling of external
lines in all possible inequivalent ways. Two diagrams are considered equivalent
if they can be transformed into each other by reversing all the arrows on one
or more fermion lines, and correspondingly changing the signs of the external
momenta on each arrow-reversed line.

5) Assign each internal line its own four-momentum. Think of the four-momenta
as flowing along the arrows, and conserve four-momentum at each vertex. For a
tree diagram, this fixes the momenta on all the internal lines.

6) The value of a diagram consists of the following factors:
for each incoming or outgoing scalar, 1;
for each incoming neutrino labeled with +p;, us, (p;);
for each incoming neutrino labeled with —p;, U, (p;);
for each outgoing neutrino labeled with +pj, @, (p;);

1 This is not always possible if the Majorana fields interact with Dirac fields, and we use the usual
rules for the Dirac fields; see problems 49.2 and 91.3.
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Pl/ p/

k —P1
___>__< ___>k__<

—Pé pz/

Figure 49.1. Two equivalent diagrams for ¢ — vv.

for each outgoing neutrino labeled with —p;, v (p});

for each vertex, ig;

for each internal scalar, —i/(k? + M? — ie);

for each internal fermion, —i(—p+ m)/(p? +m? — ie).

Spinor indices are contracted by starting at one end of a fermion line: specifically,
the end that has the arrow pointing away from the vertex. The factor associated
with the external line is either @ or ¥. Go along the complete fermion line,
following the arrows backwards, and writing down (in order from left to right)
the factors associated with the vertices and propagators that you encounter. The
last factor is either a u or a v. Repeat this procedure for the other fermion lines,
if any.

The overall sign of a tree diagram is determined by drawing all contributing
diagrams in a standard form: all fermion lines horizontal, with their arrows
pointing from left to right, and with the left endpoints labeled in the same
fixed order (from top to bottom); if the ordering of the labels on the right
endpoints of the fermion lines in a given diagram is an even (odd) permutation
of an arbitrarily chosen fixed ordering, then the sign of that diagram is positive
(negative). To compare two diagrams, it may be necessary to use the arrow-
reversing equivalence relation of rule no. 4; there is then an extra minus sign for
each arrow-reversed line.

The value of ¢7 is given by a sum over the values of all these diagrams.

There are additional rules for counterterms and loops, but we will postpone
those to section 51.

Let us look at the simplest process, ¢ — vv. There are two possible dia-

grams for this, shown in fig.49.1. However, according to rule no. 4, these

two diagrams are equivalent, and we should keep only one of them. The first
diagram yields i77 = igvju) and the second iT» = igTju5. Rule no. 8 then
implies that we should have 7; = —75. To check this, we note that (after
dropping primes to simplify the notation)

— — T
Tjug = [U1u2]

= Uy U]

= 526_16_1?11

= —vous , (49.6)

as required.
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Py Pl P j2) Py —P2
. . —_—>
Ypi-pi  — Ypi-ry + Ypi+r,
' 7 ' 7 ,> >—
P P P> Pi —DP> P1

Figure 49.2. Diagrams for vv — vv, corresponding to eq. (49.7).

In general, for processes with a total of just two incoming and outgoing
neutrinos, such as v — vy or vv — e, these rules give (up to an irrelevant
overall sign) the same result for i7 as we would get for the corresponding
process in the Dirac case, e" ¢ — e~ ¢ or ete™ — . (Note, however, that
in the Dirac case, we have £; = gpUW, as compared with £ = %ggpa\ll in
the Majorana case.)

The differences between Dirac and Majorana fermions become more pro-
nounced for vv — vv. Now there are three inequivalent contributing dia-
grams, shown in fig.49.2. The corresponding amplitude can be written
as

iT = L(ig)® (wyun) (Wgug) — (Ugua)(Ugug) | (Tous)(Uivs) (49.7)

—t+ M? —u+ M? —s+M? |’

where s = —(p1+p2)?, t = —(p1—p))? and u = —(p1—ph)?. After arbitrarily
assigning the first diagram a plus sign, the minus sign of the second diagram
follows from rule no. 8. To get the sign of the third diagram, we compare
it with the first. To do so, we reverse the arrow direction on the lower line
of the first diagram (which yields an extra minus sign), and then redraw
it in standard form. Comparing this modified first diagram with the third
diagram (and invoking rule no. 8) reveals a relative minus sign. Since the
modified first diagram has a minus sign from the arrow reversal, we conclude
that the third diagram has an overall plus sign.

After taking the absolute square of eq.(49.7), we can use relations like
eq. (49.6) on a term-by-term basis to put everything into a form that allows
the spin sums to be performed in the standard way. In fact, we have already
done all the necessary work in the Dirac case. The s-s, s-t, and t-t terms
in (|T|?) for vv — vv are the same as those for ete™ — ete™, while the
t-t, t-u, and u-u terms are the same as those for the crossing-related pro-
cess e e~ — e~ e . Finally, the s-u terms can be obtained from the s-t
terms via t < u, or equivalently from the t-u terms via t < s. Thus the
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result is

(s — 4m?)? st — 4m>u
(=57 " P =3 - )

(t — 4m?)? tu — 4m?s
A =97 " P = (2 — )

(u — 4m?)? us — 4m?t
O —w? T 0P - u(r =) |

(49.8)

which is neatly symmetric on permutations of s, ¢, and u.

Problems

49.1) Let ¥ be a Dirac field (representing the electron and positron), X be a
Majorana field (represeting the photino, the hypothetical supersymmetric
partner of the photon, with mass m5), and E, and Ex be two different com-
plex scalar fields (representing the two selectrons, the hypothetical supersym-
metric partners of the left-handed electron and the right-handed electron,
with masses My, and Mg; note that the subscripts L and R are just part of
their names, and do not signify anything about their Lorentz transformation
properties). They interact via

L1 =V2eEIXP.U +2eEI XP,¥ + h.c., (49.9)

where o = e?/4m ~1/137 is the fine-structure constant, and P, =

3(1F 75).

a) Write down the hermitian conjugate term explicitly.

b) Find the tree-level scattering amplitude for ete™ — 47. Hint: there are
four contributing diagrams, two each in the t and w channels, with
exchange of either E;, or Fy.

¢) Compute the spin-averaged differential cross section for this process in the
case that m, (the electron mass) can be neglected, and |¢|, |u| < My, = Mx.
Express it as a function of s and the center-of-mass scattering angle 6.
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Massless particles and spinor helicity

Prerequisite: 48

Scattering amplitudes often simplify greatly if the particles are massless (or
can be approximated as massless because the Mandelstam variables all have
magnitudes much larger than the particle masses squared). In this section
we will explore this phenomenon for spin-one-half (and spin-zero) particles.
We will begin developing the technology of spinor helicity, which will prove
to be of indispensible utility in Part III.

Recall from section 38 that the w spinors for a massless spin-one-half
particle obey

us(p)s(p) = 5(1+ 575)(—p) , (50.1)

where s = + specifies the helicity, the component of the particle’s spin mea-
sured along the axis specified by its three-momentum; in this notation the
helicity is %s. The v spinors obey a similar relation,

vs(P)Us(P) = 5(1 — 575)(—p) - (50.2)

In fact, in the massless case, with the phase conventions of section 38, we

have vs(p) = u—_s(p). Thus we can confine our discussion to u-type spinors

only, since we need merely change the sign of s to accomodate v-type spinors.
Consider a u spinor for a particle of negative helicity. We have

u-(p)a-(p) = 5(1 = 75)(—p) - (50.3)
Let us define
Paa = Pu0lhy - (50.4)
Then we also have
pia = gacgaty pué’“d“ ‘ (50.5)

308
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p 0 ot ) 1 0

0 - aa
u—(p)u-(p) = < ) ) - (50.7)

On the other hand, we know that the lower two components of u_ (p) vanish,

Pa
u_(p) = ( 0 ) . (50.8)

Here ¢, is a two-component numerical spinor; it is not an anticommuting

Then, using

and so we can write

object. Such a commuting spinor is sometimes called a twistor. An explicit
numerical formula for it (verified in problem 50.2) is

— sin(36)e~* >

+ cos(30) (509)

¢a:\/%<

where 6 and ¢ are the polar and azimuthal angles that specify the direction
of the three-momentum p, and w = |p|. Barring eq. (50.8) yields

(p)= (0. 47). (50.10)
where ¢! = (¢q)*. Now, combining egs. (50.8) and (50.10), we get
0 dady
_(p)u— = . 50.11
u-(p)u-(p) (0 0 ) (50.11)

Comparing with eq. (50.7), we see that

Paa = _¢a¢2 . (5012)

This expresses the four-momentum of the particle neatly in terms of the
twistor that describes its spin state. The essence of the spinor helicity
method is to treat ¢, as the fundamental object, and to express the particle’s
four-momentum in terms of it, via eq. (50.12).

Given eq. (50.8), and the phase conventions of section 38, the positive-

helicity spinor is
0
we®) = | ) (50.13)
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where ¢*¢ = e¢%. Barring eq. (50.13) yields

uy(p) = (9% 0). (50.14)

Computation of u(p)u4(p) via egs. (50.13) and (50.14), followed by com-
parison with eq. (50.1) with s = +, then reproduces eq. (50.12), but with the
indices raised.

In fact, the decomposition of p,; into the direct product of a twistor and
its complex conjugate is unique (up to an overall phase for the twistor). To
see this, use o# = (I, ) to write

—p°+p* pt—ip?
Dag = < L 0 3) . (50.15)
D +p -p =D
The determinant of this matrix is —(p°)? + p?, and this vanishes because the
particle is (by assumption) massless. Thus p,; has a zero eigenvalue. There-
fore, it can be written as a projection onto the eigenvector corresponding to
the nonzero eigenvalue. That is what eq. (50.12) represents, with the nonzero
eigenvalue absorbed into the normalization of the eigenvector ¢,.
Let us now introduce some useful notation. Let p and k£ be two four-

momenta, and ¢, and k, the corresponding twistors. We define the twistor
product

[pk] = ¢"Fa - (50.16)
Because ¢%k, = €%¢p.kq, and the twistors commute, we have
[kp]=—[pk]. (50.17)
From egs. (50.8) and (50.14), we can see that
74 (p)u(K) = [ph] . (50.18)
Similarly, let us define
(pk) = ¢ir*®. (50.19)
Comparing with eq. (50.16) we see that
(pk) = [kpl", (50.20)
which implies that this product is also antisymmetric,
(kp)=—(pk). (50.21)
Also, from egs. (50.10) and (50.13), we have
7 (p)us (k) = (phk) . (50.22)
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Note that the other two possible spinor products vanish:
w4 (p)ut (k) =u_(p)u-(k) =0. (50.23)
The twistor products (p k) and [p k] satisfy another important relation,
(pk)[kp) = (95" (K" 0a)
= ($50a) (KK
= Paak™
= 2k, , (50.24)

where the last line follows from 6“"1“0;’& = —2gM".
Let us apply this notation to the tree-level scattering amplitude for e~ ¢ —
e~ in Yukawa theory, which we first computed in section 44, and which

reads
Tos = 2Ty (p') [S(p+k) + S(p—K) [us(p) - (50.25)

For a massless fermion, S(p) = —p/p?. If the scalar is also massless, then
(p+k)*=2p-kand (p—k)?=—2p- k. Also, we can remove the ps in the
propagator numerators in eq. (50.25), because pus(p) = 0. Thus we have

¥ ¥

2p-k + 2p-k'

Too = (o) Junto). (50.26)

Now consider the case s’ = s = +. From egs. (50.13), (50.14), and

0 Kok,
= ( | ) , (50.27)
KrR® 0
we get
uy (p)(—H)ur(p) = ¢ Karfd™
= [p' k] (kp) . (50.28)
Similarly, for s’ = s = —, we find
u_(p')(—F)u—(p) = ¢} K"K bq
= (p' k) [kp], (50.29)

while for s’ # s, the amplitude vanishes:

T (p) (—K)us (p) = Tt () (—F)u—(p) = 0. (50.30)
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Then, using eq. (50.24) on the denominators in eq. (50.26), we find

)

[pkl = [pK]
while
T._ =T ,.=0. (50.32)

Thus we have rather simple expressions for the fixed-helicity scattering
amplitudes in terms of twistor products.

Reference notes

Spinor-helicity methods are discussed by Siegel.

Problems

50.1) Consider a bra-ket notation for twistors,

Ip] = u_(p) = vy (pP),

(p| =7u-(p) =v+(p) - (50.33)

We then have

(k| [p) = (kp) ,

[k [p] = [kp] ,

(k| [p] =0,

[k [p) =0. (50.34)
a) Show that

— = p)[p| + [p){pl , (50.35)

where p is any massless four-momentum.
b) Use this notation to rederive egs. (50.28)—(50.30).
50.2) a) Use egs. (50.9) and (50.15) to verify eq. (50.12).
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b) Let the three-momentum p be in the +Z direction. Use eq. (38.12) to
compute u (p) explicitly in the massless limit (corresponding to the limit
17 — 00, where sinhn = |p|/m). Verify that, when 6 = 0, your results agree
with egs. (50.8), (50.9), and (50.13).
50.3) Prove the Schouten identity,

(pa)(rs)+(pr){sq)+(ps){qr)=0. (50.36)

Hint: note that the left-hand side is completely antisymmetric in the three
labels g, r, and s, and that each corresponding twistor has only two compo-
nents.

50.4) Show that
(pq) lgr] (rs)[sp] = Tr 3(1—s)pdr# , (50.37)

and evaluate the right-hand side.
50.5) a) Prove the useful identities

(plv"|k] = [k|v"|p) , (50.38)
(Pl |k]" = (k|v"[p] , (50.39)
{plv*|p] = 2p*, (50.40)
(ply*|k) =0, (50.41)
[ply"[k] = 0. (50.42)

b) Extend the last two identies of part (a): show that the product of an odd
number of gamma matrices sandwiched between either (p| and |k) or [p|
and |k] vanishes. Also show that the product of an even number of gamma
matrices between either (p| and |k] or [p| and |k) vanishes.

¢) Prove the Fierz identities,

—3(plylay™ = la){pl + [p)al , (50.43)

— 3Pl = la)[pl + [p)(al - (50.44)

Now take the matrix element of eq.(50.44) between (r| and |s] to get
another useful form of the Fierz identity,

[Pl |a) (rlvuls] = 2[ps] (gr) . (50.45)
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51

Loop corrections in Yukawa theory
Prerequisite: 19, 40, 48

In this section we will compute the one-loop corrections in Yukawa theory
with a Dirac field. The basic concepts are all the same as for a scalar field,
and so we will mainly be concerned with the extra technicalities arising from
spin indices and anticommutation.

First let us note that the general discussion of sections 18 and 29 leads
us to expect that we will need to add to the lagrangian all possible terms
whose coeflicients have positive or zero mass dimension, and that respect
the symmetries of the original lagrangian. These include Lorentz symmetry,
the U(1) phase symmetry of the Dirac field, and the discrete symmetries of
parity, time reversal, and charge conjugation.

The mass dimensions of the fields (in four spacetime dimensions) are
[p] =1 and [¥] = 2. Thus any power of ¢ up to ¢* is allowed. But there
are no additional required terms involving W: the only candidates contain
either 75 (e.g., iWy5¥) and are forbidden by parity, or C (e.g, $*C¥) and
are forbidden by the U(1) symmetry.

Nevertheless, having to deal with the addition of three new terms (¢,
©3, ¢*) is annoying enough to prompt us to look for a simpler example.
Consider, then, a modified form of the Yukawa interaction,

Lyuk = igpUysU . (51.1)

This interaction will conserve parity if and only if ¢ is a pseudoscalar:
P lo(x,t)P = —p(—x,1t) . (51.2)
Then, ¢ and ¢? are odd under parity, and so we will not need to add them

to £. The one term we will need to add is ¢*.

314
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Therefore, the theory we will consider is

L=Lo+ Ly, (51.3)
Lo=i0PV —mUY — 20400, — 1 M?p* | (51.4)
L1 = iZygo07sV — 5 2\ " + Lot (51.5)

Loy =i(Zy—1)UPY — (Z;,—1)mI ¥
- %(Zgo—l)a“@@uso - %(ZM—I)MQ 2, (51.6)

where A is a new coupling constant. We will use an on-shell renormalization
scheme. The lagrangian parameter m is then the actual mass of the electron.
We will define the couplings g and A as the values of appropriate vertex
functions when the external four-momenta vanish. Finally, the fields are
normalized according to the requirements of the LSZ formula. In practice,
this means that the scalar and fermion propagators must have appropriate
poles with unit residue.

We will assume that M < 2m, so that the scalar is stable against decay
into an electron-positron pair. The exact scalar propagator (in momentum
space) can be then written in Lehmann—Kallén form as

A (12 1 > p(s)
AR =mrar =t /M& = —— (5L7)
where the spectral density p(s) is real and nonnegative. The threshold mass
My, is either 2m (corresponding to the contribution of an electron-positron
pair) or 3M (corresponding to the contribution of three scalars; by parity,
there is no contribution from two scalars), whichever is less.

We can also write

AED ™ = k2 + M? —ie —T1(K?) , (51.8)

where iII(k?) is given by the sum of one-particle irreducible (1PI for short;
see section 14) diagrams with two external scalar lines, and the external
propagators removed. The fact that A(kQ) has a pole at k? = —M? with
residue one implies that II(—M?) = 0 and II'(—M?) = 0; this fixes the coef-
ficients Z, and Zy.

All of this is mimicked for the Dirac field. When parity is conserved, the
exact propagator (in momentum space) can be written in Lehmann—-Kéllén
form as

S(p) = __Ptm I /OO ds —ppi(s) + Vspa(s) 7 (51.9)

-2 2 _ 2 ;
p* 4+ m= — e m2, pe+s—e
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Figure 51.1. The one-loop and counterterm corrections to the scalar prop-
agator in Yukawa theory.

where the spectral densities p;(s) and pa(s) are both real, and p;(s) is non-
negative and greater than po(s). The threshold mass myy, is m + M (corre-
sponding to the contribution of a fermion and a scalar), which, by assump-
tion, is less than 3m (corresponding to the contribution of three fermions;
by Lorentz invariance, there is no contribution from two fermions).

Since p? = —pp, we can rewrite eq. (51.9) as

S L [T )+ VEm
S R Ml o ey e e e R

with the understanding that 1/(...) refers to the matrix inverse. However,
since ¢ is the only matrix involved, we can think of S(]/j) as an analytic
function of the single variable p. With this idea in mind, we see that
g(p) has an isolated pole at p = —m with residue one. This residue cor-
responds to the field normalization that is needed for the validity of the LSZ
formula.

We can also write the exact fermion propagator in the form

SH) ! =p+m—ic—X(p), (51.11)

where i3()) is given by the sum of 1PI diagrams with two external fermion

lines, and the external propagators removed. The fact that é(p) has a pole
at p = —m with residue one implies that X(—m) = 0 and ¥’'(—m) = 0; this
fixes the coefficients Zg and Z,,.

We proceed to the diagrams. The Yukawa vertex carries a factor of
i(iZ49)Ys = —Z4975. Since Zyz =1+ O(g?), we can set Z; =1 in the one-
loop diagrams.

Consider first TI(k?), which receives the one-loop (and counterterm) cor-
rections shown in fig. 51.1. The first diagram has a closed fermion loop. As
we will see in problem 51.1 (and section 53), anticommutation of the fermion
fields results in an extra factor of minus one for each closed fermion loop.
The spin indices on the propagators and vertices are contracted in the usual
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way, following the arrows backwards. Since the loop closes on itself, we end
up with a trace over the spin indices. Thus we have

Moo (2) = (002 (F [ s W[S(4ks8(00s] . (5112

where
= —p+m
S(Y) = —"——— 51.13
W) = s (51.13)
is the free fermion propagator in momentum space.
We now proceed to evaluate eq. (51.12). We have
Tr[(—f =k + m)ys(—f +m)ys] = Te[(—f — k + m)(+£ + m)]
= 4[(0 4 k)¢ + m?]
= 4N . (51.14)

The first equality follows from 72 = 1 and vspy5 = —.
Next we combine the denominators with Feynman’s formula. Suppressing
the ies, we have

1 1 ! 1
= [ dv—— 51.15
(l+E)% + m? 2 + m? /0 @+ Dy ( )

where ¢ = { + zk and D = z(1—x)k? + m?.
We then change the integration variable in eq.(51.12) from ¢ to ¢; the
result is

/LH\IIIOOp _49 / dx/ q +D) (5116)

where now N = (¢ + (1—2)k)(q — zk) + m?. The integral diverges, and so we

analytically continue it to d = 4 — ¢ spacetime dimensions. (Here we ignore

a subtlety with the definition of 75 in d dimensions, and assume that v = 1

and 55 = —p continue to hold.) We also make the replacement g — gic/?,

where i has dimensions of mass, so that g remains dimensionless.
Expanding out the numerator, we have

N =¢* —z(1-2)k*> + m? + (1—22)kq . (51.17)
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The term linear in ¢ integrates to zero. For the rest, we use the general result
of section 14 to get

- d 1 7 2
“g/ <2w(§d @+ D2 T6n2 [g - ln@/ﬁﬂ)} : (51.18)

d 2 i
[f/ (i:;d (g2 3— D)2 = 1672 [g +3 - ln(D/,u2)} (=2D), (51.19)

where p? = 4me™"i%, and we have dropped terms of order e. Plugging
egs. (51.18) and (51.19) into eq. (51.16) yields

2
H\I/ loop(kQ) - g—

1
~ 13 g(/<:2 +2m?) + k> + m®

- /1 dz (3z(1—2)k* + mQ)IH(D/MQ)] . (51.20)

We see that the divergent term has (as expected) a form that permits can-
cellation by the counterterms.
We evaluated the second diagram of fig. 51.1 in section 31, with the result

HSDlOOP(kQ) = (4;\T)2 |:% + % B %IH(MQ/MQ):| M2 . (51-21)

The third diagram gives the contribution of the counterterms,
et (k) = —(Zp—1)k* — (Zy—1)M? . (51.22)

Adding up eqgs. (51.20)-(51.22), we see that finiteness of II(k?) requires

9> (1
Z<P =1 - H <E + ﬁnlte) y (5123)
A g®> m?\/1
Zy =1 — =—=—= ]| — + finit 51.24
M +<167r2 on2 a2 J\ = T ) (51:24)

plus higher-order (in g and/or \) corrections. Note that, although there is
an O(A) correction to Zyy, there is not an O(A) correction to Z,.
We can impose I1(—M?) = 0 by writing

) = 4 [/ do (30(1-2)k? + m)(D/Do) + (7 + Mﬂ ,
o (51.25)
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Figure 51.2. The one-loop and counterterm corrections to the fermion prop-
agator in Yukawa theory.

where Dy = —z(1—z)M? + m?, and k., is a constant to be determined. We
fix K, by imposing II'(—M?) = 0, which yields

Ky = /1 dz z(1—x)[3z(1—2)M?* — m?)/Dy . (51.26)
0

Note that, in this on-shell renormalization scheme, there is no O(\) correc-
tion to II(k?).

Next we turn to the ¥ propagator, which receives the one-loop (and coun-
terterm) corrections shown in fig. 51.2. The spin indices are contracted in the
usual way, following the arrows backwards. We have

4 ~ ~
%1 100p (P) = (—9)2(%)2/(;%4 [75S(pf+ﬁ)v5 A(e?) (51.27)

where S(p) is given by eq. (51.13), and

<9 1
AE) = e (51.28)

is the free scalar propagator in momentum space.
We evaluate eq. (51.27) with the usual bag of tricks. The result is

1 4
i1 100p () = _92/0 dx/ (gwq)z; (2 iVD)2 ) (51.29)

where ¢ = ¢ + xp and

N=¢+(Q-2)p+m, (51.30)
D = z(1—2)p* + om?* + (1—z)M? . (51.31)

The integral diverges, and so we analytically continue it to d = 4 — ¢ space-

time dimensions, make the replacement g — g[LE/ 2 and take the limit as

£ — 0. The term linear in ¢ in eq. (51.30) integrates to zero. Using eq. (51.18),
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Figure 51.3. The one-loop correction to the scalar-fermion-fermion vertex
in Yukawa theory.

we get

g2

1672

21 loop (ﬁ) =

1
é(;¢+2m) —/0 dx ((1—x)pf+m)ln(D/u2)] :
(51.32)

We see that the divergent term has (as expected) a form that permits can-
cellation by the counterterms, which give

Y (p) = —(Zo—1)p — (Zn—1)m . (51.33)
Adding up egs. (51.32) and (51.33), we see that finiteness of 3(}) requires

g (1 ..
Z\Il =1 1671‘2 (g + ﬁnltG) 5 (5134)
2
g~ (1 :

plus higher-order corrections.
We can impose 3(—m) = 0 by writing
2

() = # [/01 dx ((l—x)p—i— m)ln(D/Do) + ru(p+ m)] . (51.36)

where Dy is D evaluated at p?> = —m?, and ky is a constant to be deter-
mined. We fix kg by imposing ¥/(—m) = 0. In differentiating with respect
to , we take the p? in D, eq. (51.31), to be —p?; we find

1
Ky = —2/ dz x*(1—x)m?/Dy . (51.37)
0

Next we turn to the correction to the Yukawa vertex. We define the vertex
function iVy (p', p) as the sum of one-particle irreducible diagrams with one
incoming fermion with momentum p, one outgoing fermion with momentum
p’, and one incoming scalar with momentum & = p’ — p. The original vertex
—Z497s5 is the first term in this sum, and the diagram of fig.51.3 is the
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second. Thus we have

iVy (0, p) = —Zyg7s + iVy, 1100p(1, p) + O(4°) (51.38)
where
. / 3/1 3 ddé
Vo) = (0 (1) | 5 a8 8 G+ A@)
(51.39)
The numerator can be written as
=@ +{+m)(—p—f+m)ys, (51.40)
and the denominators combined in the usual way. We then get
iVy, 1100p (P, p) = —ig /dFs/ i D)3 , (51.41)

where the integral over Feynman parameters was defined in section 16, and
now

q={+mz1p+ 2P, (51.42)
N =[f — xp+ (L—z2)p’ + m][—¢ — (1—a1)p + 229’ + m]y5 . (51.43)

D = z1(1—21)p* + zo(1—29)p? — 2z 20p-p'

+ (z1+x2)m? + 23 M2 . (51.44)
Using ¢¢ = —q?, we can write N as
N = ¢%vs5 + N + (linear in q) , (51.45)
where
N = [—z1p + (1—z2)pf’ + m][—(1—z1)f + 22§’ + m]ys - (51.46)

The terms linear in ¢ in eq. (51.45) integrate to zero, and only the first term
is divergent. Performing the usual manipulations, we find

; / g l—l—— F In(D L g Y
iVy, 1100p(P', P) = 1 dF3 In(D/p?) |vs + % dsD

82
(51.47)
From eq. (51.38), we see that finiteness of Vy (p/,p) requires
g (1
Zg=1+_—= 52 < + ﬁmte> (51.48)

plus higher-order corrections.
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Figure 51.4. One of six diagrams with a closed fermion loop and four exter-
nal scalar lines; the other five are obtained by permuting the external
momenta in all possible inequivalent ways.

To fix the finite part of Z;, we need a condition to impose on Vy (p',p).
We will mimic what we did in 3 theory in section 16, and require Vy (0, 0)
to have the tree-level value igy;. We leave the details to problem 51.2.

Next we turn to the corrections to the o* vertex iVy(ki, ko, k3, k4); the
tree-level contribution is —¢Z)A. There are diagrams with a closed fermion
loop, as shown in fig. 51.4, plus one-loop diagrams with ¢ particles only that
we evaluated in section 31. We have

. 47104 d* ~ ~
Vs = (00" [ G T[5080-k )
X S(f+Ky+K3) S (+K2) s

+ 5 permutations of (ke, k3, kq) . (51.49)

Again we can employ the standard methods; there are no unfamiliar aspects.
This being the case, let us concentrate on obtaining the divergent part; this
will give us enough information to calculate the one-loop contributions to
the beta functions for g and A.

To obtain the divergent part of eq. (51.49), it is sufficient to set k; = 0.
Then the numerator in eq. (51.49) becomes simply Tr (fy5)* = 4(¢2)2, and
the denominator is (¢2 +m?)%. Then we find, after including the identical
contributions from the other five permutations of the external momenta,

3g* (1 ,
V4,\Illoop = _% <g + ﬁn1te> . (5150)
From section 31, we have
3 (1 .
V4,Lp100p = m (g + ﬁnlte) . (5151)

Then, using

Vyi= -2+ V47\I/100p + V47<p100p + ..., (51.52)
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we see that finiteness of V4 requires
30 3¢\ /1
Zy=1 —— — —— || = 4 finit 51.53
A * <167T2 WQ)\)(E i e) ’ ( )

plus higher-order corrections.

Reference notes

A detailed derivation of the Lehmann—Kéllén form of the fermion propagator
can be found in ltzykson & Zuber.

Problems

51.1) Derive the fermion-loop correction to the scalar propagator by working
through eq. (45.2), and show that it has an extra minus sign relative to
the case of a scalar loop.

51.2) Finish the computation of Vy (p,p), imposing the condition

Vy(0,0) =igys . (51.54)

51.3) Counsider making ¢ a scalar rather than a pseudoscalar, so that the Yukawa
interaction is Lyu = gV W. In this case, renormalizability requires us to add
a term L3 = %Z,mgp?’, as well as term linear in ¢ to cancel tadpoles. Find
the one-loop contributions to the renormalizing Z factors for this theory in
the MS scheme.
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Beta functions in Yukawa theory

Prerequisite: 28, 51

In this section we will compute the beta functions for the Yukawa coupling
g and the ¢* coupling A in Yukawa theory, using the methods of section 28.
The relations between the bare and renormalized couplings are

g0 = 2,225 2, g , (52.1)
Mo =Z NI (52.2)
Let us define
12— — Gn(g, )
1/2 1 _ n\Y,
(2,225 2,) = Z:l el (52.3)
_ - Ln(g, )
2 _ )
1n<Z¢, ZA> =y e (52.4)
n=1

From our results in section 51, we have

592

~ 1672
3\ g° 3g*
= — = =+ ... 2.
1672 T2x T men o (52.6)
where the ellipses stand for higher-order (in g? and/or \) corrections.
Taking the logarithm of egs. (52.1) and (52.2), and using egs. (52.3) and
(52.4), we get

G1(g, \) o, (52.5)

Ll(g7 )\)

— Gnl(g, A .
lngozz%Jrlnqu%eln,u, (52.7)

n=1

~ Ln(g, A
ln/\o—z%—i-ln)\—i—slnﬂ. (52.8)

n=1

324
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We now use the fact that gg and \g must be independent of p. We differen-
tiate egs. (52.7) and (52.8) with respect to In u; the left-hand sides vanish,
and we multiply the right-hand sides by g and A, respectively. The result
is

1
( 0G, dg 0G, d\ )_ dg fleg,  (529)

¢ 10

= g 0g dln,u+g OA dlnp dlnp
dg 0L, dA V1  d\

A S o (5210

Z( 99 ding TV oxn dmp ) Tamn T E (52.10)

In a renormalizable theory, dg/dInpu and d\/dInp must be finite in the
€ — 0 limit. Thus we can write

dg

1
dny 29 T 590 (52.11)
dA
Tnp —eA+ Br(g: ) - (52.12)
Substituting these into egs. (52.9) and (52.10), and matching powers of ¢,
we find
0 0
6g(g,/\)=g<§ 8_+>\8)\>G1’ (52.13)
3} 0
Br(g, A) = A(zga +Aﬁ> (52.14)

The coefficients of all higher powers of 1/ must also vanish, but this gives
us no more information about the beta functions.
Using egs. (52.5) and (52.6) in egs. (52.13) and (52.14), we get

B ) = 2L 4 (52.15)
99N =1zt .
B9 M) = 7o (3)\2 + 8¢ 4894) o (52.16)

The higher-order corrections have extra factors of g2 and/or ).

Problems

52.1) Compute the one-loop contributions to the anomalous dimensions of m, M,
U, and .
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52.2) Consider the theory of problem 51.3. Compute the one-loop contributions to
the beta functions for g and A, and to the anomalous dimensions of m, M,
Kk, ¥, and ¢.
52.3) Consider the beta functions of egs. (52.15) and (52.16).
a) Let p = \/g?, and compute dp/dIn u. Express your answer in terms of g
and p. Explain why it is better to work with g and p rather than g and .
Hint: the answer is mathematical, not physical.
b) Show that there are two fized points, p% and p* , where dp/dInp = 0, and
find their values.
¢) Suppose that, for some particular value of the renormalization scale u, we
have p =0 and g <&« 1. What happens to p at much higher values of u
(but still low enough to keep g < 1)? At much lower values of pu?
d) Same question, but with an initial value of p = 5.
e) Same question, but with an initial value of p = —5.
f) Find the trajectory in the (p, g) plane that is followed for each of the three
starting points as u is varied up and down. Hint: you should find that the
trajectories take the form

p—pil”
p—p=

for some particular exponent v. Put arrows on the trajectories that point

g—go‘

in the direction of increasing u.
g) Explain why p* is called an witraviolet stable fixed point, and why p?* is
called an infrared stable fixed point.
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Functional determinants
Prerequisite: 44, 45

In the section we will explore the meaning of the functional determinants
that arise when doing gaussian path integrals, either bosonic or fermionic.
We will be interested in situations where the path integral over one particular
field is gaussian, but generates a functional determinant that depends on
some other field. We will see how to relate this functional determinant to a
certain infinite set of Feynman diagrams. We will need the technology we
develop here to compute the path integral for nonabelian gauge theory in
section 70.
We begin by considering a theory of a complex scalar field x with

L=-0"x"0,x — m*x"x + gpx'x , (53.1)

where ¢ is a real scalar background field. That is, ¢(z) is treated as a fixed
function of spacetime. Next we define the path integral

Z(p) = / DX Dy e! [ 45 (53.2)
where we use the e trick of section 6 to impose vacuum boundary conditions,
and the normalization Z(0) =1 is fixed by hand.

Recall from section 44 that if we have n complex variables z;, then we can
evaluate gaussian integrals by the general formula

/dnz d"z exp (—iz;M;;z;) o< (det M)~ . (53.3)

In the case of the functional integral in eq. (53.2), the index ¢ on the inte-
gration variable is replaced by the continuous spacetime label z, and the
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“matrix” M becomes
M(z,y) = [-07 +m? — gp(2))6' (z — y) . (53.4)

In order to apply eq. (53.3), we have to understand what it means to compute
the determinant of this expression.

To this end, let us first note that we can write M = MOM , which is
shorthand for

M(z,2) = [ dlyMo(e,) 3T (0. 2). (5.5)
where
Mo(x,y) = (=05 +m*)é"(z —y) , (53.6)
M(y,2) = 6"(y — 2) — gA(y — 2)p(2) - (53.7)
Here A(y — z) is the Feynman propagator, which obeys
(=02 +m*) Ay —z) ="y — 2) . (53.8)

After various integrations by parts, it is easy to see that egs. (53.5)—(53.7)
reproduce eq. (53.4).

Now we can use the general matrix relation det AB = det A det B to con-
clude that

det M = det My det M . (53.9)

The advantage of this decomposition is that My is independent of the
background field ¢, and so the resulting factor of (det My)~t in Z(y) can
simply be absorbed into the overall normalization. Furthermore, we have
M=1- G, where

I(z,y) = 6'(z —y) (53.10)
is the identity matrix, and
G(z,y) = gA(z — y)e(y) - (53.11)

Thus, for ¢(x) = 0, we have M = I and so det M = 1. Then, using eq. (53.3)
and the normalization condition Z(0) = 1, we see that for nonzero p(x) we
must have simply

Z() = (det M)~" . (53.12)

Next, we need the general matrix relation det A = exp Trln A, which is
most easily proved by working in a basis where A is in Jordan form (that
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Figure 53.1. All connected diagrams with (z) treated as an external field.
Each of the n dots represents a factor of igp(x), and each solid line is a x
or ¥ propagator.

is, all entries below the main diagonal are zero). Thus we can write
det M = expTrln]Tj

=expTrin(I — G)

1
= Tr|— -G"| . 53.13
exp [ 7; - (53.13)
Combining egs. (53.12) and (53.13) we get
— 1
Z = —TrG" 53.14
() expnz1 STt (53.14)

where
TrG" = g" / diry ... dY, Az —x2)@(x2) ... Alzp—21)@(21) . (53.15)

This is our final result for Z(¢p).

To better understand what it means, we will rederive it in a different
way. Consider treating the gox'x term in £ as an interaction. This leads
to a vertex that connects two x propagators; the associated vertex factor
is igp(x). According to the general analysis of section 9, we have Z(p) =
exp il'(¢), where iI'(¢) is given by a sum of connected diagrams. (We have
called the exponent I' rather than W because it is naturally interpreted as a
quantum action for ¢ after x has been integrated out.) The only connected
diagrams we can draw with these Feynman rules are those of fig. 53.1, with
n insertions of the vertex, where n > 1. The diagram with n vertices has an
n-fold cyclic symmetry, leading to a symmetry factor of S = n. The factor
of i associated with each vertex is canceled by the factor of 1/i associated
with each propagator. Thus the value of the n-vertex diagram is

%g” / dizy .. dhe, Az —x2)e(zs) . .. Az, —21)@(x1) - (53.16)
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Summing up these diagrams, and using eq. (53.15), we find

oo

1
iT(p) =) _ ~ TG (53.17)
n=1

This neatly reproduces eq. (53.14). Thus we see that a functional determi-
nant can be represented as an infinite sum of Feynman diagrams.
Next we consider a theory of a Dirac fermion ¥ with

L=i0PV — mUV + gV (53.18)

where ¢ is again a real scalar background field. We define the path integral
Z(p) = /Dﬁmf el et (53.19)

where we again use the € trick to impose vacuum boundary conditions, and
the normalization Z(0) = 1 is fixed by hand.

Recall from section 44 that if we have n complex Grassmann variables ¢;,
then we can evaluate gaussian integrals by the general formula

/d”@Z_J d™p exp (—ilZiMijiﬁj) o det M . (53.20)

In the case of the functional integral in eq. (53.19), the index i on the inte-
gration variable is replaced by the continuous spacetime label x plus the
spinor index «, and the “matrix” M becomes

Mog(z,y) = [—id, +m — gp(x)]apb*(z — y) . (53.21)

In order to apply eq. (53.20), we have to understand what it means to com-
pute the determinant of this expression.

To this end, let us first note that we can write M = MOM , Which is
shorthand for

Mao(.2) = [ dy Mans(a,) 35, (1:2) (53.22)

where
Moap(w,y) = (=if), +m)asd’(z — ), (53.23)
Mg (y, 2) = 63,6 (y — 2) — g, (y — 2)p(2) - (53.24)

Here Sg,(y — 2) is the Feynman propagator, which obeys

(=i, + M)asSim (Y — 2) = 6ard'(y — 2) . (53.25)
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After various integrations by parts, it is easy to see that eqgs. (53.22)-(53.24)
reproduce eq. (53.21).

Now we can use eq. (53.9). The advantage of this decomposition is that
My is independent of the background field ¢, and so the resulting factor
of det My in Z(p) can simply be absorbed into the overall normalization.
Furthermore, we have M = I — GG, where

Iog(x,y) = bapb*(z — y) (53.26)

is the identity matrix, and

Gap(x,y) = 9Sap(® — y)e(y) - (53.27)

Thus, for ¢(x) = 0, we have M = I and so det M = 1. Then, using eq. (53.20)
and the normalization condition Z(0) = 1, we see that for nonzero ¢(x) we
must have simply

Z() = det M . (53.28)

Next, we use egs. (53.13) and (53.28) to get

1
Z(p) =exp —Y ~TrG", (53.29)

n=1

where now
TrG" =g" / d'zy .. dY%, tr S(x1—x0)(x2) ... S(xp—z1)@(x1) , (53.30)

and “tr” denotes a trace over spinor indices. This is our final result for Z(y).

To better understand what it means, we will rederive it in a different
way. Consider treating the gpWUW term in £ as an interaction. This leads
to a vertex that connects two W propagators; the associated vertex factor
is igp(x). According to the general analysis of section 9, we have Z(p) =
expil'(¢), where iI'(¢) is given by a sum of connected diagrams. (We have
called the exponent I' rather than W because it is naturally interpreted as a
quantum action for ¢ after U has been integrated out.) The only connected
diagrams we can draw with these Feynman rules are those of fig. (53.1), with
n insertions of the vertex, where n > 1. The diagram with n vertices has an
n-fold cyclic symmetry, leading to a symmetry factor of S = n. The factor of
i associated with each vertex is canceled by the factor of 1/i associated with
each propagator. The closed fermion loop implies a trace over the spinor
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indices. Thus the value of the n-vertex diagram is

1
- g" / d'zy ... dY, tr S(x1—x0)(x2) . .. S(xn—z1)@(21) . (53.31)

Summing up these diagrams, we find that we are missing the overall minus
sign in eq. (53.29). The appropriate conclusion is that we must associate an
extra minus sign with each closed fermion loop.
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54

Maxwell’s equations

Prerequisite: 3

The most common (and important) spin-one particle is the photon. Emission
and absorption of photons by matter is an important phenomenon in many
areas of physics, and so that is the context in which most physicists first
encounter a serious treatment of photons. We will use a brief review of this
subject (in this section and the next) as our entry point into the theory of
quantum electrodynamics.

Let us begin with classical electrodynamics. Maxwell’s equations are

V-E=p, (54.1)
VxB-E=17J, (54.2)
VXxE+B=0, (54.3)

VB=0, (54.4)

where E is the electric field, B is the magnetic field, p is the charge den-
sity, and J is the current density. We have written Maxwell’s equations in
Heaviside—Lorentz units, and also set ¢ = 1. In these units, the magnitude
of the force between two charges of magnitude Q is Q2 /4712,

Maxwell’s equations must be supplemented by formulae that give us
the dynamics of the charges and currents (such as the Lorentz force law
for point particles). For now, however, we will treat the charges and cur-
rents as specified sources, and focus on the dynamics of the electromagnetic
fields.

The last two of Maxwell’s equations, the ones with no sources on the
right-hand side, can be solved by writing the E and B fields in terms of a
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scalar potential ¢ and a vector potential A,
E=-Vyp—A, (54.5)
B=VxA. (54.6)

The potentials uniquely determine the fields, but the fields do not uniquely
determine the potentials. Given a particular ¢ and A that result in a par-
ticular E and B, we will get the same E and B from any other potentials
¢ and A’ that are related by

o =p+T, (54.7)
A=A-VI, (54.8)

where I' is an arbitrary function of spacetime. A change of potentials that
does not change the fields is called a gauge transformation. The E and B
fields are gauge invariant.

All this becomes more compact and elegant in a relativistic notation. We
define the four-vector potential or gauge field

AP = (@, A) . (54.9)
We also define the field strength
FHY = grAY — 9VAF . (54.10)

Obviously, F* is antisymmetric: F** = —F"#. Comparing egs. (54.5) and
(54.6) with egs. (54.9) and (54.10), we see that

FY% =p", (54.11)
Fii =cikp, (54.12)
The first two of Maxwell’s equations can now be written as
o, FH = Jr | (54.13)
where
JH=(p,J) (54.14)

is the charge-current density four-vector.

If we take the four-divergence of eq.(54.13), we get 0,0,F" = 0,J".
The left-hand side of this equation vanishes, because 0,0, is symmetric on
exchange of 1 and v, while F*¥ is antisymmetric. We conclude that we must
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have
o J" =0, (54.15)
or equivalently
p+V-I=0; (54.16)

that is, the electromagnetic current must be conserved.
The last two of Maxwell’s equations can be written as

Eprpe O =0, (54.17)

where €50 is the completely antisymmetric Levi-Civita tensor; see section
34. Plugging in eq. (54.10), we see that eq. (54.17) is automatically satisfied,
since the antisymmetric combination of two derivatives vanishes.

Egs. (54.7) and (54.8) can be combined into

A = AP — 9T . (54.18)
Setting F'* = gMA™" — 9¥A'" and using eq. (54.18), we get
FI = Fr _ (91Y — 9V (54.19)

The last term vanishes because derivatives commute; thus the field strength
is gauge invariant,

F'w = i (54.20)

Next we will find an action that results in Maxwell’s equations as the
equations of motion. We will treat the current as an external source. The
action we seek should be Lorentz invariant, gauge invariant, parity and time-
reversal invariant, and no more than second order in derivatives. The only

candidate is S = [ d*z £, where
L=-1Fr"F,, +J'A, . (54.21)

The first term is obviously gauge invariant, because F* is. After a gauge

transformation, eq. (54.18), the second term becomes J “A;u and the differ-

ence is
J“(A/ — Au) = —J“@ul“
= —(GMJ“)F — au(J’T) . (54.22)

The first term in eq.(54.22) vanishes because the current is conserved.
The second term is a total divergence, and its integral over d*r vanishes
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(assuming suitable boundary conditions at infinity). Thus the action speci-
fied by eq. (54.21) is gauge invariant.

Setting F'* = OMAY — 9YA* and multiplying out the terms, eq.(54.21)
becomes

L=-10rA"9, A, + 1040, A, + JHA, (54.23)

= +%Au(g“”a2 — OHI)A, + JFA, — O'K, (54.24)

where K, = £4"(9,A, — 9,A,). The last term is a total divergence, and can

be dropped. From eq. (54.24), we can see that varying A* while requiring S
to be unchanged yields the equation of motion

(g% — 0FO")A, +J' =0 . (54.25)

Noting that 0,F* = 9,(0rAY — OAF) = (O*O¥ — g D?)A,, we see that
eq. (54.25) is equivalent to eq. (54.13), and hence to Maxwell’s equations.
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Electrodynamics in Coulomb gauge

Prerequisite: 54

Next we would like to construct the hamiltonian, and quantize the electro-
magnetic field.

There is an immediate difficulty, caused by the gauge invariance: we have
too many degrees of freedom. This problem manifests itself in several ways.
For example, the lagrangian

L= —1F"Fu + JMA, (55.1)
_ —%8%4”8“14,, + %8“14”8,,14# + JFA, (55.2)

does not contain the time derivative of A°. Thus, this field has no canonically
conjugate momentum and no dynamics.

To deal with this problem, we must eliminate the gauge freedom. We do
this by choosing a gauge. We choose a gauge by imposing a gauge condition.
This is a condition that we require A*(x) to satisfy. The idea is that there
should be only one A¥(x) that results in a given F*”(z) and that also satisfies
the gauge condition.

One possible class of gauge conditions is n*4,(x) = 0, where n* is a con-
stant four-vector. If n is spacelike (n? > 0), then we have chosen azial gauge;
if n is lightlike, (n? = 0), it is lightcone gauge; and if n is timelike, (n? < 0),
it is temporal gauge.

Another gauge is Lorenz gauge, where the condition is 0"A,, = 0. We will
meet a family of closely related gauges in section 62.

In this section, we will work in Coulomb gauge, also known as radiation
gauge or transverse gauge. The condition for Coulomb gauge is

V-A(z) =0. (55.3)
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We can impose eq. (55.3) by acting on A;(x) with a projection operator,

Ay(x) — <5ij _ %)Aj(a;) . (55.4)

We construct the right-hand side of eq. (55.4) by Fourier-transforming A;(x)
to A;(k), multiplying A4;(k) by the matrix 6i; — kik;/k?, and then Fourier-
transforming back to position space. From now on, whenever we write A;,
we will implicitly mean the right-hand side of eq. (55.4).

Now let us write out the lagrangian in terms of the scalar and vector
potentials, ¢ = A° and A;, with A; obeying the Coulomb gauge condition.
Starting from eq. (55.2), we get

L= %AZAZ — %V]AN]A, + J; A;
+ %VzAJVJAZ + A1V1g0
+3VipVip — pp . (55.5)

In the second line of eq. (55.5), the V; in each term can be integrated by
parts; in the first term, we will then get a factor of V;(V;4;), and in the
second term, we will get a factor of V,;A;. Both of these vanish by virtue
of the gauge condition V;A4; = 0, and so both of these terms can simply be
dropped.

If we now vary ¢ (and require S = [ d% L to be stationary), we find that
© obeys Poisson’s equation,

—Vp=p. (55.6)
The solution is
p(y,t)
= [ d¥y -2 55.7

This solution is unique if we impose the boundary conditions that ¢ and p
both vanish at spatial infinity.

Eq. (55.7) tells us that ¢(x,t) is given entirely in terms of the charge
density at the same time, and so has no dynamics of its own. It is therefore
legitimate to plug eq. (55.7) back into the lagrangian. After an integration
by parts to turn V;oV;¢ into —pV?2p = ¢p, the result is

L= %AlAZ - %vjAlvjAz + JiAi + Leoul (558)
where
1 p(x,t)p(y, )
Loow = —5 [ d¥y === 55.9
T2 / Y arix—y] (559)
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We can now vary A;; keeping proper track of the implicit projection operator
in eq. (55.4), we find that A; obeys the massless Klein—Gordon equation with
the projected current as a source,

—82/11(%) = <6U — %)J](m‘) . (5510)

For a free field (J; = 0), the general solution is

A@) =Y / i [e3(k)ar ()™ + 5 (K)a (K)e 7] | (55.11)
A==+

where kY = w = [K|, dk = d*/(27)32w, and € (k) and e_(k) are polariza-
tion vectors. In order to satisfy the Coulomb gauge condition, the polariza-
tion vectors must be orthogonal to the wave vector k. We will choose them to
correspond to right- and left-handed circular polarizations; for k = (0,0, k),
we then have

5+(k) = %(1)_1'70) )

e-(k) = 75(1,+4,0) . (55.12)

More generally, the two polarization vectors along with the unit vector in
the k direction form an orthonormal and complete set,

key(k) =0, (55.13)

ex(k)-ex(k) = dxn (55.14)

> en)ejn(k) = by — k2] : (55.15)
A=+

The coefficients a) (k) and aT/\(k) will become operators after quantization,
which is why we have used the dagger symbol for conjugation.

In complete analogy with the procedure used for a scalar field in section
3, we can invert eq. (55.11) and its time derivative to get

ax(k) = +ier(k)- / dr e Gy A(z) | (55.16)

al (k) = —i e} (k)- / B et 5 A(z) (55.17)

where fé_;g = f(Oug) — (Ouf)g-
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Now we can proceed to the hamiltonian formalism. First, we compute the
canonically conjugate momentum to A;,

I; = gfi = A; . (55.18)
Note that V;A; = 0 implies V,;II; = 0. The hamiltonian density is then
H=TLA; — L
= LILIL + 3V, 4,V A; — JiAdi + Heou (55.19)
where Heoul = —Leoul-

To quantize the field, we impose the canonical commutation relations.
Keeping proper track of the implicit projection operator in eq. (55.4), we
have

V?

. kik;
:z/(27r)36 ( Y><5ij— k;). (55.20)

The commutation relations of the ay(k) and ai\(k) operators follow from
eq. (55.20) and [A;, A;] = [II;,II;] = 0 (at equal times). The result is

[Ai(x,£), 1Ly, £)] = (5 - Vivﬂ')éﬁx )

lax(k), ax (k') =0, (55.21)
laf (), al, ()] =0, (55.22)
[aa(k), al, (K')] = (27)32w 63 (K — K)érx - (55.23)

We interpret a:r\(k) and ay(k) as creation and annihilation operators for

photons of definite helicity, with helicity +1 corresponding to right-circular
polarization and helicity —1 to left-circular polarization.

It is now straightfoward to write the hamiltonian explicitly in terms of
these operators. We find

H=Y" /% w al (K)ax (k) + 260V — /d% I(2)-A(x) + Hepw , (55.24)
A=+

where & = %(27?)_3 f d%k w is the zero-point energy per unit volume that
we found for a real scalar field in section 3, V' is the volume of space, the
Coulomb hamiltonian is

1 X, t ,t
Hoou = §/d3xd3y 7p(4ﬂ‘i/)_(§‘ 5 (55.25)
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and we use eq. (55.11) to express A;(x) in terms of ay(k) and ai\(k) at any
one particular time (say, ¢ = 0). This is sufficient, because H itself is time
independent.

This form of the hamiltonian of electrodynamics is often used as the start-
ing point for calculations of atomic transition rates, with the charges and
currents treated via the nonrelativistic Schrédinger equation. The Coulomb
interaction appears explicitly, and the J-A term allows for the creation and
annihilation of photons of definite polarization.

Reference notes

A more rigorous treatment of quantization in Coulomb gauge can be found
in Weinberg I

Problems
55.1) Use egs. (55.13-55.20) and [A;, A;] = [II;,II;] = 0 (at equal times) to verify
egs. (55.21)—(55.23).
55.2) Use eqgs. (55.11), (55.14), (55.19), and (55.21)(55.23) to verify eq. (55.24).
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LSZ reduction for photons
Prerequisite: 5, 55

In section 55, we found that the creation and annihilation operators for free
photons could be written as

al (k) = —i e} (k)- / & et Gy A(z) | (56.1)
ax(k) = +i s,\(k)-/d3x e~k 9 A(z) (56.2)

where e)(k) is a polarization vector. From here, we can follow the analysis
of section 5 line by line to deduce the LSZ reduction formula for photons.
The result is that the creation operator for each incoming photon should be
replaced by

ol ()i — 1€ (K) / dhe et (—9?) A (x) (56.3)

and the destruction operator for each outgoing photon should be replaced
by

a)(k)out — ie’;(k)/d% e k(o)A (2) (56.4)

and then we should take the vacuum expectation value of the time-ordered
product. Note that, in writing egs. (56.3) and (56.4), we have made them
look nicer by introducing € (k) = 0, and then using four-vector dot products
rather than three-vector dot products.

The LSZ formula is valid provided the field is normalized according to the
free-field formulae

(0]4%(z)|0) =0, (56.5)

(k, A A (2)|0) = €5 (k)ek (56.6)

344
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where |k, A) is a single photon state, normalized according to
(K Nk, \) = (2m)32w 63 (K — k)Syn - (56.7)

The zero on the right-hand side of eq. (56.5) is required by rotation invari-
ance, and only the overall scale of the right-hand side of eq. (56.6) might be
different in an interacting theory.

The renormalization of A; necessitates including appropriate Z factors in
the lagrangian,

L=—LZsF"F,, + Z1JMA, . (56.8)

Here Z3 and Z; are the traditional names; we will meet Z5 in section 62.
We must choose Z3 so that eq. (56.6) holds. We will fix Z; by requiring the
corresponding vertex function to take on a certain value for a particular set
of external momenta.

Next we must compute the correlation functions (0|TA;(z)...|0). As
usual, we begin by working with free-field theory. The analysis is again
almost identical to the case of a scalar field; see problem 8.4. We find that,
in free-field theory,

(0]TA (2) A’ (y)|0) = FAY (z — y) | (56.9)

where the propagator is

i A4 eik(@—y) . i
AY(z —y) = / ot 12 ic Yoezex (ke (k) . (56.10)
As with a free scalar field, correlations of an odd number of fields vanish, and
correlations of an even number of fields are given in terms of the propagator
by Wick’s theorem; see section 8.

We would now like to evaluate the path integral for the free electromag-
netic field

Zo(J) = (0]0) 5 = /DA el f [P Fu Ji AL (56.11)

Here we treat the current J#(z) as an external source.

We will evaluate Zy(J) in Coulomb gauge. This means that we will inte-
grate over only those field configurations that satisfy V-A = 0.

We begin by integrating over A%. Because the action is quadratic in A*,
this is equivalent to solving the variational equation for A%, and then sub-
stituting the solution back into the lagrangian. The result is that we have



P1: PJR/PJR

P2: RNK/XXX QC: RNK/XXX T1: RNK

CUUKT761-Srednicki August 25, 2006 14:11

346 Quantum Field Theory

the Coulomb term in the action,

0 0

Secoul = —% /d%: d*y 6(z°—y°) % : (56.12)
Since this term does not depend on the vector potential, we simply get a
factor of exp(iSeoul) in front of the remaining path integral over A;. We wll
perform this integral formally (as we did for fermion fields in section 43) by
requiring it to yield the correct results for the correlation functions of A;
when we take functional derivatives with respect to J;. In this way we find
that

Zo(J) = exp |:iScou1 + % /d4x dYy Ji(x)AY (x — y)J; (y)] : (56.13)
We can make Zy(J) look prettier by writing it as
]
ZolJ) = exp [5 [ty g - y)Jy(y)} , (56.14)
where we have defined
AP (g —y) = / Pk ikz—) AP (k) (56.15)
(2m)* ’
A MV — 1 0 cv0 1 * v
AF (k) = — F M6 + m Z)\:ifl; (k)cf)\(k) . (5616)

The first term on the right-hand side of eq. (56.16) reproduces the Coulomb
term in eq. (56.13) by virtue of the facts that

/ TR ey _ 5(x° —4°) (56.17)
oo 2m ’
/ Ph (56.18)
(2r)3 k2 Anx—y|’ ’

The second term on the right-hand side of eq. (56.16) reproduces the second
term in eq. (56.13) by virtue of the fact that €9 (k) = 0.

Next we will simplify eq. (56.16). We begin by introducing a unit vector
in the time direction,

t" = (1,0) . (56.19)

Next we need a unit vector in the k direction, which we will call 2#. We first
note that ¢-k = —k°, and so we can write

(0,k) = kM + (t-k)t" . (56.20)
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The square of this four-vector is

K? = k2 + (t-k)?, (56.21)
where we have used #2 = —1. Thus the unit vector that we want is
. KM+ (E-k)t+
e — 56.22
(k2 + (t-k)2]1/2 ( )
Now we recall from section 55 that
D N (k)E (k) = 6 — k—; . (56.23)
A==
This can be extended to ¢ — u and j — v by writing
D ek (k)ek (k) = g + 118 — 2487 (56.24)
A=+

It is not hard to check that the right-hand side of eq.(56.24) vanishes if
=0 or v=0, and agrees with eq. (56.23) for y =i and v = j. Putting all
this together, we can now write eq. (56.16) as

thv gH + Tty — zrzv

AW (B) — _
A (k) kg + (tAk)z k2 — je

(56.25)

The next step is to consider the terms in this expression that contain
factors of k* or k; from eq. (56.22), we see that these will arise from the
ZHZY term. In eq. (56.15), a factor of k* can be written as a derivative with
respect to z# acting on e*(*=¥)_ This derivative can then be integrated by
parts in eq. (56.14) to give a factor of 0"J,(x). But 0*J,(x) vanishes, because
the current must be conserved. Similarly, a factor of k¥ can be turned into
0"J,(y), and also leads to a vanishing contribution. Therefore, we can ignore
any terms in AP (k) that contain factors of k* or k¥.

From eq. (56.22), we see that this means we can make the substitution

(t-k)t+

=

(56.26)

Then eq. (56.25) becomes

. 1 k? (tk)? N\ .y

uv _ uv - o wiv

AT = [g *( I k2‘+<£.‘k>2>”]’
(56.27)

where the three coefficients of ##¢” come from the Coulomb term, the t#”
term in the polarization sum, and the Z#zZ¥ term, respectively. A bit of
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algebra now reveals that the net coefficient of *#” vanishes, leaving us with
the elegant expression
g

WYL —
AP (k) = .
Written in this way, the photon propagator is said to be in Feynman gauge.
(It would still be in Coulomb gauge if we had retained the k* and k" terms
that we previously dropped.)

In the next section, we will rederive eq. (56.28) from a more explicit path-
integral point of view.

(56.28)

Problems

56.1) Use egs. (55.11) and (55.21)—(55.23) to verify egs. (56.9) and (56.10).
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The path integral for photons
Prerequisite: 8, 56

In this section, in order to get a better understanding of the photon path
integral, we will evaluate it directly, using the methods of section 8. We
begin with

Zo(J) = /DA et (57.1)
So = / d'v [-3FMF,, + JMA,) . (57.2)

Following section 8, we Fourier-transform to momentum space, where we

find

S (e -ee)iics

+ (k)AL (—k) + Jﬂ(—k)lu(k)} . (57.3)
The next step is to shift the integration variable A so as to “complete the
square”. This involves inverting the 4 x 4 matrix k2g"” — k*k”. However,

this matrix has a zero eigenvalue, and cannot be inverted.
To see this, let us write

k2g" — kFEY = KPP (K) (57.4)
where we have defined

P (k) = g™ — kMEY/E? (57.5)
This is a projection matrix because, as is easily checked,

P (k)P (k) = P*ME) . (57.6)

349
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Thus the only allowed eigenvalues of P are zero and one. There is at least
one zero eigenvalue, because

P (k)k, =0. (57.7)
On the other hand, the sum of the eigenvalues is given by the trace
Gu P (k) =3 . (57.8)

Thus the remaining three eigenvalues must all be one.

Now let us imagine carrying out the path integral of eq.(57.1), with
So given by eq. (57.3). Let us decompose the field Au(k:) into components
aligned along a set of linearly independent four-vectors, one of which is k.
(It will not matter whether or not this basis set is orthonormal.) Because the
term quadratic in gu involves the matrix k2P (k), and P (k)k, = 0, the
component of g#(k) that lies along k, does not contribute to this quadratic
term. Furthermore, it does not contribute to the linear term either, because
oMJ,(xz) = 0 implies k”ju(k) = (. Thus this component does not appear in
the path integal at all! It then makes no sense to integrate over it. We
therefore define [ DA to mean integration over only those components that
are spanned by the remaining three basis vectors, and therefore satisfy
k“ﬁﬂ(kz) = 0. This is equivalent to imposing Lorenz gauge, 0"4,(x) = 0.

The matrix P*(k) is simply the matrix that projects a four-vector into
the subspace orthogonal to k*. Within the subspace, P* (k) is equivalent to
the identity matrix. Therefore, within the subspace, the inverse of k2P (k)
is (1/k?)P* (k). Employing the e trick to pick out vacuum boundary condi-
tions replaces k? with k2 — ie.

We can now continue following the procedure of section 8, with the result

that
i 4 » v -
200 =esp 5 [ 5 T Ty ()
= exp [% /d4£C dYy J,(z) AP (z — y)J,,(y)] , (57.9)
where
4 uv
Az —y) = / (;l:; ek f; _(’2 (57.10)

is the photon propagator in Lorenz gauge (also known as Landau gauge). Of
course, because the current is conserved, the k#k” term in P* (k) does not
contribute, and so the result is equivalent to that of Feynman gauge, where
PHY (k) is replaced by gH.
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Spinor electrodynamics
Prerequisite: 45, 57

In the section, we will study spinor electrodynamics: the theory of photons
interacting with the electrons and positrons of a Dirac field. (We will use the
term quantum electrodynamics to denote any theory of photons, irrespective
of the kinds of particles with which they interact.)

We construct spinor electrodynamics by taking the electromagnetic cur-
rent j#(x) to be proportional to the Noether current corresponding to the
U(1) symmetry of a Dirac field; see section 36. Specifically,

j*(x) = eW(z)y" ¥ (x) . (58.1)

Here e = —0.302822 is the charge of the electron in Heaviside-Lorentz units,
with i = ¢ = 1. (We will rely on context to distinguish this e from the base
of natural logarithms.) In these units, the fine-structure constant is o =
e?/4m = 1/137.036. With the normalization of eq. (58.1), @ = [ &3z j%(z) is
the electric charge operator.

Of course, when we specify a number in quantum field theory, we must
always have a renormalization scheme in mind; e = —0.302 822 corresponds
to a specific version of on-shell renormalization that we will explore in sec-
tions 62 and 63. The value of e is different in other renormalization schemes,
such as MS, as we will see in section 66.

The complete lagrangian of our theory is thus

L= —%FWFW + 0PV — mU W + eUyHUA, . (58.2)

In this section, we will be concerned with tree-level processes only, and so
we omit renormalizing Z factors.

We have a problem, though. A Noether current is conserved only when the
fields obey the equations of motion, or, equivalently, only at points in field

351
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space where the action is stationary. On the other hand, in our development
of photon path integrals in sections 56 and 57, we assumed that the current
was always conserved.

This issue is resolved by enlarging the definition of a gauge transformation
to include a transformation on the Dirac field as well as the electromagnetic
field. Specifically, we define a gauge transformation to consist of

At(z) — A*(z) — oM (x) , (58.3)
U(x) — exp[—iel'(z)]¥(z) , (58.4)
W(x) — exp[+iel (2)]¥(z) . (58.5)

It is not hard to check that L£(z) is invariant under this transformation,
whether or not the fields obey their equations of motion. To perform this
check most easily, we first rewrite £ as

L=-LF"F,, +iUpPV —mIV (58.6)

where we have defined the gauge covariant derivative (or just covariant
derivative for short)

D, =08, —ieA, . (58.7)

In the last section, we found that F*¥ is invariant under eq. (58.3), and so the
FF term in L is obviously invariant as well. It is also obvious that the mU ¥
term in £ is invariant under egs. (58.4) and (58.5). This leaves the WPV
term. This term will also be invariant if, under the gauge transformation,
the covariant derivative of ¥ transforms as

D, VY (x) — exp[—iel'(z)|D,¥(x) . (58.8)
To see if this is true, we note that
D,V — ((’9“ —ie[A, — 8HF]) <exp[7ieF]\If>
= exp|—iel <6H\I/ —ie(0,")V —ie[A, — auF]\If>
= exp[—iel] (6# — ieA#>\Il
= exp[—iel'|D,V . (58.9)

So eq. (58.8) holds, and WIPV is gauge invariant.
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We can also write the transformation rule for D), a little more abstractly
as

D, — e D, et (58.10)

where the ordinary derivative in D, is defined to act on anything to its right,
including any fields that are left unwritten in eq. (58.10). Thus we have

DU — <e—z‘el"Due+ieF) (e—ieF\Ij)

=e“'D,V (58.11)

which is, of course, the same as eq. (58.9). We can also express the field
strength in terms of the covariant derivative by noting that

[DH, DYV (z) = —ieFH (x)¥(x) . (58.12)
We can write this more abstractly as

P = L[Di DY (58.13)

i
e
where, again, the ordinary derivative in each covariant derivative acts on

anything to its right. From egs. (58.10) and (58.13), we see that, under a
gauge transformation,

) N é[e—ief‘Du e—l—iel"’ e—iel"Du 6+iel":|

— efiel“ (%[Du7 Du]>e+ieF
— e—zeFF,ul/e—i-zeF

= FH (58.14)

In the last line, we are able to cancel the e**l factors against each other
because no derivatives act on them. Eq. (58.14) shows us that (as we already
knew) F* is gauge invariant.

It is interesting to note that the gauge transformation on the fermion
fields, egs. (58.4) and (58.5), is a generalization of the U(1) transformation

U — e iy (58.15)
U — ety (58.16)

that is a symmetry of the free Dirac lagrangian. The difference is that,
in the gauge transformation, the phase factor is allowed to be a function
of spacetime, rather than a constant that is the same everywhere. Thus,
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the gauge transformation is also called a local U(1) transformation, while
egs. (58.15) and (58.16) correspond to a global U(1) transformation. We say
that, in a gauge theory, the global U(1) symmetry is promoted to a local
U(1) symmetry, or that we have gauged the U(1) symmetry.

In section 57, we argued that the path integral over A, should be restricted
to those components of gu(k) that are orthogonal to k,, because the com-
ponent parallel to &k, did not appear in the integrand. Now we must make
a slightly more subtle argument. We argue that the path integral over the
parallel component is redundant, because the fermionic path integral over
¥ and ¥ already includes all possible values of I'(x). Therefore, as in sec-
tion 57, we should not integrate over the parallel component. (We will make
a more precise and careful version of this argument when we discuss the
quantization of nonabelian gauge theories in section 71.)

By the standard procedure, this leads us to the following form of the path
integral for spinor electrodynamics:

2. ) oo e [t (5 5705 ) (15255 ””)"f’e%ﬂ

X ZO(ﬁﬂ%J) ; (5817)
where
2ot ) = espli [ deaty S — vyt
X exp B /d4:c dYy JH () A (x — y)J”(y)] , (58.18)
and

S(m—y):/(d% (HH+m) ey (58.19)

2m)4 p? +m? —ie

Auu(w—y)z/(%)4 kz’iiee’“( v) (58.20)

are the appropriate Feynman propagators for the corresponding free fields,
with the photon propagator in Feynman gauge. We impose the normalization
Z(0,0,0) = 1, and write

Z(m,n,J) = exp[iW(7q,n,J)] . (58.21)

Then W (7,n,J) can be expressed as a series of connected Feynman dia-
grams with sources.
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The rules for internal and external Dirac fermions were worked out in
the context of Yukawa theory in section 45, and they follow here with no
change. For external photons, the LSZ analysis of section 56 implies that
each external photon line carries a factor of the polarization vector (k).

Putting everything together, we get the following set of Feynman rules
for tree-level processes in spinor electrodynamics.

1) For each incoming electron, draw a solid line with an arrow pointed towards
the vertex, and label it with the electron’s four-momentum, p;.

2) For each outgoing electron, draw a solid line with an arrow pointed away from
the vertex, and label it with the electron’s four-momentum, pf.

3) For each incoming positron, draw a solid line with an arrow pointed away from
the vertex, and label it with minus the positron’s four-momentum, —p;.

4) For each outgoing positron, draw a solid line with an arrow pointed towards the
vertex, and label it with minus the positron’s four-momentum, —pj.

5) For each incoming photon, draw a wavy line with an arrow pointed towards
the vertex, and label it with the photon’s four-momentum, k;. (Wavy lines for
photons is a standard convention.)

6) For each outgoing photon, draw a wavy line with an arrow pointed away from
the vertex, and label it with the photon’s four-momentum, k.

7) The only allowed vertex joins two solid lines, one with an arrow pointing
towards it and one with an arrow pointing away from it, and one wavy line
(whose arrow can point in either direction). Using this vertex, join up all the
external lines, including extra internal lines as needed. In this way, draw all
possible diagrams that are topologically inequivalent.

8) Assign each internal line its own four-momentum. Think of the four-momenta
as flowing along the arrows, and conserve four-momentum at each vertex. For
a tree diagram, this fixes the momenta on all the internal lines.

9) The value of a diagram consists of the following factors:
for each incoming photon, 5 (k;);
for each outgoing photon, Eﬁ,i (k%);
for each incoming electron, us, (p;);
for each outgoing electron, @, (p;);
for each incoming positron, Ty, (p;);
for each outgoing positron, vy (p});
for each vertex, iey*; /
for each internal photon, —igh” /(k* — ie);
for each internal fermion, —i(—g+m)/(p* + m?* — ie).

10) Spinor indices are contracted by starting at one end of a fermion line: specif-
ically, the end that has the arrow pointing away from the vertex. The factor
associated with the external line is either w or ¥. Go along the complete fermion
line, following the arrows backwards, and write down (in order from left to right)
the factors associated with the vertices and propagators that you encounter.
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The last factor is either a u or v. Repeat this procedure for the other fermion
lines, if any. The vector index on each vertex is contracted with the vector index
on either the photon propagator (if the attached photon line is internal) or the
photon polarization vector (if the attached photon line is external).

The overall sign of a tree diagram is determined by drawing all contributing
diagrams in a standard form: all fermion lines horizontal, with their arrows
pointing from left to right, and with the left endpoints labeled in the same
fixed order (from top to bottom); if the ordering of the labels on the right
endpoints of the fermion lines in a given diagram is an even (odd) permutation
of an arbitrarily chosen fixed ordering, then the sign of that diagram is positive
(negative).

The value of i7 (at tree level) is given by a sum over the values of all the
contributing diagrams.

In the next section, we will do a sample calculation.

Problems

58.1) Compute P~!A#(x,t)P, T7A*(x,t)T, and C~A*(x,t)C, assuming that P,

T, and C are symmetries of the lagrangian. (Prerequisite: 40.)

58.2) Furry’s theorem. Show that any scattering amplitude with no external

fermions, and an odd number of external photons, is zero.
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Scattering in spinor electrodynamics
Prerequisite: 48, 58

In the last section, we wrote down the Feynman rules for spinor electro-
dynamics. In this section, we will compute the scattering amplitude (and
its spin-averaged square) at tree level for the process of electron-positron
annihilation into a pair of photons, eTe™ — .

The contributing diagrams are shown in fig.59.1, and the associated
expression for the scattering amplitude is

/ /
T —p, + K +m —p, + K+ m
T=e 51'55'“2[%<W T )
(59.1)

where €}, is shorthand for £}, (k), T2 is shorthand for s, (p2), and so on.
The Mandelstam variables are

s=—(p1+p2)’ = —(K +Kp)*,
t=—(p1—Kk)?=—(p2— Kh)?,
u=—(p1 —kh)* = —(p2 — k})*, (59.2)

and they obey s +t +u = 2m?.
Following the procedure of section 46, we write eq. (59.1) as

T = Elf,&“gl EQAWul , (593)
where
_ 2 P, K +m —p HHy+m
A= e o (B e (P e 6o
We also have
T =T =elle§ u Apova . (59.5)

357
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/ /
P ky Py k)
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%p—\/\)k/\/\ %p—\/\)k/\/\
) A P |

Figure 59.1. Diagrams for eTe™ — v, corresponding to eq. (59.1).

Using ¢§f... = ... ¥, we see from eq. (59.4) that

s = Aoy (5.6

Thus we have
‘T‘Z = Eng; 5/{?“5(27/* (EQAMVul)(ﬂlAgpvg) . (597)

Next, we will average over the initial electron and positron spins, using
the technology of section 46; the result is

LNCIT)? = Lefebelress ’I‘r[Au,,(—¢1+m)Agp(—;¢2—m) . (59.8)
S1,52
We would also like to sum over the final photon polarizations. From
eq. (59.8), we see that we must evaluate

> k) (k) - (59.9)

A==+

We did this polarization sum in Coulomb gauge in section 56, with the result
that

D eh(k)eh (k) = g + P — 5P (59.10)
A==+

where ¢ is a unit vector in the time direction, and 2# is a unit vector in the
k direction that can be expressed as
EH 4 (E-k)tH
P e L Ly (59.11)
(k2 + (t-k)2]1/2

It is tempting to drop the k* and k” terms in eq. (59.10), on the grounds that
the photons couple to a conserved current, and so these terms should not
contribute. (We indeed used this argument to drop the analogous terms in
the photon propagator.) This also follows from the notion that the scattering
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amplitude should be invariant under a gauge transformation, as represented
by a transformation of the external polarization vectors of the form

el(k) — ek (k) —iT(k)k" . (59.12)

Thus, if we write a scattering amplitude 7 for a process that includes a
particular outgoing photon with four-momentum k* as

T =ek(k)M,, , (59.13)
or a particular incoming photon with four-momentum k* as
T =" (k)M , (59.14)
then in either case we should have
KM, =0. (59.15)

Eq. (59.15) is in fact valid; we will give a proof of it, based on the Ward
identity for the electromagnetic current, in section 67. For now, we will take
eq. (59.15) as given, and so drop the k* and k” terms in eq. (59.10).

This leaves us with
k)2

)
(£k)

>

> (k) (k) — g + 187 — ( 5 i (59.16)

2
A==+ k

_l_

But, for an external photon, k* = 0. Thus the second and third terms in
eq. (59.16) cancel, leaving us with the beautifully simple substitution rule

D k)L (k) — g . (59.17)
A==+

Using eq. (59.17), we can sum |7 |2 over the polarizations of the outgoing
photons, in addition to averaging over the spins of the incoming fermions;
the result is

(77 =5> > 1T

N, 81,52

= 1Tr [Auu(—%*‘m)AW(_%_m)]

= 64[ (Pur) 4 (Pru) + (Put) (Puu)
(

T T

m2—1)2  (m2—t)(m2—u) (m 5 ] ,  (59.18)
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where

<(I)tt> = %Tr :'71/(*¢1+k,1+m)'7u(*¢1+m)7“(*p1+kll+m)7y(*ﬁgfm): ,
(Puu) = iTr :'Y,u(_p1+kl2+m)'7v(_¢1+m)7y(_p1+kl2+m)7u(_¢2_m): )

(Pru) = §Tr :%(—ﬁfﬁ%’ﬁm)w(—17‘1+m)v”(—szl+%’z+ﬂ%)v“(—¢2—m>_ )

(Put) = %Tr _7#(—ﬁl—i—%—km)fy,,(—ﬂl—i—m)'y“(—pl—{-k/l—{—m)'y”(—;¢2—m)_ .
(59.19)
Examinging (®4) and (®,,), we see that they are transformed into each
other by k} < kb, which is equivalent to ¢ <> u. The same is true of (®y,)
and (®,;). Thus we need only compute (®4) and (Py,), and then take t « u
to get (Pyy) and (Pyyy).

Now we can apply the gamma-matrix technology of section 47. In partic-
ular, we will need the d = 4 relations

Vi =—4,
Vv = 24,
V' iy, = 4(ab)
V' b = 244 (59.20)
in addition to the trace formulae. We also need
pip2 = —1(s —2m?)
kiky = —1s,
piky = paky = —I—%(t —m?),
piky = poky = +5(u—m?) (59.21)
which follow from eq. (59.2) plus the mass-shell conditions p? = p3 = —m?
and k2 = k%2 = 0. After a lengthy and tedious calculation, we find
(Py) = 2[tu — m*(3t +u) —m?] (59.22)
(Br,) = 2m>(s — 4m?) | (59.23)
which then implies
(Puu) = 2[tu —m®(3u+t) —m] (59.24)
(®yr) = 2m>(s — 4m?) . (59.25)

This completes our calculation.
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Other tree-level scattering processes in spinor electrodynamics pose no
new calculational difficulties, and are left to the problems.

In the high-energy limit, where the electron can be treated as massless,
we can reduce our labor with the method of spinor helicity, which was intro-
duced in section 50. We take this up in the next section.

Problems

59.1) Compute (|T|?) for Compton scattering, e~y — e~v. You should find that
your result is the same as that for eTe™ — 7, but with s < ¢, and an extra
overall minus sign. This is an example of crossing symmetry; there is an
overall minus sign for each fermion that is moved from the initial to the final
state.

59.2) Compute (|T|?) for Bhabha scattering, ete™ — ete.

59.3) Compute (|7 |?) for Moller scattering, e"e~ — e~e~. You should find that
your result is the same as that for ete™ — ete™, but with s «<» u. This is
another example of crossing symmetry.
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Spinor helicity for spinor electrodynamics
Prerequisite: 50, 59

In section 50, we introduced a special notation for u and v spinors of definite

helicity for massless electrons and positrons. This notation greatly simplifies

calculations in the high-energy limit (s, |¢|, and |u| all much greater than

m?).
We define the twistors

We then have

where the twistor products

(60.1)

k] |p] = [kp],
(k| [p) = {kp) ,
k] [p) =0,

(k| |pl =0,

[k p] and (kp) are antisymmetric,
[kp] =—[pk],

(kp)=—(pk),

(60.2)

(60.3)

and related by complex conjugation, (pk)* = [k p]. They can be expressed
explicitly in terms of the components of the massless four-momenta k and

362
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p. However, more useful are the relations
(kp) [pk] = Tr 5(1—v5)kp
= —2k-p

—(k +p)? (60.4)

and

(pa)lar] (rs) [sp] = Tr 5(1—s)pdré
=2[(p-q)(r-s) — (p-7)(q-s) + (p-s)(q-7)
+ e"P7 LT pSs) - (60.5)

Finally, for any massless four-momentum p we can write

—p = Ip)[pl + Ip)(p! - (60.6)

We will quote other results from section 50 as we need them.
To apply this formalism to spinor electrodynamics, we need to write pho-
ton polarization vectors in terms of twistors. The formulae we need are

W el
&) == Vaan

k)

o+ (k) = [Q‘VH‘M
V2]

where ¢ is an arbitrary massless reference momentum.

We will verify egs. (60.7) and (60.8) for a specific choice of k, and then
rely on the Lorentz transformation properties of twistors to conclude that

, (60.7)

: (60.8)

the result must hold in any frame (and therefore for any massless four-
momentum k).

We will choose k* = (w,wz) = w(1,0,0,1). Then, the most general form
of el (k) is

(k) =L

25(0,1,-4,0) + Ck* . (60.9)

Here €'® is an arbitrary phase factor, and C' is an arbitrary complex num-
ber; the freedom to add a multiple of k£ comes from the underlying gauge
invariance.

To verify that eq. (60.7) reproduces eq. (60.9), we need the explicit form
of the twistors |k] and |k) when the three-momentum is in the z direction.
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Using results in section 50 we find

0 0
H=va| |, K =via | (60.10)
0 0
For any value of ¢, the twistor (g| takes the form
(¢ =(0,0, a, B) , (60.11)

where v and (3 are complex numbers. Plugging eqgs. (60.10) and (60.11) into

eq. (60.7), and using
0 ot
W= (60.12)
ot 0

along with o# = (1,) and 6 = (I, —&), we find that we reproduce eq. (60.9)
with €’® = 1 and C = —3/(v/2aw). There is now no need to check eq. (60.8),
because e” (k) = —[e/; (k)]*, as can be seen by using (¢k)* = —[gk] along
with another result from section 50, (g|v*|k]* = (k|v*|q].

In spinor electodynamics, the vector index on a photon polarization vector
is always contracted with the vector index on a gamma matrix. We can get
a convenient formula for ¢, (k) by using the Fierz identities

— 37 (alvulk] = [K]{al + |a) k] , (60.13)

— 57" [alvulk) = 1k)al + |q) (k] - (60.14)
We then have

V2

o (s0) = o (1Kl + )k ) (60.15)
V2

#-(sa) = o (1K) lal =+ Jaltk1 ) (60.16)

where we have added the reference momentum as an explicit argument on
the left-hand sides.
Now we have all the tools we need for doing calculations. However, we can
simplify things even further by making maximal use of crossing symmetry.
Note from eq. (60.1) that u_ (which is the factor associated with an incom-
ing electron) and vy (an outgoing positron) are both represented by the
twistor |p], while T4 (an outgoing electron) and U_ (an incoming positron)
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_pl p3 _pl p4

P + Py — Py +p4
_pz p4 _p2 p3

Figure 60.1. Diagrams for fermion-photon scattering, with all momenta
treated as outgoing.

are both represented by [p|. Thus the square-bracket twistors correspond to
outgoing fermions with positive helicity, and incoming fermions with neg-
ative helicity. Similarly, the angle-bracket twistors correspond to outgoing
fermions with negative helicity, and incoming fermions with positive helicity.

Let us adopt a convention in which all particles are assigned four-momenta
that are treated as outgoing. A particle that has an assigned four-momentum
p then has physical four-momentum e,p, where ¢, = sign(p®) = +1 if the par-
ticle is physically outgoing, and €, = sign(p’) = —1 if the particle is physi-
cally incoming.

Since the physical three-momentum of an incoming particle is opposite to
its assigned three-momentum, a particle with negative helicity relative to its
physical three-momentum has positive helicity relative to its assigned three-
momentum. From now on, we will refer to the helicity of a particle relative to
its assigned momentum. Thus a particle that we say has “positive helicity”
actually has negative physical helicity if it is incoming, and positive physical
helicity if it is outgoing.

With this convention, the square-bracket twistors |p] and [p| represent
positive-helicity fermions, and the angle-bracket twistors |p) and (p| rep-
resent negative-helicity fermions. When ¢, = sign(p’) = —1, we analytically
continue the twistors by replacing each w'/? in eq. (60.10) with 4|w|'/2. Then
all of our formulae for twistors and polarizations hold without change, with
the exception of the rule for complex conjugation of a twistor product, which
becomes

(pk)* = eper[kp] . (60.17)

Now we are ready to calculate some amplitudes. Consider first the pro-
cess of fermion-fermion scattering. The contributing tree-level diagrams are
shown in fig. 60.1.

The first thing to notice is that a diagram is zero if two external fermion
lines that meet at a vertex have the same helicity. This is because (as shown
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in section 50) we get zero if we sandwich the product of an odd number of
gamma matrices between two twistors of the same helicity. In particular, we
have (p|y*|k) =0 and [p|y*|k] = 0. Thus, we will get a nonzero result for
the tree-level amplitude only if two of the helicities are positive, and two are
negative. This means that, of the 2% = 16 possible combinations of helicities,
only six give a nonzero tree-level amplitude: 7,7, T, . T _ .|
T_4+_4,and 7_4,_, where the notation is 7g,s,s,s,- Furthermore, the last
three of these are related to the first three by complex conjugation, so we
only have three amplitudes to compute.

Let us begin with 7, __4. Only the first diagram of fig. 60.2 contributes,
because the second has two postive-helicity lines meeting at a vertex. To
evaluate the first diagram, we note that the two vertices contribute a factor
of (ie)? = —e?, and the internal photon line contributes a factor of ig,, /s13,
where we have defined the Mandelstam variable

sij = —(pi +pj)?. (60.18)

Following the charge arrows backwards on each fermion line, and dividing
by i to get 7 (rather than i7), we find

Tt = =€ BV [1] [4]7[2) /513
= +2¢%[14](23) /513, (60.19)

where (3| is short for (ps|, etc, and we have used yet another form of the
Fierz identity to get the second line.

The computation of 7, _,_ is exactly analogous, except that now it
is only the second diagram of fig.60.2 that contributes. According to the
Feynman rules, this diagram comes with a relative minus sign, and so we

have
T, = —2e2[13](24) /514 . (60.20)
Finally, we turn to 7. 4__. Now both diagrams contribute, and we have
T2 <<3!7"!1] (@lyul2] @] <3lw\2]>
++-—— = —€
513 514
1 1
= —2¢%[12](34) (— + —)
813 S14

. 2 512
= +2¢“[12](34) <513314) , (60.21)
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—P k3 —P k4

-k —p—k,
+\/\)k\/\ +p \/\)k\/\
4 2 3

1)

Figure 60.2. Diagrams for fermion-fermion scattering, with all momenta
treated as outgoing.

where we used the Mandelstam relation sio + s13 + s14 = 0 to get the last
line.

To get the cross section for a particular set of helicities, we must take the
absolute squares of the amplitudes. These follow from egs. (60.4), (60.17),
and (60.18):

(12)° = |[12]] = ereas12 = |s12] - (60.22)

We can then compute the spin-averaged cross section by summing the abso-
lute squares of egs. (60.19)—(60.21), multiplying by two to account for the
processes in which all helicities are opposite (and which have amplitudes
that are related by complex conjugation), and then dividing by four to aver-
age over the initial helicities. Making use of s34 = s12 and its permutations,
we find

— 2* (—5312 Ry 841E4> . (60.23)
513514

For the processes of e" e~ — e"e~ and ete™ — ete™, we have s19 = s, 513 =
t, and s14 = u; for eTe™ — eTe™, we have s13 = s, s14 = t, and S12 = u.

Now we turn to processes with two external fermions and two external
photons, as shown in fig. 60.2. The first thing to notice is that a diagram is
zero if the two external fermion lines have the same helicity. This is because
the corresponding twistors sandwich an odd number of gamma matrices:
one from each vertex, and one from the massless fermion propagator S (p) =
—p/p*. Thus we need only compute 7, _y,», since 7_y,», is related by
complex conjugation.
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Next we use egs. (60.15-60.16) and (60.2-60.3) to get

£_(k:p)lp] =0, (60.24)
[pl¢_(k;p) =0 (60.25)
. (kp)lp) =0, (60.26)
(pl¢; (kip) =0 (60.27)

Thus we can get some amplitudes to vanish with appropriate choices of the
reference momenta in the photon polarizations.
So, let us consider

Tiaone = —€° (214, (ka300) (P, + ¥3)¢ ) (Ks303)[1] /513

—e® 2l (ksia3) (9 + Ka)éy (kasaa)| 1] /s1a . (60.28)

If we take A3 = Ay = —, then we can get both terms in eq. (60.28) to vanish
by choosing g3 = g4 = p1, and using eq. (60.24). If we take A3 = Ay = +, then
we can get both terms in eq. (60.28) to vanish by choosing g3 = g4 = p2, and
using eq. (60.27).

Thus, we need only compute 7y__4 and 74_4_. For 7. _,_, we can
get the second term in eq. (60.28) to vanish by choosing g3 = p2, and using
eq. (60.27). Then we have

Ti—o = —€* (2¢_(kasqa) (P, + K3)¢ . (kaip2)|1] /513

= Y2 NERRS
== ROl + B2 B o (60:29)

Next we note that [p|p =0, and so it is useful to choose either g4 = p; or
g4 = k3. There is no obvious advantage in one choice over the other, and they
must give equivalent results, so let us take g4 = k3. Then, using eq. (60.6)
for k4, we get

2 (24)[31](12) [31]
[34] <2 3) 513 '

Now we use [31](12) = —[34] (42) in the numerator (see problem 60.ba),
and set s13 = (13) [31] in the denominator. Canceling common factors and

T+_+_ = 2e

(60.30)

using antisymmetry of the twistor product then yields

(24)*

Tt =2 g3y

(60.31)
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We can now get 7, __4 simply by exchanging the labels 3 and 4,
(23)

(14)(24)

We can compute the spin-averaged cross section by summing the absolute

squares of egs. (60.31) and (60.32), multiplying by two to account for the
processes in which all helicities are opposite (and which have amplitudes that

T, 4 =2 (60.32)

are related by complex conjugation), and then dividing by four to average
over the initial helicities. The result is

(7 =26t

S14

513

813
S14

) . (60.33)

For the processes of e~y — e~ and ety — ety, we have si3 = s, 519 = t,
and s14 = u; for eTe™ — yy and 7y — eTe” we have s13 = s, 513 = ¢, and
S14 = U.

Problems
60.1) a) Show that
{gp) [pK]
e (kiq) = , 60.34
pesig) = R (60.34)
lap] (pk)
e_(kyq) = ———= 60.35
peig) = L (60.35)
Use this result to show that
ker(k;q) =0, (60.36)
which is required by gauge invariance, and also that
q-ex(kiq) =0. (60.37)
b) Show that

qq') kK
e+ (kiq)-e4(K'sq') = W ; (60.38)

/ kk/>
e (ki) e (k') = LILER) 60.39
(kia)-=— () = (60.39)

k') [kq']
ey (kiq)e_ (Ksq) = AR Ra] 60.40
k) (k) = LD (60.40)

Note that the right-hand sides of egs. (60.38) and (60.39) vanish if ¢’ = g,
and that the right-hand side of eq. (60.40) vanishes if ¢ = &’ or ¢’ = k.
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60.2) a) For a process with n external particles, and all momenta treated as out-
going, show that

(ij)[jk]=0 and > [ij](jk)=0. (60.41)
j=1 j=1
Hint: make use of eq. (60.6).
b) For n = 4, show that [31](12) = — [34] (42).
60.3) Use various identities to show that eq. (60.31) can also be written as
13)?
Tos =2 U3 42
A © 424 (60.42)

60.4) a) Show explicitly that you would get the same result as eq.(60.31) if you
set g4 = p1 in eq. (60.29).

b) Show explicitly that you would get the same result as eq. (60.31) if you
set g4 = p2 in eq. (60.29).
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Scalar electrodynamics

Prerequisite: 58

In this section, we will consider how charged spin-zero particles interact
with photons. We begin with the lagrangian for a complex scalar field with
a quartic interaction,

L=-0"p"00 —m?olo — 1A(¢p)? . (61.1)
This lagrangian is obviously invariant under the global U(1) symmetry

e}

pl) = e p(a)
ol (@) = gl (a) | (61.2)
We would like to promote this global symmetry to a local symmetry,
o () — expl—iel(2))o(x) | (61.3)
o' (x) — exp[+iel'(z)]p (2) . (61.4)

To do so, we must replace each ordinary derivative in eq. (61.1) with a covari-
ant derivative

D, =0, —ieA,, (61.5)
where A, transforms as
At (x) — AP (z) — O"T'(x) , (61.6)
which implies that D, transforms as

D,, — exp[—iel'(x)| D, exp[+iel’(z)] . (61.7)

371
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Our complete lagrangian for scalar electrodynamics is then
L =—(D") Dy —m*plo — A1) — JFHE,, . (61.8)

We have added the usual gauge-invariant kinetic term for the gauge field.
The quartic interaction term has a dimensionless coefficient, and so is nec-
essary for renormalizability. For now, we omit the renormalizing Z factors.

Of course, eq. (61.8) is invariant under a global U(1) transformation as
well as a local U(1) transformation: we simply set I'(x) to a constant. Then
we can find the conserved Noether current corresponding to this symmetry,
following the procedure of section 22. In the case of spinor electrodynamics,
this current is same as it is for a free Dirac field, j#* = U+*¥. In the case of
a complex scalar field, we find

j* = —ilp' Dt — (DFp) iy . (61.9)

With a factor of e, this current should be identified as the electromagnetic
current. Because the covariant derivative appears in eq. (61.9), the electro-
magnetic current depends explicitly on the gauge field. We had not previ-
ously contemplated this possibility, but in scalar electrodynamics it arises
naturally, and is essential for gauge invariance.

It also poses no special problem in the quantum theory. We will make the
same assumption that we did for spinor electrodynamics: namely, that the
correct procedure is to omit integration over the component of flﬂ(k:) that
is parallel to k,, on the grounds that this integration is redundant. This
leads to the same Feynman rules for internal and external photons as in
section 58. The Feyman rules for internal and external scalars are the same
as those of problem 10.2. We will call the spin-zero particle with electric
charge +e a scalar electron or selectron (recall that our convention is that
e is negative), and the spin-zero particle with electric charge —e a scalar
positron or spositron. Scalar lines (traditionally drawn as dashed in scalar
electrodynamics) carry a charge arrow whose direction must be preserved
when lines are joined by vertices.

To determine the kinds of vertices we have, we first write out the inter-
action terms in the lagrangian of eq. (61.8):

Ly = ieA"[(0up")p — ¢T0u] — A A 0T 0 — IA(PTp)* . (61.10)

This leads to the vertices shown in fig. 61.1. The vertex factors associated
with the last two terms are —2@'629,“, and —iA. To get the vertex factor
for the first term, we note that if |k) is an incoming selectron state, then
(0]p(z)|k) = e*** and (0]pf(2)|k) = 0; and if (k| is an outgoing selectron
state, then (k'[! (2)]0) = e~*'® and (0|p(z)|k) = 0. Therefore, in free field



P1: PJV/PJV P2: RNK/XXX QC: RNK/XXX T1: RNK
CUUKT761-Srednicki August 25, 2006 14:15

Scalar electrodynamics 373

k

/
R s S S .

Figure 61.1. The three vertices of scalar electrodynamics; the correspond-
ing vertex factors are ie(k + k'), —2ie®g,,, and —il.

theory,
(K (0"l k) = —iky,e =R (61.11)
(K|t Bup|k) = +ikye iRz (61.12)

This implies that the vertex factor for the first term in eq. (61.10) is given
by z(ze)[(—zk@) — (iky)] = ie(k + k'),

Putting everything together, we get the following set of Feynman rules
for tree-level processes in scalar electrodynamics.

1) For each incoming selectron, draw a dashed line with an arrow pointed towards
the vertex, and label it with the selectron’s four-momentum, k;.

2) For each outgoing selectron, draw a dashed line with an arrow pointed away
from the vertex, and label it with the selectron’s four-momentum, k.

3) For each incoming spositron, draw a dashed line with an arrow pointed away
from the vertex, and label it with minus the spositron’s four-momentum,

4) For each outgoing spositron, draw a dashed line with an arrow pointed towards
the vertex, and label it with minus the spositron’s four-momentum, —k;.

5) For each incoming photon, draw a wavy line with an arrow pointed towards the
vertex, and label it with the photon’s four-momentum, ;.

6) For each outgoing photon, draw a wavy line with an arrow pointed away from
the vertex, and label it with the photon’s four-momentum, k.

7) There are three allowed vertices, shown in fig. 61.1. Using these vertices, join
up all the external lines, including extra internal lines as needed. In this way,
draw all possible diagrams that are topologically inequivalent.

8) Assign each internal line its own four-momentum. Think of the four-momenta
as flowing along the arrows, and conserve four-momentum at each vertex. For
a tree diagram, this fixes the momenta on all the internal lines.

9) The value of a diagram consists of the following factors:
for each incoming photon, 5’;:‘ (ki);
for each outgoing photon, eﬁfi (k;);
for each incoming or outgoing selectron or spositron, 1;
for each scalar-scalar-photon vertex, ie(k + k') .;
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Figure 61.2. Diagrams for eTe™ — 7.

for each scalar-scalar-photon-photon vertex, —2ie?g,,,;
for each four-scalar vertex, —i\;

for each internal photon, —igh” /(k? — ie);

for each internal scalar, —i/(k? + m? — ie).

10) The vector index on each vertex is contracted with the vector index on either
the photon propagator (if the attached photon line is internal) or the photon
polarization vector (if the attached photon line is external).

11) The value of i7 (at tree level) is given by a sum over the values of all the
contributing diagrams.

Let us compute the scattering amplitude for a particular process, ete~ —
~v7, where ¢~ denotes a selectron. We have the diagrams of fig.61.2. The
amplitude is

2 1 (2k1—k1) ey, (k1 —ky—k2)uel,

T = (i 1 2
i (ie) - R + (1" = 20)

— 2ie?g el el (61.13)
where t = —(k; — k})? and u = — (k1 — k})%. This expression can be simpli-

fied by noting that ki — k] — kg = k5 — 2k, and that k-, = 0. Then we
have

+2(€1/'€2/) . (6114)

T = —¢? [4(k1'512’)(k2'52’) " 4(7?1'822/)(/@'51/)
m2 —t " R—

To get the polarization-summed cross section, we take the absolute square
of eq. (61.14), and use the substitution rule

> k)L (k) — g (61.15)
A==

This is a straightforward calculation, which we leave to the problems.
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Problems

61.1) Compute (|7|?) for €"e~ — v, and express your answer in terms of the
Mandelstam variables.

61.2) Compute (|7 |?) for the process ¢~y — €~ 7. You should find that your result
is the same as that for €T~ — ~v, but with s < ¢, an example of crossing
Symmetry.
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Loop corrections in spinor electrodynamics

Prerequisite: 51, 59

In this section we will compute the one-loop corrections in spinor electrody-
namics.

First let us note that the general discussion of sections 18 and 29 leads
us to expect that we will need to add to the free lagrangian

Lo=iUPV —mP¥ — LF™F,, (62.1)

all possible terms whose coefficients have positive or zero mass dimension,
and that respect the symmetries of the original lagrangian. These include
Lorentz symmetry, the U(1) gauge symmetry, and the discrete symmetries
of parity, time reversal, and charge conjugation.

The mass dimensions of the fields (in four spacetime dimensions) are
[A¥] =1 and [¥] = % Gauge invariance requires that A* appear only in the
form of a covariant derivative D¥. (Recall that the field strength F'*¥ can be
expressed as the commutator of two covariant derivatives.) Thus, the only
possible term we could add to £y that does not involve the V¥ field, and that
has mass dimension four or less, is €, F'*Y F?. This term, however, is odd
under parity and time reversal. Similarly, there are no terms meeting all
the requirements that involve W: the only candidates contain either v5 (e.g.,
iWvs5W) and are forbidden by parity, or C (e.g, ¥*CW¥) and are forbidden by
the U(1) symmetry.

Therefore, the theory we will consider is specified by £ = Lo + L1, where
Ly is given by eq. (62.1), and

L1 =Z1eVAY + Loy , (62.2)
Loy = i{(Zo—1)UPY — (Zp,—1)mUV — 2(Z3—1)F* F,, .  (62.3)
We will use an on-shell renormalization scheme.

376
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We can write the exact photon propagator (in momentum space) as a
geometric series of the form

A (k) = A (k) + A, (k)P (B) Ay, (k) + ..., (62.4)

where I1*(k) is given by a sum of one-particle irreducible (1PI for short;
see section 14) diagrams with two external photon lines (and the external
propagators removed), and A, (k) is the free photon propagator,

~ 1 k. k,
B (k) = 15— (g;w — (=85

> . (62.5)

Here we have used the freedom to add k,, or k, terms to put the propagator
into generalized Feynman gauge or R¢ gauge. (The name R¢ gauge has histor-
ically been used only in the context of spontaneous symmetry breaking—see
section 85-but we will use it here as well. R stands for renormalizable and
¢ stands for £.) Setting £ = 1 gives Feynman gauge, and setting £ = 0 gives
Lorenz gauge (also known as Landau gauge).

Observable squared amplitudes should not depend on the value of €. This
suggests that II*” (k) should be transverse,

k 17 (k) = K, IT# (k) = 0, (62.6)

so that the £ dependent term in Aw(k) vanishes when an internal photon
line is attached to II* (k). Eq. (62.6) is in fact valid; we will give a proof of
it, based on the Ward identity for the electromagnetic current, in problem
68.1. For now, we will take eq. (62.6) as given. This implies that we can write

7 (k) = T1(k2) (k:zg“” - kW) (62.7)

= K2 TI(k*) P (k) , (62.8)

where II(k?) is a scalar function, and P (k) = g"” — k"k" /k? is the projec-
tion matrix introduced in section 57.
Note that we can also write

k.k,
A;w(k) = ﬁ (P/u/(k) +¢ 22 > . (62'9)

Then, using egs. (62.8) and (62.9) in eq. (62.4), and summing the geometric
series, we find

A _ %))

ki /12
Burlk) = T ey e T E R :

k2 —je

+¢ (62.10)
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+ AN

Figure 62.1. The one-loop and counterterm corrections to the photon prop-
agator in spinor electrodynamics.

The £ dependent term should be physically irrelevant (and can be set to zero
by the gauge choice £ = 0, corresponding to Lorenz gauge). The remaining
term has a pole at k* = 0 with residue P,,(k)/[1 —II(0)]. In our on-shell
renormalization scheme, we should have

11(0) =0 . (62.11)

This corresponds to the field normalization that is needed for validity of the
LSZ formula.

Let us now turn to the calculation of I1#” (k). The one-loop and counter-
term contributions are shown in fig. 62.1. We have

4 ~ ~
(k) = (<1210 [ s T[S0

— i(Z3—1)(K2g" — E*EY) + O(e?) | (62.12)

where the factor of minus one is for the closed fermion loop, and S() =
(—p+m)/(p*+m?—ie) is the free fermion propagator in momentum space.
Anticipating that Z; = 1+ O(e?), we set Z; = 1 in the first term.

We can write

Tr [S(/Hk)fyﬂé(z)»y”] = / L AN (62.13)
0 (¢ + D)?
where we have combined denominators in the usual way: ¢ = £ + xk and
D = z(1—x)k* + m? —ie . (62.14)
The numerator is
ANPY = Tr | (—f—=K+m)y" (—f+m)y" | . (62.15)

Completing the trace, we get

N — (k) + B (+R)” — [0+ + m?]g" . (62.16)
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Setting ¢ = ¢ — xk and and dropping terms linear in ¢ (because they inte-
grate to zero), we find

NM = 2gtq” — 2z(1—2)kPKY — [¢* — z(1—x)k* + m?] g™ . (62.17)

The integrals diverge, and so we analytically continue to d = 4 — ¢ dimen-
sions, and replace e with ei/2 (so that e remains dimensionless for any d).
Next we recall a result from problem 14.3,

v 1 v
/ddq ¢"¢"f(¢*) = = 9" /ddq 7 f(q%) - (62.18)
This allows the replacement
N — —2a(l-a)kk + [ (3 = 1) + 2(1-a)k? — m?|g" . (6219)

Using the results of section 14, along with a little manipulation of gamma
functions, we can show that

d% q> d% 1
21 / =D / : 62.20
(1) [ G @09 =2 oy @ @)
Thus we can make the replacement (2 —1)g> — D in eq. (62.19), and we
find
N — 2z (1—z)(K*g" — kMEY) . (62.21)

This guarantees that the one-loop contribution to IT*¥(k) is transverse (as
we expected) in any number of spacetime dimensions.
Now we evaluate the integral over ¢, using

d% 1 i €/2
ji© = r'§)(4rp*/D
a /(27r)d (@ + D)2 1672 <2)< i/ >

¢ [1 _ %m(D/;ﬁ)] : (62.22)

87T

where p? = 4we™ i, and we have dropped terms of order ¢ in the last line.
Combining egs. (62.7), (62.12), (62.13), (62.21), and (62.22), we get

(k%) = ——/ drx(1—x [— — —ln(D/,u )} — (Z3—1) + 0(e?) .
(62.23)
Imposing I1(0) = 0 fixes

Zy=1-— E — ln(m/u)] +0(e") (62.24)
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and

e2

(k%) = 32 /01 dz x(1—x) In(D/m?) + O(e*) . (62.25)

Next we turn to the fermion propagator. The exact propagator can be
written in Lehmann—Ké&llén form as

S 1 * g Pr(s)
S(p)—¢7+m_i6+/m?hd Ryl (62.26)

We see that the first term has a pole at p = —m with residue one. This
residue corresponds to the field normalization that is needed for the validity
of the LSZ formula.

There is a problem, however: in quantum electrodynamics, the threshold
mass myy is m, corresponding to the contribution of a fermion and a zero-
energy photon. Thus the second term has a branch point at p = —m. The
pole in the first term is therefore not isolated, and its residue is ill defined.

This is a reflection of an underlying infrared divergence, associated with
the massless photon. To deal with it, we must impose an infrared cutoff
that moves the branch point away from the pole. The most direct method

is to change the denominator of the photon propagator from k2 to k% +
5
must deal with this issue by computing cross-sections that take into account

m=, where m., is a fictitious photon mass. Ultimately, as in section 26, we
detector inefficiencies. In quantum electrodynamics, we must specify the
lowest photon energy wmin that can be detected. Only after computing cross
sections with extra undectable photons, and then summing over them, is it
safe to take the limit m, — 0. It turns out that it is not also necessary to
abandon the on-shell shell renormalization scheme (as we were forced to do
in massless (> theory in section 27), as long as the electron is massive.

An alternative is to use dimensional regularization for the infrared diver-
gences as well as the ultraviolet ones. As discussed in section 25, there are no
soft-particle infrared divergences for d > 4 (and no colinear divergences at
all in quantum electrodynamics with massive charged particles). In practice,
infrared-divergent integrals are finite away from even-integer dimensions,
just like ultraviolet-divergent integrals. Thus we simply keep d =4 — ¢ all
the way through to the very end, taking the ¢ — 0 limit only after summing
over cross sections with extra undetectable photons, all computed in 4 — ¢
dimensions. This method is calculationally the simplest, but requires careful
bookkeeping to segregate the infrared and ultraviolet singularities. For that
reason, we will not pursue it further.
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VJ\/\lé\/\,)
+ X
p p+l p p p

Figure 62.2. The one-loop and counterterm corrections to the fermion prop-
agator in spinor electrodynamics.

We can write the exact fermion propagator in the form
SH) L =p+m—ic—X(p), (62.27)

where () is given by the sum of 1PI diagrams with two external fermion
lines (and the external propagators removed). The fact that g(zﬁ) has a pole
at = —m with residue one implies that 3(—m) = 0 and X'(—m) = 0; this
fixes the coefficients Zs and Z,,. As we will see, we must have an infrared
cutoff in place in order to have a finite value for ¥'(—m).

Let us now turn to the calculation of 3(y). The one-loop and counterterm
contributions are shown in fig. 62.2. We have

4
() = (202 (4 [ g7 [0+ 7] B0
—i(Zy=1)p — i(Zm—1)m + O(e*) . (62.28)

It is simplest to work in Feynman gauge, where we take

_ Juv )
AMV(E) - EQ + m?y — e 3 (6229)

here we have included the fictitious photon mass m, as an infrared cutoff.
We now apply the usual bag of tricks to get

0= Lo [ s

—1(22—1)¢—¢(Zm—1)m+0(e4), (62.30)

where ¢ = ¢ + xp and
D =z(1-z)p® + zm? + (1-z)m
N =yu(=p—f+mn*
= —(d=2)(p+/) -
—(d=2)[f + (1—z)p] — dm., (62.32)

2
2, (62.31)
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where we have used (from section 47) v,v* = —d and vy,py* = (d—2)p. The
term linear in ¢ integrates to zero, and then, using eq. (62.22), we get

62 1
=5 | dx((2—€)(1—m)]]f+ (4—5)m) E - %m(D/,ﬂ)}
— (Zo=1)pp — (Zm—1)m + O(e*) . (62.33)

We see that finiteness of X () requires

2 /1
Zy=1- (= + finite )| + O(e*) , (62.34)
8m2\ e
Im=1-— < (1 + finite | + O(e?) (62.35)
me 2m2 \ e ’ '

We can impose ¥(—m) = 0 by writing

2 1
S0 = 5 [/ dz ((1=2)p + 2m ) n(D/ Do) + ko + m)] +0(e)
0
(62.36)
where Dy is D evaluated at p?> = —m?,
Dy = x*m? + (l—x)mz , (62.37)

and k9 is a constant to be determined. We fix ko by imposing ¥'(—m) = 0.
In differentiating with respect to g, we take the p? in D, eq. (62.31), to be
—¢2; we find

1
Ko = —2/ dz x(1—2*)m*/Dy
0

= —2In(m/m,) + 1, (62.38)

where we have dropped terms that go to zero with the infrared cutoff m.,,.

Next we turn to the loop correction to the vertex. We define the vertex
function iV¥#(p/, p) as the sum of one-particle irreducible diagrams with one
incoming fermion with momentum p, one outgoing fermion with momentum
p’, and one incoming photon with momentum & = p’ — p. The original vertex
1Z1ey" is the first term in this sum, and the diagram of fig. 62.3 is the second.
Thus we have

iVHp,p) = iZiext + iV (0, p) + O() (62.39)
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T

P p+l ; p'+1 p’

Figure 62.3. The one-loop correction to the photon-fermion-fermion vertex
in spinor electrodynamics.

where
4
Vi) = G0 (5 [ s (1750 75 0+07°) B0
(62.40)

We again use eq. (62.29) for the photon propagator, and combine denomi-
nators in the usual way. We then get

Vlloop p p /dF3/ q +D) (624]‘)

where the integral over Feynman parameters is

1
/dF3 = 2/ dxq dxg dxs 6(%1—}-%2—}-&?3—1) , (62.42)
0
and
q="L+z1p+ 320", (62.43)

D= xl(l—xl) + xo(1— 3:2) — 2z x9p-p’
+ (z14x2)m? + :Egm% , (62.44)

Nt =5, (= = +m)y" (= — f +m)y"
= Y[~ + 21§ — A—22)f" + my* [~ — (1—21)p + 22’ + m]7”
= "' ¢y” + N* + (linear in q) , (62.45)
where
N* =y [erp — (1—wa)p + my*[—(1—a1)p+ wop’ +m]y” . (62.46)

The terms linear in ¢ in eq. (62.45) integrate to zero, and only the first term
is divergent. After continuing to d dimensions, we can use eq. (62.18) to make
the replacement

1
Yt i — - ke e e lake e el (62.47)
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Then we use y,7"v” = (d—2)y" twice to get

d—2)2
o ol o % Rl (62.48)

Performing the usual manipulations, we find

e | /1 N
Vit (211 fammonn) v 1 fan 5|

€
(62.49)
From eq. (62.39), we see that finiteness of V¥(p/, p) requires
21— (L finite) + O(et) (62.50)
=1——(-= i . .
! 8m2 \ e

To completely fix V¥(p',p), we need a suitable condition to impose on it.
We take this up in the next section.

Problems

62.1) Show that adding a gauge fizing term —%5_1(8“14“)2 to L results in eq. (62.9)
as the photon propagator. Explain why & = 0 corresponds to Lorenz gauge,
o0r*A,, = 0.

62.2) Find the coefficients of €?/e in Z3 2.3, in Re gauge. In particular, show that
Zy = Zs =1+ O(e*) in Lorenz gauge.

62.3) Consider the six one-loop diagrams with four external photons (and no exter-
nal fermions). Show that, even though each diagram is logarithmically diver-
gent, their sum is finite. Use gauge invariance to explain why this must be
the case.
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The vertex function in spinor electrodynamics

Prerequisite: 62

In the last section, we computed the one-loop contribution to the vertex
function V#(p', p) in spinor electrodynamics, where p is the four-momentum
of an incoming electron (or outgoing positron), and p’ is the four-momentum
of an outgoing electron (or incoming positron). We left open the issue of the
renormalization condition we wish to impose on V¥(p/, p).

For the theories we have studied previously, we have usually made the
mathematically convenient (but physically obscure) choice to define the
coupling constant as the value of the vertex function when all external four-
momenta are set to zero. However, in the case of spinor electrodynamics, the
masslessness of the photon gives us the opportunity to do something more
physically meaningful: we can define the coupling constant as the value of
the vertex function when all three particles are on shell: p? = p’?> = —m?, and
¢*> =0, where ¢ = p/ — p is the photon four-momentum. Because the photon
is massless, these three on-shell conditions are compatible with momentum
conservation.

To be more precise, let us sandwich V#(p’, p) between the spinor factors
that are appropriate for an incoming electron with momentum p and an
outgoing electron with momentum p’, impose the on-shell conditions, and
define the electron charge e via

Ty (p")VH(p', p)us(p) = elUy (p')v“us(p)‘ . (63.1)

p2=p/2 =2 p2=p/2 =2
(p'—p)2=0 (p"—p)2=0

This definition is in accord with the usual one provided by Coulomb’s law.
To see why, consider the process of electron-electron scattering. According
to the general discussion in section 19, we compute the exact amplitude for

this process by using tree diagrams with exact internal propagators and ver-
tices, as shown in fig. 63.1. In the last section, we renormalized the photon

385
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P pp P

O /
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»; P, p, P2 P2
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Figure 63.1. Diagrams for the exact electron-electron scattering amplitude.

The vertices and photon propagator are exact; external lines stand for the

usual u and % spinor factors, times the unit residue of the pole at p? = —m?2.

Py

O AARE

propagator so that it approaches its tree-level value AW(q) when ¢ — 0.
And we have just chosen to renormalize the electron-photon vertex func-
tion by requiring it to approach its tree-level value ey* when ¢> — 0, and
when sandwiched between external spinors for on-shell incoming and out-
going electrons. Therefore, as ¢ — 0, the first two diagrams in fig. (63.1)
approach the tree-level scattering amplitude, with the electron charge equal
to e. Furthermore, the third diagram does not have a pole at ¢> = 0, and so
can be neglected in this limit. Physically, ¢> — 0 means that the electron’s
momentum changes very little during the scattering. Measuring a slight
deflection in the trajectory of one charged particle (due to the presence of
another) is how we measure the coefficient in Coulomb’s law. Thus, eq. (63.1)
corresponds to this traditional definition of the charge of the electron.

We can simplify eq. (63.1) by noting that the on-shell conditions actually
enforce p’ = p. So we can rewrite eq. (63.1) as

us(p) V¥ (p,p)us(p) = eus(p)y"us(p)
= 26])‘“ , (632)

2 is implicit. We have taken s’ = s, because otherwise the

right-hand side vanishes (and hence does not specify a value for e).

where p? = —m
Now we can use eq. (63.2) to completely determine V#(p,p). Using the

freedom to choose the finite part of Z7, we write

NH

5
2D +O(€)’

(63.3)

3
Vi, p) = ey — — /dFs

wo_
1622 <1n(D/D0) + 2&1)7

where

D = z1(1—21)p* + xo(1—29)p? — 2z 29p-p’
+ (x1+z2)m? + xgm% , (63.4)
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Dy is D evaluated at p’ = p and p?> = —m?,

2
v

= (1—z3)*m® + z3m? (63.5)

Dy = (x1+x2)2m2 + x3m

and
Nt =y lzip — (1=z2)p + m]y" [ (L—a1)p + zop'm]y” ; (63.6)

N* was called N* in section 62, but we have dropped the tilde for notational
convenience.
We fix the constant k; in eq. (63.3) by imposing eq. (63.2). This yields

Ayt = /dF3 %&:‘S(p) : (63.7)

where N§ is N# with p’ = p and p* = p’? = —m?.

So now we must evaluate TNj'u. To do so, we first write
N = (dhy+m)y (dgtm)y” (63.8)
where
ar = x1p — (1—x2)p’ ,
as = xop’ — (1—x1)p . (63.9)
Now we use the gamma matrix contraction identities to get
Nt = 2¢,yHdy + dm(ar+ag)” + 2m>yH . (63.10)
Here we have set d = 4, because we have already removed the divergence and
taken the limit ¢ — 0. Setting p’ = p, and using pu = —mu and up = —ma,
along with wy*u = 2p* and wu = 2m, and recalling that z1+xo+x3 = 1, we
find
uNYu = 4(1—4xz+a3)m?p" . (63.11)
Using egs. (63.5), (63.7), and (63.11), we get

1 1—4z3+23
= [aF
i 2/ 3 (1—x3)? + x3m2 /m?

1 2
1-4x3+x3
= drs (1—x
/0 3 (1-23) (1—23)2 + x3m2 /m?

= —2In(m/m,) + 3 (63.12)
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in the limit of my, — 0. We see that an infrared regulator is necessary for
the vertex function as well as the fermion propagator.

Now that we have V#(p p), we can extract some physics from it. Con-
sider again the process of electron-electron scattering, shown in fig. 63.1. In
order to compute the contributions of these diagrams, we must evaluate
Uy (P')VH(p', p)us(p) with p? = —p = —m?, but with ¢*> = (p' — p)* arbi-
trary.

To evaluate u' N u, we start with eq. (63.10), and use the anticommuta-
tion relations of the gamma matrices to move all the pgs in N# to the far
right (where we can use pu = —mu) and all the p"’s to the far left (where
we can use u'p’ = —mu’). This results in

NV — [4(1—z1—xo+x120)p-p + 2(2x1—x%+2m2—:p%)m2h“
+ 4m(23 —zota132)p" + dm(z3—21+T122)p" . (63.13)

Next, replace p-p’ with —1¢?—m?2, group the p* and p’* terms into p’ + p
and p’ — p combinations, and make use of x1+zo+x3 = 1 to simplify some
coefficients. The result is

N* = 2[(1—2a3—zd)m? — (z3+1129)¢°]7"
—2m(x3—x3)(p' + p)*

—2m[(z142?) — (zot23)](p — p)* . (63.14)
In the denominator, set p*> = p'> = —m? and p-p' = —3¢°—m? to get
D — z122¢* + (1—23)°m® + w3m? . (63.15)

Note that the right-hand side of eq. (63.15) is symmetric under z; < x2.
Thus the last line of eq.(63.14) will vanish when we integrate u’N*u/D
over the Feynman parameters. Finally, we use the Gordon identity from
section 38,

a'(p' + p)tu = a'[2my" + 215", Ju (63.16)
where SH = %[’y“,’y”], to get
N# — 2[(1-4zg+a3)m? — (z3+x122)0° 7"
— dim(x3—x3)SHg, . (63.17)
So now we have

Uy (P )VH(P', p)us(p) = e’ | Fi (2" — = Fa(g?) gy | u (63.18)
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where we have defined the form factors
e2 T122¢%/m? 1—4xg+a2
Fi(¢®)=1——— [ dF3 |In( 1 3

1) 167r2/ s [ n( * (1—23)? ) + (1—x3)2 + x3m2/m?

(z3+1122)q%/m? — (1—4w3+23)

r122g%m? + (1—23)% + x3mZ/m?

] +0(e?), (63.19)

() = < /dF 7514 +0(eh) (63.20)
2\ 872 P pimaq?m? + (1—x3)?2 ’ ’
We have set m, = 0 in eq. (63.20), and in the logarithm term in eq. (63.19),

because these terms do not suffer from infrared divergences.
We can simplify F»(¢?) by using the delta function in dF3 to do the
integral over x9 (which replaces xo with 1—z3—x;), making the change of

variable 1 = (1—x3)y, and performing the integral over x3 from zero to one;
the result is
2

Fa(¢?) = — /1 4y +0(eh) (63.21)
= — e . .
T Jy T y(—y)gYm?

This last integral can also be done in closed form, but we will be mostly
interested in its value at ¢?> = 0, corresponding to an on-shell photon:

F3(0) = 5= + O(a®) (63.22)

where a = /47 = 1/137.036 is the fine-structure constant. We will explore
the physical consequences of eq. (63.22) in the next section.

Problems

63.1) The most general possible form of @w'V#(p/, p)u is a linear combination of *,
pt, and p’# sandwiched between u’ and u, with coefficients that depend on
q?. (The only other possibility is to include terms with 75, but v5 does not
appear in the tree-level propagators or vertex, and so it cannot be generated
in any Feynman diagram; this is a consequence of parity conservation.) Thus
we can write

Ty (p)VH(p', p)us(p) = eu'[A(¢*)y" + B(¢*) (0’ +p)*
+C(@) P —p)u. (63.23)
a) Use gauge invariance to show that ¢, u"V*(p',p)u = 0, and determine the

consequences for A, B, and C.
b) Express F; and F» in terms of A, B, and C.
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64

The magnetic moment of the electron

Prerequisite: 63

In the last section, we computed the one-loop contribution to the vertex func-
tion V#(p', p) in spinor electrodynamics, where p is the four-momentum of
an incoming electron, and p’ is the four-momentum of an outgoing electron.
We found

uy (p)VA(p',p)us(p) = eu’ [Fl(qQ)’y" - %Fﬂqz)s“”qu}u : (64.1)

where ¢ = p’ — p is the four-momentum of the photon (treated as incoming),
and with complicated expressions for the form factors Fi(q*) and Fh(q?).
For our purposes in this section, all we will need to know is that

F1(0) =1 exactly,
F3(0) = 5= + O(a?) . (64.2)

Eq. (64.1) follows from a quantum action of the form
I = / d*z [eFl(o)m{\If + ﬁFQ(O)FwﬁSW\If +.. ] , (64.3)

where the ellipses stand for terms with more derivatives. The displayed terms
yield the vertex factor of eq. (64.1) with ¢® = 0. To see this, recall that an
9% and therefore of
F, ~ i(quai—qyzs:i)eiq‘”; the two terms in F),,, cancel the extra factor of one
half in the second term in eq. (64.3).

Now we will see what eq. (64.3) predicts for the magnetic moment of
the electron. We define the magnetic moment by the following procedure.
We take the photon field A* to be a classical field that corresponds to a
constant magnetic field in the z direction: A = 0 and A = (0, Bz,0). This
yields Fip = —Fb = B, with all other components of F},, vanishing. Then

incoming photon translates into a factor of A, ~ eje

we define a normalized state of an electron at rest, with spin up along the

390
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&) = / dp £ (p)b, (p)10) . (64.4)

where the wave packet is rotationally invariant (so that there is no orbital
angular momentum) and sharply peaked at p = 0, something like

f(p) ~ exp(—a’p?/2) , (64.5)
with @ < 1/m. We normalize the wave packet by f% |f(p)]? = 1; then we
have (ele) = 1.

Now we define the interaction hamiltonian as what we get from the two

displayed terms in eq. (64.3), using our specified field A*, and with the form-
factor values of eq. (64.2):

H, = —eB/d?’x@ [m? + ﬁs” T, (64.6)
Then the electron’s magnetic moment p is specified by
uB = —(e|Hyle) . (64.7)

In quantum mechanics in general, if we identify H; as the piece of the
hamiltonian that is linear in the external magnetic field, then eq.(64.7)
defines the magnetic moment of a normalized quantum state with definite
angular momentum in the B direction.

Now we turn to the computation. We need to evaluate (e|U,(z)¥z(x)le).
Using the usual plane-wave expansions, we have

(064 (P))Wa (2) W5 (2)b}, (P)]0) = (P )t ()5 P 77)" . (64.8)

Thus we get
(e|Hile) = —eB/Ez}E dp &Pz i)z

X P (D) |29+ 5205 us(p)f(p) . (64.9)

We can write the factor of x as —id,, acting on e!P=P)r and integrate
by parts to put this derivative onto u4(p)f(p); the wave packets kill any
surface terms. Then we can complete the integral over d3z to get a factor of
(27)36%(p’ — p), and do the integral over dp’. The result is

(eltile) = —eB [ 32 1 0)m(p) [ 1720y, + 525" (9110
(64.10)
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Suppose the 0, acts on f(p). Since f(p) is rotationally invariant, the result
is odd in p;. We then use %y (p)y'us(p) = 2p° to conclude that this term is
odd in both p; and ps, and hence integrates to zero.

The remaining contribution from the first term has the 9,, acting on
u4(p). Recall from section 38 that

us(p) = eXP(iﬁf)‘K)Us(O) ) (6411)

where K7 = 670 = —vj'yo is the boost matrix, p is a unit vector in the p
direction, and n = smh_1(|p\ /m) is the rapidity. Since the wave packet is
sharply peaked at p = 0, we can expand eq. (64.11) to linear order in p, take
the derivative with respect to p1, and then set p = 0; the result is

O (P)| = K i (0)

= — 57190, (0)
= — 57 us(0), (64.12)

where we used 7%u4(0) = us(0) to get the last line. Then we have

W ()i Op,us (P)| = T0(0) 5797y 1 (0)
= L, (0)5"u(0). (64.13)
Plugging this into eq. (64.10) yields
dp
elitile) ==cB [ 52 1£0)? (14 5%) 7w (0)5us (0
__“Bq 7.(0)S"2u. (0 64.14
= — o5 ( +2)u+<> u4(0) . (64.14)

Next we use S'%uy (0) = +1uy (0) and e (0)us(0) = 2m to get
eB @
(e|Hyle) = — —m(1 + —) . (64.15)

Comparing with eq. (64.7), we see that the magnetic moment of the electron
is

p=gs (64.16)

where e/2m is the Bohr magneton, the extra factor of one-half is for the
electron’s spin (a classical spinning ball of charge would have a magnetic
moment equal to the Bohr magneton times its angular momemtum), and g
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is the Landé g factor, given by
g= 2(1 + O(a2)) . (64.17)

Since g can be measured to high precision, calculations of u provide a strin-
gent test of spinor electrodynamics. Corrections up through the a* term have
been computed; the result is currently in good agreement with experiment.

Problems

64.1) Let the wave packet be f(p) ~ exp(—a?p?/2)Yyn(P), where Y, (P) is a
spherical harmonic. Find the contribution of the orbital angular momentum
to the magnetic moment.
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65

Loop corrections in scalar electrodynamics

Prerequisite: 61, 62

In this section we will compute the one-loop corrections in scalar electrody-
namics. We will concentrate on the divergent parts of the diagrams, enabling
us to compute the renormalizing Z factors in the MS scheme, and hence
the beta functions. This gives us the most important qualitative informa-
tion about the theory: whether it becomes strongly coupled at high or low
energies.

Our lagrangian for scalar electrodynamics in section 61 already includes
all possible terms whose coefficients have positive or zero mass dimension,
and that respect Lorentz symmetry, the U(1) gauge symmetry, parity, time
reversal, and charge conjugation. Therefore, the theory we will consider is

L=Lo+ L, (65.1)
Ly = —B“QOT(?MQD —m2plp — 1F*™Fy, (65.2)
L1 =iZie[p' "o — (0" )l Ay — Zae®pTp A A,

— 120" ) + Loy (65.3)
Lep = —(Zo=1)0"0'0up — (Zm—1)m*¢'o — §(Z3—1)FI" F,, . (65.4)

We will use the MS renormalization scheme to fix the values of the Zs.
We begin with the photon self-energy, IT*” (k). The one-loop and counter-
term contributions are shown in fig. 65.1. We have

o , d¥ 20 + k)H(20 + k)¥
I (k) = (2216)2(%)2/ (2m)? ((Z—(Fk);——k)m(z)(; —l—)m2)

d¥ 1
—92%70\e2gw | — =~
(=224 /(2@4 @+ m?
—i(Z3—1)(K*g" — kMM + ..., (65.5)

394
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Figure 65.1. The one-loop and counterterm corrections to the photon prop-
agator in scalar electrodynamics.

where the ellipses stand for higher-order (in e and/or \) terms. We can set
Z; =1+ O(e%\) in the first two terms.
It will prove convenient to combine these first two terms into

R d' N
) = [ o R T

—i(Z3—1)(K*g" — kMM + ..., (65.6)
where
N = (20 + k(20 + k)Y — 2[(0+K)? + m>|g" . (65.7)

Then we continue to d dimensions, replace e with eﬂg/ 2 and combine the
denominators with Feynman’s formula; the result is

7 (k) = d
- Lo e

—i(Z3—1)(k*g" — k“k“) +en, (65.8)

where ¢ = £ + xk and D = z(1—2)k? + m?. The numerator is

N = (20 + (120K (2 + (1-22)k)” — 2[(q + (1-2)k)* + m?]g"
= 4¢'q" + (1-22)%kFEY — 2[¢* + (1—2)%k* + m?]g"

+ (linear in q)
— 4d g @ + (1-22)%kHEY — 2[¢° + (1—2)%k? + m?])g™ ,  (65.9)

where we used the symmetric-integration identity from problem 14.3 to get
the last line. We can rearrange eq. (65.9) into

N# = 2(% — 1) a? 4 (1-22) 2k EY — 2[(1—2)%k* + m*)g" . (65.10)
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Now we recall from section 62 that, when ¢ is integrated against (¢ +
D)2, we can make the replacement (% —1)¢? — D; thus we have

N® — 2Dg" + (1—2x)%kPkY — 2[(1—x)%k* + m?]|g"
= (1-22)%k"kY — 2(1—2x)(1—x)k*g"" . (65.11)

Next we note that if we make the change of variable z = y + %, then we have

D= (1- in)k:2 +m?2, and y is integrated from —% to —1—%. Therefore, any
term in N*¥ that is even in y will integrate to zero. We then get
NP = 42 kP kY — 2(2y° —y) k2 g
— —4y? (K g™ — KPRV (65.12)
Thus we see that I (k) is transverse, as expected.

Performing the integral over ¢ in eq. (65.8), and focusing on the divergent
part, we get

B d% 1 i1 0
;f/ e EiDE et O(e") . (65.13)

Then performing the integral over y yields
1/2
/ dy N" = —L(k*g" — k'EY) . (65.14)
—1/2
Combining egs. (65.8), (65.13), and (65.14), we get
" (k) = TI(k?) (K* g — kMEY) | (65.15)

where

62

© 24x2
Thus we find, in the MS scheme,

1
TI(k?) = ~ +finite — (Z3 = 1) + ... . (65.16)

ez 1

/S
3 2472 ¢

(65.17)
Now we turn to the one-loop corrections to the scalar propagator, shown
in fig. 65.2. It will prove very convenient to work in Lorenz gauge, where the
photon propagator is
B (0)

A,ul/(g) — €2 e y (6518)
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Figure 65.2. The one-loop and counterterm corrections to the scalar prop-
agator in scalar electrodynamics.

with P, (¢) = gu — £ul,/0?. The diagrams in fig. 65.2 then yield

d4£ P, v (¢ KV k)
il (k) = (iZ1e)* (3) / (2r) . (eg(((éiljﬁ)fmtf :

d¥ Pu(0)
ngn(y [ L B
+ (=2iZ4e%g )(z) (2m)? €2+m,2y

, d* 1
+(—Z/\)(%)/Wm

— i(Zo—1)k? —i(Zp—1)m? + ... . (65.19)

In the second line, m,, is a fictitious photon mass; it appears here as an
infrared regulator.

We can set Z; = 1 + O(e%)\) in the first three lines. Continuing to d dimen-
sions, making the replacements e — e/i€/2 and A\ — A€, and using the rela-
tions ¢# P, (¢) = ¢V P,,(¢) = 0 and g"" P, (¢) =d — 1, we get

A% P (0)kPKY
L (k2) = 4¢2 5 pv
L, (k) = de” /(27r)d C((t+k)? + m?)

d% 1
—9d—=1)e2nf / -
(d=1)e’ i (2m)d 02 +m2

4
e / a1
(2m)4 02 + m?

—i(Zy—1)k* = i(Zp—1)m? + ... . (65.20)
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We evaluate the second and third lines via
d¥ 1 i1
~£
- - - - = 0] 65.21
a /(27r)d€2+m2 872 m—|— () ( )

Then, taking the limit m? — 0 (with ¢ fixed) in eq. (65.21) shows that the
second line of eq. (65.20) vanishes when the infrared regulator is removed.

To evaluate the first line of eq. (65.20), we multiply the numerator and
denominator by #? and use Feynman’s formula to get

d 2 %
/ (%d 42;2(%7% k+km2 / s / (@ + D) (65.22)
where ¢ = ¢ + x3k, D = x3(1—23)k? + 23m?, and
N = ?k? — (0-k)?
= (q—23k)°k* = (¢-k — 237"

= ¢°k? — (q-k)? + (linear in q)

— ¢?k? —d PR (65.23)
Now we use
~5/ dq ¢ i1, 0(°) (65.24)
a (2m)d (¢2+ D)3 82 ¢ ' '
Combining egs. (65.20)—(65.24), and requiring II,(k?) to be finite, we find
3e? 1
Zy=14+—-——-+... 65.25
2 + 72 2 + ) ( )
Al
I =14+ — — 65.26
tgac T (65.26)

in the MS scheme.

Now we turn to the one-loop corrections to the three-point (scalar-scalar-
photon) vertex, shown in fig. 65.3. In order to simplify the calculation of the
divergent terms as much as possible, we have chosen a special set of external
momenta. (If we wanted the complete vertex function, including the finite
terms, we would need to use a general set of external momenta.) We take
the incoming scalar to have zero four-momentum, and the photon (treated
as incoming) to have four-momentum k; then, by momentum conservation,
the outgoing scalar also has four-momentum k. We take the internal photon
to have four-momentum #.

Now comes the magic of Lorenz gauge: in the second and third diagrams
of fig. 65.3, the vertex factor for the leftmost vertex is ief*, and this is zero
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Figure 65.3. The one-loop corrections to the three-point vertex in scalar
electrodynamics.

when contracted with the P,,(¢) of the internal photon propagator. Thus
the second and third diagrams vanish.

Alas, we will have to do some more work to evaluate the first and fourth
diagrams. We have

iVE(k,0) = ieZy k"

d%  P,,(0)(€+ 2k)P
(2m)* 2((0+K)2 + m?2)

+ (iZ1€)(—2iZ4e* g™ (%)2 /

d* (20 + k)~
(2m)% (02 + m?2)(((+k)? +m?)

n (—iZA)\)(Z'Zle)(%)Q/

T (65.27)

We can set Z; = 1 + O(e%)\) in the second and third lines. We then do the
usual manipulations; the integral in the third line becomes

q Qq“—i- (1—2x)kH
/ / Dy (65.28)

where ¢ = ¢ + 2k and D = z(1—x)k* + m?. The term linear in ¢ vanishes
upon integration over ¢, and the term linear in k vanishes upon integration
over z. Thus the third line of eq. (65.27) evaluates to zero.

To evaluate the second line of eq. (65.27), we note that, since P, ,(¢)¢* = 0,
it already has an overall factor of k. We can then treat k as infinitesimal, and
set k =0 in the denominator. We can then use the symmetric-integration
identity to make the replacement /,¢,/¢> — d 1g,, in the numerator.
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Figure 65.4. The nonvanishing one-loop corrections to the scalar-scalar-
photon-photon vertex in scalar electrodynamics (in Lorenz gauge with van-
ishing external momenta).

Putting all of this together, and using eq. (65.13), we find
3e? 1

_ 0
Vg‘(k,O)/e—Zlk”—WEk“—FO(e )+, (65.29)
and so
3e? 1
1 =14+ ——4+... 65.30
1 +8’/T2 €+ ) ( )

in the MS scheme.

Next up is the four-point, scalar-scalar-photon-photon vertex. Because the
tree-level vertex factor, —2iZ,e2g"", does not depend on the external four-
momenta, we can simply set them all to zero. Then, whenever an internal
photon line attaches to an external scalar with a three-point vertex, the
diagram is zero, for the same reason that the second and third diagrams of

fig. 65.3 were zero. This kills a lot of diagrams; the survivors are shown in
fig. 65.4. We have

iV¥(0,0,0) = —2iZse*g"

4 up ov
+(—2¢Z462)2(%)2/(%4 gﬁ(%‘jf?n%) + (pev)

4 v
+GPCNGY [ G  + ()
4
+ (iZ,\)\)(QiZz;eZgW)(%)Z/ (261;;4 (2 +1m2)2
.. (65.31)

The notation +(u«<>v) in the second and third lines means that we must
add the same expression with these indices swapped; this is because the
original and swapped versions of each diagram are topologically distinct,
and contribute separately to the vertex function.
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Figure 65.5. The nonvanishing one-loop corrections to the four-scalar ver-
tex in scalar electrodynamics (in Lorenz gauge with vanishing external
momenta).

As usual, we set Z; = 1 + O(e% ) in the second through fourth lines. After
using the symmetric-integration identity, along with eqs. (65.13) and (65.24),
we can see that the divergent parts of the third and fourth lines cancel
each other. The first line is easily evaluated with symmetric integration and
eq. (65.13). Then we have

3e? 1
VE(0,0,0) /€2 = —2Z,g" + 4—; VAR CICOR (65.32)
and so
3e? 1
Zy=1+25 24 . 65.33
4 + o7 + ( )

in the MS scheme.

Finally, we have the one-loop corrections to the four-scalar vertex. Once
again, because the tree-level vertex factor, —iZ) A, does not depend on the
external four-momenta, we can set them all to zero. Then, whenever an
internal photon line attaches to an external scalar with a three-point vertex,
the diagram is zero. The remaining diagrams are shown in fig. 65.5.

Even though we have set the external momenta to zero, we still have
to keep track of which particle is which, in order to count the diagrams
correctly; thus the external lines are labelled 1 through 4. Lines 1 and 2 have
arrows pointing towards their vertices, and 3 and 4 have arrows pointing
away from their vertices. The symmetry factor for each of the first three
diagrams is S = 2; for each of the last two, it is S = 1. The difference arises
because the last two diagrams have the charge arrows pointing in opposite
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directions on the two internal propagators, and so these propagators cannot
be exchanged.

It is clear that the first two diagrams will yield identical contributions
to the vertex function (when the external momenta are all zero). Similarly,
except for symmetry factors, the contributions of the last three diagrams
are also identical. Thus we have

iV4,(0,0,0) = —iZy\

d% g"P,,(0)g"°P,, (¢
+(3+3) (-21’Z4e2)2(%)2/ (2m)? i (gg(_:in%)g#( )

d%
+ (% +1+1) (—iZ,\A)2(%)2/ (2m)* (22 —|—1m2)2

T (65.34)

Using the familiar techniques, we find

3¢t 1 55X 1

AY = —i7 —_—— — = 0 .. .
4£(0,0,0) VAR 5.3 = + 16-2 = +0(”) + , (65.35)
and so
3et 51 ) 1
Zy=1 - .
A + (2772)\ * 16772> 5 (65-36)
in the MS scheme.
Problems

65.1) What conditions should be imposed on V% (p/,p) and V" (k,p’,p) in the
OS scheme? (Here k is the incoming four-momentum of the photon at the
u vertex, and p’ and p are the four-momenta of the outgoing and incoming
scalars, respectively.)

65.2) Consider a gauge transformaton A* — A* — 9T. Show that there is a trans-
formation of ¢ that leaves the lagrangian of eqs. (65.1)—(65.4) invariant if and
only if Z, = Z%/Z,.
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Beta functions in quantum electrodynamics

Prerequisite: 52, 62

In this section we will compute the beta function for the electromagnetic
coupling e in spinor electrodynamics and scalar electrodynamics. We will
also compute the beta function for the ¢* coupling A in scalar electrody-
namics.

In spinor electrodynamics, the relation between the bare and renormalized
couplings is

eo = 23 271 7, ¥ % . (66.1)

It is convenient to recast this formula in terms of the fine-structure constant
a = €2 /47 and its bare counterpart «g = e3 /4,

a0 =231 7,27 ifa . (66.2)
From section 62, we have
al 9
Z1=1——=+0("), (66.3)
21 €
Zo=1-21 1 02 (66.4)
2 21 € e '
20 1
Zy=1- 224 0(a?), (66.5)
3T €

in the MS scheme. Let us write

1n<Zglz;222) - i Enla) (66.6)

403
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Then we have

(0] En
lna():Z#—Hna—i—elnﬂ. (66.7)
n=1

From egs. (66.3)—(66.5), we get

Bi(a) = g—fr‘ +0(?). (66.8)

Then, the general analysis of section 28 yields
B(a) = a®Ej(a) . (66.9)

where the prime denotes differentiation with respect to «. Thus we find

202 3
Bla) = — 4+ O(a”) (66.10)
3
in spinor electrodynamics, We can, if we like, restate this in terms of e as
e3 5
= ) A1
Be) = 5 + () (66.11)

To go from eq. (66.10) to eq. (66.11), we use a = €% /4 and & = eé /27, where
the dot denotes d/d1n p.

The most important feature of either eq. (66.10) or eq. (66.11) is that the
beta function is positive: the electromagnetic coupling in spinor electrody-
namics gets stronger at high energies, and weaker at low energies.

It is easy to generalize egs. (66.10) and (66.11) to the case of N Dirac
fields with electric charges @;e. There is now a factor of Zy; for each
field, and of Zy; for each interaction. These are found by replacing a in
eqs. (66.3) and (66.4) with Q?a. Then we find Z1;/Z2; = 1 + O(a?), so that
this ratio is universal, at least through O(«). In fact, as we will see in
section 67, Z1;/Z9; is always exactly equal to one, and so it always can-
cels in eq. (66.6). As for Zs, now each Dirac field contributes separately to
the fermion loop in the photon self-energy, and so we should replace « in
eq. (66.5) with >, Q?«. Thus we find that the generalization of eq. (66.11)
is

i QF

Ble) = =55+ e+ 0(e) . (66.12)
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Now we turn to scalar electrodynamics. (Prerequisite: 65.) The relations
between the bare and renormalized couplings are

eo = 73 221 7 i (66.13)
€ =232, Zy i e* (66.14)
Mo =Z i (66.15)

We have two different relations between e and eg, coming from the two
types of vertices. We can guess (and will demonstrate in section 67) that
these two renormalizations must work out to give the same answer. Indeed,
from section 65, we have

3e? 1
Zi=14 " =4 . 66.16
1 +8’/T2€+ ) ( )
3e2 1
Zo=14 2 24 .. 66.17
p=ld g ot ( )
e? 1
Zo=1——— 4 .. 1
3 a2z T (66.18)
3e2 1
Zi=14+2 24 .. 66.19
1=l g ot ( )
Iyt (24 5] (66.20)
AT om2N | 1672 ) o '

in the MS scheme; the ellipses stand for higher powers of e and/or X. We see

that Z; = Zy = Z4, at least through O(e?,)\). The correct guess is that this
is true exactly. Thus egs. (66.13) and (66.14) both collapse to e = 23_1/26,

just as in spinor electrodynamics.
Thus we can write

1n(Z3‘1/2) = i @ , (66.21)

n
n=1

1n<ZQ_2Z)\> - i @ . (66.22)
n=1
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Then we have

= Ep(e,\
1n60:2¥+1ne+§elng, (66.23)

n=1 €

. Lo(e, A
ln)\ozz%—i—ln)\—i—elnﬂ. (66.24)

n=1

Using egs. (66.17), (66.18), and (66.20), we have

2
e
Ei(e,\) = 512 + ., (66.25)
1
L :—< 24t —122) 2
1(ey A) 162 5+ 24e* /A e’ )+ (66.26)
Now applying the general analysis of section 52 yields
3
/68(6, /\) = M +..., (6627)
1 2 2 4)
= — — 24 e 2
BrleN) = o (5)\ 6Ae? + 24¢*) + (66.28)

Both right-hand sides are strictly positive, and so both e and A become large
at high energies, and small at low energies.

Generalizing eq. (66.25) to the case of several complex scalar fields with
charges @;e works in the same way as it does in spinor electrodynamics.
For a theory with both Dirac fields and complex scalar fields, the one-loop
contributions to Z3 simply add, and so the beta function for e is

1
Bele,N) = T35 (Zm iy, Qa)e?’ T (66.29)

Problems

66.1) Compute the one-loop contributions to the anomalous dimensions of m, U,
and A" in spinor electrodynamics.

66.2) Compute the one-loop contributions to the anomalous dimensions of m, ¢,
and A* in scalar electrodynamics.

66.3) Use the results of problem 62.2 to compute the anomalous dimension of m
and the beta function for e in spinor electrodynamics in ¢ gauge. You should
find that the results are independent of &.

66.4) The value of a(M,y ). The solution of eq. (66.12) is

1 1

a(My)  alp) % ZQ? In(My /), (66.30)
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where the sum is over all quarks and leptons (each color of quark counts
separately), and we have chosen the W7 boson mass M, as a reference
scale. We can define a different renormalization scheme, modified decoupling
subtraction or DS, where we imagine integrating out a field when p is below
its mass. In this scheme, eq. (66.30) becomes
1 1 2 9
- = = “ In[M. i i , 66.31
Oé(MW) Oé(M) 3 ; Qz H[ W/mln(m N’)] ( )
where the sum is now over all quarks and leptons with mass less than M.
For p < me, the DS scheme coincides with the OS scheme, and we have
1 1 2 9
_— == 2 In (M. i) s 66.32
where o = 1/137.036 is the fine-structure constant in the OS scheme. Using
my, = mg = ms ~ 300 MeV for the light quark masses (because quarks should

be replaced by hadrons at lower energies), and other quark and lepton masses
from sections 83 and 88, compute a(My).
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67

Ward identities in quantum electrodynamics I

Prerequisite: 22, 59

In section 59, we assumed that scattering amplitudes would be gauge invari-
ant, in the sense that they would be unchanged if we replaced any pho-
ton polarization vector e* with e* 4 ck*, where k* is the photon’s four-
momentum and c¢ is an arbitrary constant. Thus, if we write a scattering
amplitude 7 for a process that includes an external photon with four-
momentum k* as

T =¢e'M,, (67.1)
then we should have
EFM, =0. (67.2)

In this section, we will use the Ward identity for the electromagnetic current
to prove eq. (67.2).
We begin by recalling the LSZ formula for scalar fields,

(Fi) = i/d4x1 =R (g2 4 m2) . (0[Tip(a1)...[0) . (67.3)

We have treated all external particles as outgoing; an incoming particle has
k? < 0. We can rewrite eq. (67.3) as
(fli) = kQEIPmZ(kf +m?) ... {0|T3(k1)...[0) . (67.4)

i

Here 3(k) = i [ d*r e=**¢(z) is the field in momentum space (with an extra
factor of ), and we do not fix k2 = —m?.
We know that the right-hand side of eq. (67.4) must include an overall

energy-momentum delta function, so let us write

(OIT@(k1) ... [0) = (2m) 6 (32, k) F (k7 ki-kej) (67.5)

408
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where F(k?, k;-k;) is a function of the Lorentz scalars k? and k;-k;. Then,
since

(fli) = i(2m)*6* (3 k)T (67.6)

eq. (67.4) tells us that F should have a multivariable pole as each k?
approaches —m?, and that 7 is the residue of this pole. That is, near
kf = —m?, F takes the form

v
(k2 +m?) ... (k2 +m?)

F(k2, ki-kj) = + nonsingular . (67.7)
The key point is this: contributions to F that do not have this multivariable
pole do not contribute to 7.

We have framed this discussion in terms of scalar fields in order to keep
the notation as simple as possible, but the general point holds for fields of
any spin.

In section 22, we analyzed how various classical field equations apply
to quantum correlation functions. For example, we derived the Schwinger—
Dyson equations

<0|T%;) bos (1) ... B ()]0}
=i Y (0|T¢a,(21) .. baa,0*(x—2;) ... Ga, (xn)0) . (67.8)
j=1

Here we have used ¢, (x) to denote any kind of field, not necessarily a scalar
field, carrying any kind of index or indices. The classical equation of motion
for the field ¢4 () is 65/8¢4(x) = 0. Thus, eq. (67.8) tells us that the classical
equation of motion holds for a field inside a quantum correlation function,
as long as its spacetime argument and indices do not match up exactly with
those of any other field in the correlation function. These matches, which
constitute the right-hand side of eq. (67.8), are called contact terms.

Suppose we have a correlation function that, for whatever reason, includes
a contact term with a factor of, say, 6*(z1—x2). After Fourier-transforming
to momentum space, this contact term is a function of ki + ko, but is inde-
pendent of k1 — ko; hence it cannot take the form of the singular term in
eq. (67.7). Therefore, contact terms in a correlation function F do not con-
tribute to the scattering amplitude T .

Now let us consider a scattering process in quantum electrodyamics
that involves an external photon with four-momentum k. In Lorenz gauge
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(the simplest for this analysis), the LSZ formula reads

(f]i) = ieu/d%e—ikz(_a?) . {(0|TA,(z)...|0) (67.9)

and the classical equation of motion for A* is

oL

TR (67.10)

~Z30%°A, =
In spinor electrodynamics, the right-hand side of eq. (67.10) is Z;j*, where j#
is the electromagnetic current. (This is also true for scalar electrodynamics
if Zy = Z2/Zs; we saw in problem 65.2 that this condition is necessary for
gauge invariance.) We therefore have

(fli) = iZS_Ile“/dA‘J: e 0| Tju(z)...|0) + contact terms]
(67.11)

The contact terms arise because, as we saw in eq. (67.8), the classical equa-
tions of motion hold inside quantum correlation functions only up to contact
terms. However, the contact terms cannot generate singularities in the k2s
of the other particles, and so they do not contribute to the left-hand side.
(Remember that, for each of the other particles, there is still an appropriate
wave operator, such as the Klein—-Gordon wave operator for a scalar, acting
on the correlation function. These wave operators kill any term that does
not have an appropriate singularity.)

Now let us try replacing e in eq. (67.11) with k*. We are attempting to
prove that the result is zero, and we are almost there. We can write the
factor of ik as —O" acting on the e~"** and then we can integrate by parts
to get O acting on the correlation function. (Strictly speaking, we need a
wave packet for the external photon to kill surface terms.) Then we have
0"(0|Tj,(z)...|0) on the right-hand side. Now we use another result from
section 22, namely that a Noether current for an exact symmetry obeys
0"j,, = 0 classically, and

0"(0|Tju(x) . ..|0) = contact terms (67.12)

quantum mechanically; this is the Ward (or Ward-Takahashi) identity. But
once again, the contact terms do not have the right singularities to con-
tribute to (f|i). Thus we conclude that (f|i) vanishes if we replace an exter-
nal photon’s polarization vector e# with its four-momentum k¥, quo erat
demonstratum.
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Reference notes

Diagrammatic proofs of the Ward identity in spinor electrodynamics can be
found in Peskin € Schroeder, and Zee.

Problems

67.1) Show explicitly that the tree-level €7é~ — v~ scattering amplitude in scalar
electrodynamics,

T =—¢? {4(]{1'61')(162'52’) i 4(k1-eo ) (k2-ev)

2(e1r o
m2 —t m2 —u +2(e 2)]’

vanishes if ¥, is replaced with k.
67.2) Show explicitly that the tree-level eTe™ — 77y scattering amplitude in spinor
electrodynamics,

o, l%, (m) vy (M) 4 .

m2 —t m2 —u

. . . . /
vanishes if e/, is replaced with k.
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Ward identities in quantum electrodynamics 11
Prerequisite: 63, 67

In this section, we will show that Z; = Z5 in spinor electrodynamics, and
that Zy = Zs = Z4 in scalar electrodynamics (in the OS and MS renormal-
ization schemes).

Let us specialize to the case of spinor electrodynamics with a single Dirac
field, and consider the correlation function

Chy(k,p',p) =iZ: / d'z dy d*z MV (O T () W (y) W s(2)]0)
(68.1)

where j# = eUy"¥ is the electromagnetic current. As we saw in section
67, including Z;j*(z) inside a correlation function adds a vertex for an
external photon; the factor of Z; provides the necessary renormalization of
this vertex. The explicit fermion fields on the right-hand side of eq. (68.1)
combine with the fermion fields in the current to generate propagators. Thus
we have

Cliy(k, 1! p) = (2m)'8 (btp—p') [18G)IVE( p)E8(0)| . (68.2)

ap

where S(p) is the exact fermion propagator, and V#(p/,p) is the exact 1PI
photon-fermion-fermion vertex function.

Now let us consider k,Chs(k,p',p). Using eq. (68.1), we can write the
factor of ik, on the right-hand side as 0,, acting on e’ and then integrate
by parts to get —0d, acting on j#(x). (Strictly speaking, we need a wave
packet for the external photon to kill surface terms.) Thus we have

kzucgﬁ(k,p',p) = —/d4:z dYy d*z eFTTPYTPZE G (0] T (2) W, (y) U a(2)[0)
(68.3)

412
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Now we use the Ward identity from section 22, which in general reads

=00 TJ*(2)¢a, (71) - - - Pa,, (4)|0)

n

= z’Z(O\T(Z)al (1) ... 0¢q, ()6 (x—25) ... P, (xn)|0) . (68.4)

j=1
Here 8¢ () is the change in a field ¢,(x) under an infinitesimal transfor-

mation that leaves the action invariant, and

" 87[’5
J D0uda) ®a (68.5)

is the corresponding Noether current. In the case of spinor electrodynamics,
0V (z) = —ie¥(z) ,
6U(x) = +ieV(z) , (68.6)

where we have dropped an infinitesimal parameter on the right-hand sides,
but included a factor of the electron charge e. Using 9L/9(8,¥) = iZoU~*
and 9L/9(9,¥) = 0 we find that, with these conventions, the Noether cur-
rent is J* = ZoeUyFW = Zyj*. Thus the Ward identity becomes
— 228, (0| Tj*(x) Wa (y)Up(2)[0) = +e 8 (z—y) (0| T4 (y)Uy(2)|0)
—e 6 (2—2)(0| TWa(y)¥p(2)|0) . (68.7)

Recall that
_ 1 dYq . -
TW, (y)¥ == [ —Z =2 §(q) s . .
OTT T = 7 [ e 8 aas . (659)
Using egs. (68.7) and (68.8) in eq. (68.3), and carrying out the coordinate
integrals, we get

kuChy(k, o', p) = —iZy 1Z1(27r)454(k+p—p/)[e§(p)—eé(p’)] . (68.9)

af

On the other hand, from eq. (68.2) we have

kucg,e(kvpl7p) = —i(2m)*6* (k+p—p) [g(p,)kuV“(p’,p)g(p)} . (68.10)

ap

Comparing egs. (68.9) and (68.10) shows that

' -2)uSE)V* (0 p)S(0) = 27 Z1e[S(0) - S| | (68.11)
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where we have dropped t}~1e spin indices. We can sirnplify eq. (68.11) by
multiplying on the left by S(p')~!, and on the right by S(p)~!, to get

(P —p)u V(0. p) = Z5 ' Z1e|S() " = S(p) ] . (68.12)

Thus we find a relation between the exact photon-fermion-fermion vertex
function V#(p/, p) and the exact fermion propagator g(p)

Since both S(p) and V#(p,p) are finite, eq. (68.12) implies that Z;/Zy
must be finite as well. In the MS scheme (where all corrections to Z; = 1 are
divergent), this immediately implies that

71 =175 . (68.13)

In the OS scheme, we recall that near the on-shell point p? = p'? = —m?

and (p' — p)? = 0 we have S(p) = y + m and VA (p/, p) = ey*. Plugging these
expressions into eq. (68.12) then yields Z; = Z3 for the OS scheme.

To better understand this result, we note that when Z; = Z5, we can
combine the fermion kinetic term i Zo W@W¥ and the interaction term Z;eW AW
into iZa WPV, where D* = 9 — je A* is the covariant derivative. Recall that
it is D* that has a simple gauge transformation, and so we might expect the
lagrangian, written in terms of renormalized fields, to include 0* and A* only
in the combination D*. It is still necessary to go through the analysis that
led to eq. (68.12), however, because quantization requires fixing a gauge, and
this renders suspect any naive arguments based on gauge invariance. Still,
in this case, those arguments yield the correct result.

We can make a similar analysis in scalar electrodynamics. We leave the
details to the problems.

Reference notes

BRST symmetry (see section 74) can be used to derive the Ward identities;
see Ramond I.

Problems

68.1) Consider the current correlation function (0|Tj*(z)j"(y)|0) in spinor electro-
dynamics.
a) Show that its Fourier transform is proportional to

T (k) + T2 (k) A o ()T () + . .. (68.14)

b) Use this to prove that II*¥(k) is transverse: k,II*¥(k) = 0.
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68.2) Verify that eq. (68.12) holds at the one-loop level in

a)
b)

the OS scheme.
the MS scheme.

68.3) Scalar electrodynamics. (Prerequisite: 65.)

a)

Consider the Fourier transform of (0| TJ*(x)¢(y)e!(2)[0), where
JH = —ieZy[pTdMp — (8" p") ] — 2Z1e2 APl o (68.15)

is the Noether current. You may assume that Z, = Z7/Z, (which is nec-
essary for gauge invariance). Show that

W= Vi p) = 23" Zie| AW = Ap) 7] | (68.16)
where V£ (p/,p) is the exact scalar-scalar-photon vertex function, and
A(p) is the exact scalar propagator.

Use this result to show that Z; = Z in both the MS and OS renormal-
ization schemes.

Consider the Fourier transform of (0|TJ*(z)AY(w)p(y)e!(2)]|0). Show
that

KV (B0 p) = 207 Zae [V —kp) = VW, p4R)| . (68.17)

where V" (k,p’,p) is the exact scalar-scalar-photon-photon vertex func-
tion, with &k the incoming momentum of the photon at the u vertex.
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Nonabelian gauge theory

Prerequisite: 24, 58

Consider a lagrangian with N scalar or spinor fields ¢;(x) that is invariant
under a continuous SU(N) or SO(N) symmetry,

pi(z) — Uijo;(2) , (69.1)

where U;j is an N x N special unitary matrix in the case of SU(XN), or
an N x N special orthogonal matrix in the case of SO(N). (Special means
that the determinant of U is one.) Eq. (69.1) is called a global symmetry
transformation, because the matrix U does not depend on the spacetime
label x.

In section 58, we saw that quantum electrodynamics could be understood
as having a local U(1) symmetry,

¢(z) = U(z)p(x) , (69.2)

where U(z) = exp[—iel'(x)] can be thought of as a 1 x 1 unitary matrix that
does depend on the spacetime label z. Eq. (69.2) can be a symmetry of the
lagrangian only if we include a U(1) gauge field A, (x), and promote ordinary
derivatives 0, of ¢(x) to covariant derivatives D, = 0, —ieA,. Under the
transformation of eq. (69.2), we have

D, — U(z)D,U'(x) . (69.3)

With this transformation rule, a scalar kinetic term like —(Dugo)TD“go, or a
fermion kinetic term like sW )W, is invariant, as are mass terms like m2pfe
and m¥PW. We call eq.(69.3) a gauge transformation, and say that the
lagrangian is gauge invariant.

Eq. (69.3) implies that the gauge field transforms as

Apu(x) = U@) Ay (2)UT (@) + LU (2)0,U1 (2) . (69.4)

416
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If we use U(x) = exp[—iel'(z)], then eq. (69.4) simplifies to
Ay(z) — Ay(z) — 0,T(x) , (69.5)

which is what we originally had in section 54.

We can now easily generalize this construction of U(1) gauge theory to
SU(N) or SO(N). (We will consider other possibilities later.) To be con-
crete, let us consider SU(N). Recall from section 24 that we can write an
infinitesimal SU(/NN) transformation as

Uji(x) = 6 — ig0*(x)(T") 5 + O(6%) (69.6)

where we have inserted a coupling constant g for later convenience. The
indices j and k run from 1 to N, the index @ runs from 1 to N?—1 (and is
implicitly summed), and the generator matrices T® are hermitian and trace-
less. (These properties of T* follow immediately from the special unitarity
of U.) The generator matrices obey commutation relations of the form

[T%, T =i fere (69.7)

where the real numerical factors f%¢ are called the structure coefficients of
the group. If f%¢ does not vanish, the group is nonabelian.

We can choose the generator matrices so that they obey the normalization
condition

Te(T°T") = 36 ; (69.8)

then eqgs. (69.7) and (69.8) can be used to show that f*° is completely anti-
symmetric. For SU(2), we have T = %aa, where 0% is a Pauli matrix, and
fabe = gabe wwhere €% is the completely antisymmetric Levi-Civita symbol.
Now we define an SU(IV) gauge field A, (z) as a traceless hermitian N x N

matrix of fields with the gauge transformation property
Au(@) = U(@)Au(2)U (@) + §U(2)8,U () . (69.9)

Note that this is identical to eq. (69.4), except that now U(z) is a special uni-
tary matrix (rather than a phase factor), and A, (z) is a traceless hermitian
matrix (rather than a real number). (Also, the electromagnetic coupling
e has been replaced by g.) We can write U(z) in terms of the generator
matrices as

U(z) = exp[—igl"(x)T?] , (69.10)

where the real parameters I'*(x) are no longer infinitesimal.
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The covariant derivative is
D, =0, —igA,(z) , (69.11)

where there is an understood N x N identity matrix multiplying J,. Act-
ing on the set of N fields ¢;(z) that transform according to eq. (69.2), the
covariant derivative can be written more explicitly as

(Dpg)j(x) = 9udj(x) — igAu(x) 1ok (2) , (69.12)

with an understood sum over k. The covariant derivative transforms accord-
ing to eq.(69.3). Replacing all ordinary derivatives in £ with covariant
derivatives renders £ gauge invariant (assuming, of course, that £ originally
had a global SU(NV) symmetry).

We still need a kinetic term for A, (). Let us define the field strength

w(2) = LDy, D] (69.13)
= A, — 0, A, —ig[A, A . (69.14)

Because A, is a matrix, the final term in eq. (69.14) does not vanish, as it
does in U(1) gauge theory. Egs. (69.3) and (69.13) imply that, under a gauge
transformation,

Fu () — U(x)Fu(x)UT(2) . (69.15)
Therefore,
Liin = —3Te(F* F,) (69.16)

is gauge invariant, and can serve as a kinetic term for the SU(N) gauge
field. (Note, however, that the field strength itself is not gauge invariant, in
contrast to the situation in U(1) gauge theory.)

Since we have taken A,(x) to be hermitian and traceless, we can expand
it in terms of the generator matrices:

Au(z) = A (2)T" . (69.17)
Then we can use eq. (69.8) to invert eq. (69.17):
Al(z) =2Tr Ay ()T . (69.18)
Similarly, we have
Fu(x) = Fo,T°, (69.19)

Fo,(z) = 2Tr F,, T . (69.20)
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Using eq. (69.19) in eq. (69.14), we get
FS,T¢ = (0,45 — 0,A5)T° —ig AL AL [T, T"]
= (OuAS — 0, A + gf AL AL)T® . (69.21)
Then using eqs. (69.20) and (69.8) yields
Ff, = 0, A5 — 0,A5 + g f**AL AY (69.22)
Also, using egs. (69.19) and (69.8) in eq. (69.16), we get
Ly = — 5 FHFS, . (69.23)

From eq. (69.22), we see that Ly, includes interactions among the gauge
fields. A theory of this type, with nonzero f®¢, is called nonabelian gauge
theory or Yang—Mills theory.

Everything we have just said about SU(NN) also goes through for SO(N),
with unitary replaced by orthogonal, and traceless replaced by antisymmet-
ric. There is also another class of compact nonabelian groups called Sp(2N),
and five exceptional compact groups: G(2), F(4), E(6), E(7), and E(8). Com-
pact means that Tr(T?T?) is a positive definite matrix. Nonabelian gauge
theory must be based on a compact group, because otherwise some of the
terms in Ly, would have the wrong sign, leading to a hamiltonian that is
unbounded below.

As a specific example, let us consider quantum chromodynamics, or QCD,
which is based on the gauge group SU(3). There are several Dirac fields
corresponding to quarks. Each quark comes in three colors; these are the
values of the SU(3) index. (These colors have nothing to do with ordinary
color.) There are also six flavors: up, down, strange, charm, bottom (or
beauty), and top (or truth). Thus we consider the Dirac field ¥;;(x), where
1 is the color index and [ is the flavor index. The lagrangian is

L=iV; iV —mp¥ ¥ — AT (F*E,,) , (69.24)

where all indices are summed. The different quark flavors have different
masses, ranging from a few MeV for the up and down quarks to 178 GeV
for the top quark. (The quarks also have electric charges: +%\e| for the wu,
¢, and t quarks, and —%]e\ for the d, s, and b quarks. For now, however, we
omit the appropriate coupling to the electromagnetic field.) The covariant
derivative in eq. (69.24) is

(Dp)ij = 6ij0u — ig ATy - (69.25)
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The index a on A, runs from 1 to 8, and the corresponding massless spin-one
particles are the eight gluons.

In a nonabelian gauge theory in general, we can consider scalar or spinor
fields in different representations of the group. A representation of a compact
nonabelian group is a set of finite-dimensional hermitian matrices T (the
R is part of the name, not an index) that obey that same commutation
relations as the original generator matrices T%. Given such a set of D(R) x
D(R) matrices (where D(R) is the dimension of the representation), and
a field ¢(z) with D(R) components, we can write its covariant derivative
as Dy, = 0, —igA}; Ty, with an understood D(R) x D(R) identity matrix
multiplying 0,,. Under a gauge transformation, ¢(x) — Ux(z)¢(x), where
Ug(x) is given by eq.(69.10) with T replaced by T%. The theory will be
gauge invariant provided that the transformation rule for AZ is indepedent
of the representation used in eq. (69.9); we show in problem 69.1 that it is.

We will not need to know a lot of representation theory, but we collect
some useful facts in the next section.

Problems

69.1) Show that eq.(69.9) implies a transformation rule for A} that is indepen-
dent of the representation used in eq. (69.9). Hint: consider an infinitesimal
transformation.

69.2) Show that [T9T*, T?] = 0.
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Group representations

Prerequisite: 69

Given the structure coefficients f®¢ of a compact nonabelian group, a rep-
resentation of that group is specified by a set of D(R) x D(R) traceless
hermitian matrices T (the R is part of the name, not an index) that obey
that same commutation relations as the original generators matrices 7%,
namely

[T, T = i f*Ty . (70.1)

The number D(R) is the dimension of the representation. The original T%s
correspond to the fundamental or defining representation.

Consider taking the complex conjugate of the commutation relations,
eq. (70.1). Since the structure coefficients are real, we see that the matri-
ces —(T2)* also obey these commutation relations. If —(7)¢)* = T¢, or if we
can find a unitary transformation T¢ — U~T2U that makes —(T%)* = T¢
for every a, then the representation R is real. If such a unitary transfor-
mation does not exist, but we can find a unitary matrix V' # I such that
—(T%)* = V=TV for every a, then the representation R is pseudoreal. If
such a unitary matrix also does not exist, then the representation R is
complex. In this case, the complex conjugate representation R is specified
by

T2 = —(TH)* . (70.2)

One way to prove that a representation is complex is to show that at least
one generator matrix 7)¢ (or a real linear combination of them) has eigenval-
ues that do not come in plus-minus pairs. This is the case for the fundamental
representation of SU(N) with N > 3. For SU(2), the fundamental represen-
tation is pseudoreal, because —(30%)* # 10%, but —(30%)* =V~ 1(1c")V
with V = gg. For SO(N), the fundamental representation is real, because

421
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the generator matrices are antisymmetric, and every antisymmetric hermi-
tian matrix is equal to minus its complex conjugate.

An important representation for any compact nonabelian group is the
adjoint representation A. This is given by

(Th)be = —jfabe (70.3)

Because f%° is real and completely antisymmetric, 7% is manifestly her-
mitian, and also satisfies eq. (70.2); thus the adjoint representation is real.
The dimension of the adjoint representation D(A) is equal to the number
of generators of the group; this number is also called the dimension of the
group.

To see that the T?s satisfy the commutation relations, we use the Jacobi
identity

fabdfdce + fbcdfdae + fcadfdbe =0, (704)

which holds for the structure coefficients of any group. To prove the Jacobi
identity, we note that

T ([[7%, 7, 7 + [T, 7, 7% + [T, T°), ") =0, (70.5)

where the T%s are the original generator matrices. That the left-hand side of
eq. (70.5) vanishes can be seen by writing out all the commutators as matrix
products, and noting that they cancel in pairs. Employing the commutation
relations twice in each term, followed by

Tr(7°T°) = 46, (70.6)

ultimately yields eq. (70.4). Then, using the antisymmetry of the structure
coefficients, inserting some judicious factors of ¢, and moving the last term
of eq. (70.4) to the right-hand side, we can rewrite it as

(—’ifabd)(—idee) . (—ibed)(—ifade) — ’ifaCd(—ifdbe) . (707)
Now we use eq. (70.3) in eq. (70.7) to get
(THM(T)%™ — (T5)UT) ™ = if*d (T, (70.8)

or equivalently [T, T¢] = i f2?T?. Thus the T¢%s satisfy the appropriate com-
mutation relations.

Two related numbers usefully characterize a representation: the index
T(R) and the quadratic Casimir C(R). The index is defined via

Te(T9T?) = T(R)6% . (70.9)
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Next we recall from problem 69.2 that the matrix T¢T¢ commutes with
every generator, and so must be a number times the identity matrix; this
number is the quadratic Casimir C'(R). It is easy to show that

T(R)D(A) = C(R)D(R) . (70.10)

With the standard normalization conventions for the generators, we have
T(N) = 3 for the fundamental representation of SU(N) and T(N) = 2 for
the fundamental representation of SO(IN). We show in problem 70.2 that
T(A) = N for the adjoint representation of SU(N), and in problem 70.3
that T'(A) = 2N — 4 for the adjoint representation of SO(N).

A representation R is reducible if there is a unitary transformation 7)¢ —
U~'T2U that puts all the nonzero entries into the same diagonal blocks
for each a; otherwise it is irreducible. Consider a reducible representation R
whose generators can be put into (for example) two blocks, with the blocks
forming the generators of the irreducible representations R; and Rg. Then
R is the direct sum representation R = Ry & Re, and we have

D(Rl@Rz) = D(Rl) + D(Rg) , (70.11)
T(Rl@Rg) = T(Rl) + T(Rg) . (70.12)

Suppose we have a field ¢;;(z) that carries two group indices, one for the
representation R; and one for the representation Ro, denoted by i and I
respectively. This field is in the direct product representation Ry ® Ro. The
corresponding generator matrix is

(T3 ony)irgs = (T3 )ijors + 6i(Te )1y (70.13)

where ¢ and I together constitute the row index, and j and J together
constitute the column index. We then have

D(R1®R2) = D(Rl)D(Rg) , (70.14)
T(R1®R2) = T(R1>D(R2) + D(Rl)T(Rg) . (70.15)

To get eq. (70.15), we need to use the fact that the generator matrices are
traceless, (1)) = 0.

At this point it is helpful to introduce a slightly more refined notation for
the indices of a complex representation. Consider a field ¢ in the complex
representation R. We will adopt the convention that such a field carries a
“down” index: ¢;, where i = 1,2,..., D(R). Hermitian conjugation changes
the representation from R to R, and we will adopt the convention that this
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also raises the index on the field,
()T =T (70.16)

Thus a down index corresponds to the representation R, and an up index to
R. Indices can be contracted only if one is up and one is down. Generator
matrices for R are then written with the first index down and the second
index up: (T);/. An infinitesimal group transformation of ¢; takes the form

pi = (1—i0"Ty)i p;
= i —i0(T2) ;- (70.17)

The generator matrices for R are then given by
(IR)'5 = —(T2);" (70.18)

where we have used the hermiticity to trade complex conjugation for trans-
position of the indices. An infinitesimal group transformation of ' takes
the form

el — (1 —i0"T) ;o1
= ol —i0*(T2)' ;o1
= oI +i0%(T2); 1 | (70.19)

where we used eq. (70.18) to get the last line. Note that egs. (70.17) and
(70.19) together imply that o'y, is invariant, as expected.

Consider the Kronecker delta symbol with one index down and one up:
8. Under a group transformation, we have

67 — (1 4i0°T%)* (1 +i6°T2) 6
= (L+i0°T%) 6 (1 — i6° T ),
=67 +0(6?) . (70.20)

Eq. (70.20) shows that 6;7 is an invariant symbol of the group. This existence
of this invariant symbol, which carries one index for R and one for R, tells
us that the product of the representations R and R must contain the singlet
representation 1, specified by 77" = 0. We therefore can write

ReR=1@.... (70.21)

The generator matrix (7),7, which carries one index for R, one for R,
and one for the adjoint representation A, is also an invariant symbol. To see
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this, we make a simultaneous infinitesimal group transformation on each of
these indices,

(T)i — (L= i6°T);" (1 — 07Ty (1 — i6°T3) (T
= (T2) = i0“[(T)* (TR + (T U(TD)i + (T9)*(T)]
+0(6?) . (70.22)

The factor in square brackets should vanish if (as we claim) the generator
matrix is an invariant symbol. Using egs. (70.3) and (70.18), we have

(-] = @FED = @ @ = i1
= (TET)7 = (TT)7 —if*(T)7
=0, (70.23)

where the last line follows from the commutation relations. The fact that
(T%);7 is an invariant symbol implies that

RoReA=1@.... (70.24)

If we now multiply both sides of eq.(70.24) by A, and use A A=1@®
. [which follows from eq. (70.21) and the reality of A], we find R® R =
A @ ... . Combining this with eq. (70.21), we have

ReR=16Aa.... (70.25)

That is, the product of a representation with its complex conjugate is always
reducible into a sum that includes (at least) the singlet and adjoint repre-
sentations.

For the fundamental representation N of SU(N), we have

NoN=1®A, (70.26)

with no other representations on the right-hand side. To see this, recall that
D(1) =1, D(N) = D(N) = N, and, as shown in section 24, D(A) = N?—1.
From eq.(70.14), we see that there is no room for anything else on the
right-hand side of eq. (70.26).

Consider now a real representation R. From eq. (70.25), with R = R, we
have

ReR=10A®.... (70.27)
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The singlet on the right-hand side implies the existence of an invariant
symbol with two R indices; this symbol is the Kronecker delta é;;. It is
invariant because

6ij — (1 —i0°T2) " (1 — i0°T); 61
= &ij — i0°((T)ij + (T2)ji] + O(6%) . (70.28)

The term in square brackets vanishes by hermiticity and eq. (70.18). The fact
that 6;; = ¢j; implies that the singlet on the right-hand side of eq. (70.28)
appears in the symmetric part of this product of two identical representa-
tions.

The fundamental representation N of SO(N) is real, and we have

NON=1,5A, &S . (70.29)

The subscripts tell whether the representation appears in the symmetric
or antisymmetric part of the product. The representation S corresponds
to a field with a symmetric traceless pair of fundamental indices: @;; = @j;,
wi; = 0, where the repeated index is summed. We have D(1) =1, D(N) = N,
and, as shown in section 24, D(A) = 1 N(N—1). Also, a traceless symmetric
tensor has D(S) = 1N(N+1)—1 independent components; thus eq. (70.14)
is fulfilled.

Consider now a pseudoreal representation R. Since R is equivalent to its
complex conjugate, up to a change of basis, eq. (70.27) still holds. How-
ever, we cannot identify d;; as the corresponding invariant symbol, because
then eq. (70.28) shows that R would have to be real, rather than pseudo-
real. From the perspective of the direct product, the only alternative is to
have the singlet appear in the antisymmetric part of the product, rather
than the symmetric part. The corresponding invariant symbol must then be
antisymmetric on exchange of its two R indices.

An example (the only one that will be of interest to us) is the fundamental
representation of SU(2). For SU(N) in general, another invariant symbol is
the Levi-Civita tensor ¢;, ;,, which carries N fundamental indices and is
completely antisymmetric. It is invariant because, under an SU(N) trans-
formation,

Eivin — U7 o UiV ej, jn
= (det U)Eilv..iN . (7030)

Since det U =1 for SU(N), we see that the Levi-Civita symbol is invariant.
We can similarly consider €%~ which carries N completely antisymmetric
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antifundamental indices. For SU(2), the Levi-Civita symbol is €;; = —¢j;
this is the two-index invariant symbol that corresponds to the singlet
in the product

2®2=1,93;, (70.31)

where 3 is the adjoint representation.

We can use €7 and ¢;; to raise and lower SU(2) indices. This is another
way to see that there is no distinction between the fundamental represen-
tation 2 and its complex conjugate 2. That is, if we have a field ¢; in the
representation 2, we can get a field in the representation 2 by raising the
index: ! = sijgpj.

The structure constants f®¢ are another invariant symbol. This follows
from (T%)% = —ifo¢ since we have seen that generator matrices (in any
representation) are invariant. Alternatively, given the generator matrices in
a representation R, we can write

T(R)f% = —i Te(TY[T?, T¢)) . (70.32)

Since the right-hand side is invariant, the left-hand side must be as well.
If we use an anticommutator in place of the commutator in eq. (70.32),
we get another invariant symbol,

A(R)d™ = ITe(Te{TL, TS} (70.33)

where A(R) is the anomaly coefficient of the representation. The cyclic prop-
erty of the trace implies that A(R)d®* is symmetric on exchange of any pair
of indices. Using eq. (70.18), we can see that

AR)=—-AR) . (70.34)

Thus, if R is real or pseudoreal, A(R) = 0. We also have
AR1®R2) = A(R1) + A(R2) , (70.35)
AR1®R2) = A(R1)D(R2) + D(R1)A(R2) . (70.36)

We normalize the anomaly coefficient so that it equals one for the small-
est complex representation. In particular, for SU(N) with N >3, the
smallest complex representation is the fundamental, and A(N) = 1. For
SU(2), all representations are real or pseudoreal, and A(R) =0 for all of
them.
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Reference notes

More group and representation theory can be found in Ramond II.

Problems

70.1) Verify eq. (70.10).

70.2) a) Use egs. (70.12) and (70.26) to compute T'(A) for SU(N).

b) For SU(2), the adjoint representation is specified by (7¢)" = —ic?. Use
this to compute T(A) explicitly for SU(2). Does your result agree with
part (a)?

c¢) Consider the SU(2) subgroup of SU(N) that acts on the first two com-
ponents of the fundamental representation of SU(N). Under this SU(2)
subgroup, the N of SU(N) transforms as 2 @ (N—2)1s. Using eq. (70.26),
figure out how the adjoint representation of SU(NN) transforms under this
SU(2) subgroup.

d) Use your results from parts (b) and (c) to compute T'(A) for SU(N). Does
your result agree with part (a)?

70.3) a) Consider the SO(3) subgroup of SO(N) that acts on the first three com-
ponents of the fundamental representation of SO(N). Under this SO(3)
subgroup, the N of SO(N) transforms as 3 @ (N—3)1s. Using eq. (70.29),
work out how the adjoint representation of SO(N) transforms under this
SO(3) subgroup.

b) Use your results from part (a) and from problem 70.2 to compute T'(A)
for SO(N).

70.4) a) For SU(N), we have

NeN=A, &S, (70.37)

where A corresponds to a field with two antisymmetric fundamental
SU(N) indices, ¢;; = —¢j;, and S corresponds to a field with two symmet-
ric fundamental SU(N) indices, ¢;; = +¢;;. Compute D(A) and D(S).
b) By considering an SU(2) subgroup of SU(N), compute T(.A) and T'(S).
c¢) For SU(3), show that A = 3.
d) By considering an SU(3) subgroup of SU(V), compute A(A) and A(S).
70.5) Consider a field ¢; in the representation R; and a field yx; in the represen-
tation Ry. Their product ¢;xr is then in the direct product representation
R1 ® Ra, with generator matrices given by eq. (70.13).
a) Prove the distribution rule for the covariant derivative,

[Du(ex))ir = (Dpp)ixs + wi(Dux)r - (70.38)
b) Consider a field ¢; in the complex representation R. Show that
0" 0i) = (Dup!)'pi + @M (D) - (70.39)

Explain why this is a special case of eq. (70.38).
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70.6) The field strength in Yang-Mills theory is in the adjoint representation, and
so its covariant derivative is

(DpFu)* = 0,F5, — igAS(TS)™Fy, . (70.40)
Prove the Bianchi identity,
(DuF,p)* + (DyFpp)* + (DyFu)® =0 (70.41)
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71

The path integral for nonabelian gauge theory
Prerequisite: 53, 69

We wish to evaluate the path integral for nonabelian gauge theory (also
known as Yang-Mills theory),

Z(J) o /DA iS4 ) (71.1)
Su(A, J) = / d'z [P ES, + JAL] (71.2)

In section 57, we evaluated the path integral for U(1) gauge theory by argu-
ing that, in momentum space, the component of the U(1) gauge field parallel
to the four-momentum k* did not appear in the action, and hence should
not be integrated over. This argument relied on the form of the U(1) gauge
transformation,

Ay(z) = Ay(z) — 0 (z) . (71.3)
In the nonabelian case, however, the gauge transformation is nonlinear,
Ap(@) = U(@) Au(@)U' (2) + LU(2)0,U1 () , (71.4)
where A, (z) = A},(z)T*. For an infinitesimal transformation,
U(z) =1 —igh(z) + O(6?)
=1 —igh"(z)T" + O(6?) (71.5)
we have
A(@) = A,(@) + ig[A (), 0(2)] - 9,6(x) (7L.6)

430
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or equivalently
A (x) — Afi(x) — gf A} (2)0°(2) — 0,0%(x)
= A5 (x) = [6°0, + gf " A} ()]0 (2)
= Afi(z) = [67°0, — ig A} (=i f**)]0°(x)
= Aj(x) — [6°°8,, — ig AL (T7)*]6°(x)
— A%x) — DY6%(x) , (71.7)

where DJ is the covariant derviative in the adjoint representation. We see

the similarity with the abelian case, eq. (71.3). However, the fact that it is D,,

that appears in eq. (71.7), rather than 0,,, means that we cannot account for

gauge redundancy in the path integral by simply excluding the components

of A7 that are parallel to k,. We will have to do something more clever.
Consider an ordinary integral of the form

Z x /dm dy 5@ (71.8)

where both  and y are integrated from minus to plus infinity. Because y
does not appear in S(x), the integral over y is redundant. We can then define
Z by simply dropping the integral over y,

Z = /d:): @) (71.9)

This is how we dealt with gauge redundancy in the abelian case.
We could get the same answer by inserting a delta function, rather than
by dropping the y integral:

Z = / dz dy 6(y) €@ (71.10)

Furthermore, the argument of the delta function can be shifted by an arbi-
trary function of x, without changing the result:

Z = /dx dyb(y — f(z))eS@) (71.11)

Suppose we are not given f(x) explicitly, but rather are told that y = f(x)
is the unique solution, for fixed x, of G(x,y) = 0. Then we can write

6(G(z,y)) = 6(‘%(;7/8(;)) , (71.12)
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where we have used a standard rule for delta functions. We can drop the
absoute-value signs if we assume that 0G /0y is positive when evaluated at
y = f(x). Then we have

oG ~
Z = /d:z: dy — 6(G) e . (71.13)
dy
Now let us generalize this result to an integral over d"z d"y. We will need
n functions G;(z,y) to fix all n components of y. The generalization of

eq.(71.13) is

Z = /d”x d™y det(aaGi> [1,6(Gi)e™ . (71.14)
Y

Now we are ready to translate these results to path integrals over non-
abelian gauge fields. The role of the redundant integration variable y is
played by the set of all gauge transformations #%(x). The role of the inte-
gration variables x and y together is played by the gauge field AZ(&:) The
role of G is played by a gauge-fixing function. We will use the gauge-fixing
function appropriate for R¢ gauge, which is

G%(z) = 0"A(v) — w(x) , (71.15)

where w®(x) is a fixed, arbitrarily chosen function of z. (We will see how the
parameter ¢ enters later.) In eq. (71.15), the spacetime argument x and the
index a play the role of the index 7 in eq. (71.14). Our path integral becomes

2(J) x / DA det(%) [L..5(G) s (71.16)

where Sy, is given by eq. (71.2).

Now we have to evaluate the functional derivative 6G®(x)/86°(y), and
then its functional determinant. From egs. (71.7) and (71.15), we find that,
under an infinitesimal gauge transformation,

G*(z) — G*(z) — O"DWL6 () . (71.17)
Thus we have
6Ga($) _ uryab ¢4
0y O'DiP6 (z —y) , (71.18)

where the derivatives are with respect to x.

Now we need to compute the functional determinant of eq. (71.18). Luck-
ily, we learned how to do this in section 53. A functional determinant can
be written as a path integral over complex Grassmann variables. So let us
introduce the complex Grassmann field ¢*(z), and its hermitian conjugate
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c*(x). (We use a bar rather than a dagger to keep the notation a little less
cluttered.) These fields are called Faddeev—Popov ghosts. Then we can write

6G* () s
DcDé et 1.1
det 507 0) oc/ c¢Dec e™eh | (71.19)

where the ghost action is Sgp = [ d*z Lgn, and the ghost lagrangian is
Ly = 0D
A e
= —0"¢c"0,c" + ig@“ﬁ’AZ(T:)“bcb
= —0Me"Duc” + gf Ao (71.20)

We dropped a total divergence in the second line. We see that ¢®(z) has the
standard kinetic term for a complex scalar field. (We need the factor of ¢ in
front of Sgy, in eq. (71.19) for this to work out; this factor affects only the
overall phase of Z(J), and so we can choose it at will.) The ghost field is
also a Grassmann field, and so a closed loop of ghost lines in a Feynman
diagram carries an extra factor of minus one. We see from eq. (71.20) that
the ghost field interacts with the gauge field, and so we will have such loops.

Since the particles associated with the ghost field do not in fact exist (and
would violate the spin-statistics theorem if they did), it must be that the
amplitude to produce them in any scattering process is zero. This is indeed
the case, as we will discuss in section 74.

We note that in abelian gauge theory, where fo¢ =0, there is no inter-
action term for the ghost field. In that case, it is simply an extra free field,
and we can absorb its path integral into the overall normalization.

We have one final trick to perform. Our gauge-fixing function, G*(x)
contains an arbitrary function w®(x). The path integral Z(J) is, however,
independent of w®(x). So, we can multiply Z(J) by an arbitrary functional
of w, and then perform a path integral over w; the result can change only
the overall normalization of Z(.J). In particular, let us multiply Z(J) by

exp [— 2L€ /d4xwawa] . (71.21)

Because of the delta-functional in eq. (71.16), it is easy to integrate over w.
The final result for Z(J) is

Z(J) x / DADeDe exp(iSYM +iSyn +z’ng) : (71.22)
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where S, is given by eq.(71.2), Sg, is given by the integral over d'z of

eq. (71.20), and Sy (gf stands for gauge fizing) is given by the integral over
d*r of

Lgp = —5& TOFALOVAL (71.23)

In the next section, we will derive the Feynman rules that follow from

this path integral.
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72

The Feynman rules for nonabelian gauge theory

Prerequisite: 71

Let us begin by considering nonabelian gauge theory without any scalar or
spinor fields. The lagrangian is

1 rreuvye
ﬁYM:_ZFuFMV

(8“ ev _ HrAeH —l—gfabeAa“AbV)(auA,e, o 8VAZ +ngdeAzAg)

1
=1
= —%8“146” OuA;, + %G‘LA@V&,AZ
_ gfabeAauAbuaﬂA,ej _ %QQfabefcdeAauAbVAZAg ) (721)
To this we should add the gauge-fixing term for R¢ gauge,

Lo = —5& TOFASOVAS, . (72.2)

Adding eqs. (72.1) and (72.2), and doing some integrations-by-parts in the
quadratic terms, we find

Lo + Lot = 2A(g,,0* — 0,0,) A% + $¢71A40,,0, A
_ gfabcAa,uAbyauA; _ ngfabedeeAa“AbyAZAg ) (723)

The first line of eq. (72.3) yields the gluon propagator in R¢ gauge,

~ 5eb k. k k. k
ab _ nhy %%
Auy(k) - k2 — e <guu - k2 + f—kQ > . (724)

435
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0 (&)
a d
b c
v p

Figure 72.1. The three-gluon and four-gluon vertices in nonabelian gauge
theory.

The second line of eq. (72.3) yields three- and four-gluon vertices, shown in
fig. 72.1. The three-gluon vertex factor is

iV (p,q,r) = i(—gf ™) (—irugup)
4[5 permutations of (a.u.p). (bv.q). (c.p:r)]

= gfabc[(q_r)ugup + (r_p)ugpu + (p_Q)pg/w} . (725)

The four-gluon vertex factor is

. bed - 2 pabepcde
lVZVCpU = —ig” ff GupGvo

+ [5 permutations of (b,v), (¢,p), (d,0)]

= _ig2 [fabedee (g,upgl/o - g,uagup)
=+ facefdbe (guagpu - g;wgpa)
+ fadefbce (g;wgop - gﬂpgw) ] . (72.6)

These vertex factors are quite a bit more complicated that the ones we
are used to, and they lead to rather involved formulae for scattering cross
sections. For example, the tree-level gg — gg cross section (where g is a
gluon), averaged over initial spins and colors and summed over final spins
and colors, has 12996 terms! Of course, many are identical and the final
result can be expressed much more simply, but this is no help to us at the
initial stages of computation. For this reason, we postpone any attempt
at tree-level calculations until section 81, where we will make use of some
techniques (color ordering and Gervais—Neveu gauge) that, combined with
spinor-helicity methods, greatly reduce the necessary labor.

For loop calculations, we need to include the ghosts. The ghost lagrangian
is

Lo = —0'e"Dicf
= —0"¢c°0,c° + iga"ébAZ(Tf)bccc

= —IEDE + gf AL (72.7)
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c > > b
r q
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Figure 72.2. The ghost-ghost-gluon vertex in nonabelian gauge theory.

alp

Figure 72.3. The quark-quark-gluon vertex in nonabelian gauge theory.

The ghost propagator is

6ab
k2 —je

A% (k?) = (72.8)

Because the ghosts are complex scalars, their propagators carry a charge
arrow. The ghost-ghost-gluon vertex shown in fig. 72.2; the associated vertex
factor is

iVi(q,r) = i(gf ™) (—iqy)
=9/ "qu - (72.9)
If we include a quark coupled to the gluons, we have the quark lagrangian
Ly =100 —mW;¥;
= iW;d0; — mW0; + gAGO AT (72.10)

The quark propagator is

= (—p+m)bij
Sij = 7. 72.11
5l0) = (r2.11)
The quark-quark-gluon vertex shown in fig. 72.3; the associated vertex factor
is

iV =gy T (72.12)
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If the quark is in a representation R other than the fundamental, then 77
becomes (T¢);;.

Problems

72.1) Consider a complex scalar field ¢; in a representation R of the gauge group.
Find the vertices that involve this field, and the associated vertex factors.
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73

The beta function in nonabelian gauge theory
Prerequisite: 70, 72

In this section, we will do enough loop calculations to compute the beta
function for the Yang-Mills coupling g.
We can write the complete lagrangian, including Z factors, as

£ = L23A% (g, 0% — 0,0,) AW + L€~ 49,0, A
_ ZgggfabCAaMAbVauAlC/ _ %Z4g92 fabedeeAa'uAbyAZAg
_ szauéaﬁuC“ + legfabcAZa,u,C«aC«b

+ ’LZQEIL@\I’IL — meﬁl\lfz + ZlgAZEZ"y“T%\IJj . (731)

Note that the gauge-fixing term in the first line does not need a Z factor;
we saw in section 62 that the £-dependent term in the propagator is not
renormalized.

We see that g appears in several places in £, and gauge invariance leads us
to expect that it will renormalize in the same way in each place. If we rewrite
L in terms of bare fields and parameters, and compare with eq. (73.1), we

find that
73 Z2 Z3 Z
2 1 2~ 1’ 2-~¢ 39 2-~¢ 49 2-~-¢
— - = =2 = —= 73.2
90 Z%Zgg H Z%,Zgg 19 Zg,g 19 Z%g 122 ( )

where d = 4 — ¢ is the number of spacetime dimensions. To prove eq. (73.2),
we have to derive the nonabelian analogs of the Ward identities, known as
Slavnov—Taylor identities. For now, we simply assume that eq. (73.2) holds;
we will return to this issue in section 74.

The simplest computation to perform is the renormalization of the quark-
quark-gluon vertex. This is partly because much of thecalculation is the same

439
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Figure 73.1. The one-loop and counterterm corrections to the quark prop-
agator in quantum chromodynamics.
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Figure 73.2. The one-loop corrections to the quark—quark—gluon vertex in
in quantum chromodynamics.

as it is in spinor electrodynamics, and so we can make use of our results in
section 62. We then must compute Z;, Z5, and Z3. We will work in Feynman
gauge, and use the MS renormalization scheme.

We begin with Z. The O(g?) corrections to the fermion propagator are
shown in fig. 73.1. These diagrams are the same as in spinor electrodynamics,
except for the factors related to the color indices. The loop diagram has a
color-factor of (T%T*);; = C(R)d;;. (Here we have allowed the quark to be
in an arbitrary representation R; for notational simplicity, we will continue
to omit the label R on the generator matrices.) In section 62, we found that,
in spinor electrodynamics, the divergent part of this diagram contributes
—(e?/8m%)p to the electron self-energy X(p). Thus in Yang—Mills gauge
theory, the divergent part of this diagram contributes —(g?/872¢)C(R)&;;p
to the quark self-energy ¥;; (). This divergent term must be canceled by the
counterterm contribution of —(Z3—1)d;;p. Therefore, in Yang-Mills theory,
with a quark in the representation R, using Feynman gauge and the MS
renormalization scheme, we have

2
g~ 1 4
Zo=1-C(R)=—-+0 . 73.3
»=1-C®) L, ~+ 0" (73.3)
Moving on to the quark-quark-gluon vertex, we the contributing one-loop
diagrams are shown in fig. 73.2. The first diagram is again the same as it is

in spinor electrodynamics, except for the color factor of (T°T*T?),;. We can
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simplify this via
pbparpb _ b (TbTa T fabcTc>
= C(R)T" + Jif*e[T", T
= C(R)T* + 3(if ) (if )T
= C(R)T" — 4(T0)"*(TH T

- [C(R) —ira)|Te (73.4)

In the second line, we used the complete antisymmetry of f®¢ to replace
TPT¢ with 1[T% T¢]. To get the last line, we used Tr(T¢T¢) = T(A)5%.
In section 62, we found that, in spinor electrodynamics, the divergent
part of this diagram contributes (e?/872¢)iey” to the vertex function
iVH(p',p). Thus in Yang-Mills theory, the divergent part of this diagram
contributes

2

8m2e

gLy (73.5)

to the quark-quark-gluon vertex function iVi{'(p’,p). This divergent term,
along with any divergent term from the second diagram of fig. 73.2, must be
canceled by the tree-level vertex iZ1gv*T7.

Now we must evaluate the second diagram of fig. 73.2. The divergent part
is independent of the external momenta, and so we can set them to zero.
Then we get a contribution to inj“ (0,0) of

¥ —fTm)%
(ig)ngabc(Tch)ij(%)g/ (2m)? 2/522(@;:_72;/)

X [(l=(=0)"g"" + (==0)"g" + (0-0)"g"] . (73.6)

We can simplify the color factor with the manipulations of eq. (73.4),
fabcTch _ %fabc [Tc’ Tb]
— lifabchded
2
= —SiT(A)T" . (73.7)
The numerator in eq. (73.6) is

NF = 7, (=70l + m)y, (204 g7 — £ gP — 1Pgh”) . (73.8)
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We can drop the terms linear in ¢, and make the replacement ¢°¢* —
d=10?¢°*. Thus we have

N — —d™ 2 (y,70) (297197 — g7 g™ — g7Pg"")
— —d7 2 (2 = VYN — 1)
— —d % (2(d—2) + d + d)y* . (73.9)

Because we are only keeping track of the divergent term, we are free to set
d = 4, which yields

NF — 3021 (73.10)
Using egs. (73.7) and (73.10) in eq. (73.6), we get

d¥ 1
3T(A) g® A" / : 11
2 ( )g z]fy (277)4 62(€2+m2) (73 )

After continuing to d dimensions, the integral becomes i /872 + O(£"). Com-
bining eqs. (73.5) and (73.6), we find that the divergent part of the quark-
quark-gluon vertex function is

2 2
V& g g "
(73.12)
Requiring V;'(0,0) to be finite yields

2
Z=1-[o®) +T(8)] L5~ + 016 (73.13)
in Feynman gauge and the MS renormalization scheme.

Note that we have found that Z; does not equal Z5. In electrodynamics,
we argued that gauge invariance requires all derivatives in the lagrangian
to be covariant derivatives, and that both pieces of D, = 0,, — ieA, should
therefore be renormalized by the same factor; this then implies that Z; must
equal Z>. In Yang—Mills theory, however, this argument fails. This failure
is due to the introduction of the ordinary derivative in the gauge-fixing
function for R¢ gauge: once we have added Lyt and Lgy, to L., we find that
both ordinary and covariant derivatives appear. (This is especially obvious
for Lgn.) Therefore, to be certain of what gauge invariance does and does not
imply, we must derive the appropriate Slavnov—Taylor identities, a subject
we will take up in section 74.

Next we turn to the calculation of Z3. The O(g?) corrections to the
gluon propagator are shown in fig. 73.3. The first diagram is proportional



P1: PJR/PJR P2: RNK/XXX QC: RNK/XXX T1: RNK
CUUKT761-Srednicki August 25, 2006 14:20

The beta function in nonabelian gauge theory 443
c.p
a b a b
v + v +
M % k % k

do
..>¢._

a .."'-k+l b a b a b
DA DA+ 0 ORI LY
[ k k Kk k

d I

Figure 73.3. The one-loop and counterterm corrections to the gluon prop-
agator in quantum chromodynamics.

to [ d*/?; as we saw in section 65, this integral vanishes after dimensional
regularization.
The second diagram yields a contribution to iII*% (k) of

1 2 racdpbed (1)2 d4€ N
59T (z) / 2m)t 2(+k)2’ (73.14)

where the one-half is a symmetry factor, and

N = [(k+0)~(—0))"g" + (~~(~k)g"" + ((—k)— (k+£))"g"]
X [(—k—0)~0)" G + (=R b5 + (k= (—k—0))6",]

= —[(20+k)"g" — (L—k)Pg"" — (£+2k)7 "]
K [(204K) gpo — (1—K) p65" — (0+2K)58" ] - (73.15)

The color factor can be simplified via focdfbed = T(A)6%. We combine
denominators with Feynman’s formula, and continue to d = 4 — ¢ dimen-
sions; we now have

1 ddq NHY
—UTA(sab~5/d/ 1
29 ( ) lu’ 0 T (27_r)d (q2+D)2 ’ (73 6)

where D = z(1—z)k? and q = £ + xk. The numerator is

N = —[(2¢+(1—-22)k)!g"" — (¢—(1+2)k) g7 — (q+(2—2)k)7 g"7]
nga -

x[(2¢+(1—2x)k) (g—(142)k) 05" — (¢+(2—2)k) 56" )] .
(73.17)
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Terms linear in ¢ will integrate to zero, and so we have
N — —2¢°g"" — (4d—6)q"q”
= [(1+2)* + (2-2)*]k*g"
— [d(1-22)* 4+ 2(1—22)(1+x)
—2(2—z)(14x) — 2(2—x)(1—22)|k"E" . (73.18)

Since we are only interested in the divergent part, we can go ahead and set
d = 4 in the numerator. We can also make the replacement ¢*¢” — tig’“’ .
Then we find

NW — — 2¢%g" — (5—2x+22%)k*g" + (2+102—102%)kHE” . (73.19)

We saw in section 62 that, when integrated against (¢% + D)~2, ¢ can be
replaced with (2—1)~'D; in our case this is —2z(1—x)k?. This yields

NW — — (5=11z+112?)k?g" + (24+102—1022)kHE” . (73.20)

‘We now use

d% 1 i
~£ _ 0
f /(27r)d @+ DR~ 8% +0(g") (73.21)
in eq. (73.16) to get
ig* p1 [t 0
— WT(A)éa g/o dx N* + 0(6 ) . (7322)
Performing the integral over x yields
. 2
Zg a 1 17 v
— S T(A) = (— Rk + Yk (73.23)

as the divergent contribution of the second diagram to iIT#%(k).
Next we have the third diagram of fig. 73.3, which makes a contribution
to il1* (k) of

d¥  (0+k)rer
-1 2 pacdpebde (1 2/ 73.24
where the factor of minus one is from the closed ghost loop. The color
factor is fecdfbde — —T(A)§%. After combining denominators, the numerator

becomes
(k)" = (g + (1-z)k)"(q — zk)”
— ing’“’ —z(1—x)kHEY

— —%x(l—w)kzgu” —xz(1—x)kFE" . (73.25)
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We then use eq. (73.21) in eq. (73.24); performing the integral over x yields

;2
- % T(A)é“bé (—1—12ng“” - %k”k”) (73.26)
as the divergent contribution of the third diagram to iTI#*%°(k).

Finally, we have the fourth diagram. This is the same as it is in spinor
electrodynamics, except for the color factor of Tr(T%T%) = T(R)§%®. If there
is more than one flavor of quark, each contributes separately, leading to a
factor of the number of flavors n.. Then, using our results in section 62, we
find

a2

1
- % n T(R)6" - (ngW - k“k") (73.27)
Y

as the divergent contribution of the fourth diagram to ilTI**@(k).
Adding up egs. (73.23), (73.26), and (73.27), as well as the counterterm
contriubtion, we find that the gluon self-energy is transverse,

Huuab(k) — H(k,2)(k,2guu _ kuk,y)éab ’ (7328)
and that
2 9> 1 4
(k) gy = — (Z3—1) + [%T(A) - %nFT(R)} 3ot O(g") . (73.29)
Thus we find
9> 1
Zy =1+ [3T(A) — 4. T(R)] Z; - + 0(g") (73.30)

in Feynman gauge and the MS renormalization scheme.
Let us collect our results:

Zi=1-[CR) +T(8)] 89—; é +O0(gY | (73.31)
92 1 4
Zy=1-C®R) L, -+ 0", (73.32)
5 4 9> 1 4
Zy =1+ [3T(A) - tn.T(R)] L+ 0" (73.33)

a=L . (73.34)
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Then we have

2 i (73.35)
o = i . .
0 Z22Z3 2
Let us write
I o Gn(a)
1,—2,2\ _ n
m(z3 7527 ) - Zl Tt (73.36)
Then we have
oo Gn ~
lna():Z#—Flna—i—slnu. (73.37)
n=1
From egs. (73.31)—(73.33), we get
11 4 - 2
Gila) = — [?T(A) — $nT(R)| 5= +0(a?). (73.38)
Then, the general analysis of section 28 yields
B(a) = a*G)(a) (73.39)

where the prime denotes differentiation with respect to a. Thus we find

Bla) = — [%T(A) — 4nT(R) g +0(a%) (73.40)

in nonabelian gauge theory with n. Dirac fermions in the representation R
of the gauge group.
We can, if we like, restate eq. (73.40) in terms of g as

3
Ble) = = [HT(A) = 4n.T(R) Z5 +0(") . (73.41)
To go from eq. (73.40) to eq. (73.41), we use a = g2 /47 and & = gg/27, where
the dot denotes d/dIn p.

In quantum chromodynamics, the gauge group is SU(3), and the quarks
are in the fundamental representation. Thus T'(A) = 3 and T(R) = 3, and
the factor in square brackets in eq. (73.41) is 11 — %np So for n, < 16, the
beta function is negative: the gauge coupling in quantum chromodynamics
gets weaker at high energies, and stronger at low energies.

This has dramatic physical consequences. Perturbation theory cannot
serve as a reliable guide to the low-energy physics. And indeed, in nature we
do not see isolated quarks or gluons. (Quarks, in particular, have fractional
electric charges and would be easy to discover.) The appropriate conclusion
is that color is confined: all finite-energy states are invariant under a global
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SU(3) transformation. This has not yet been rigorously proven, but it is the
only hypothesis that is consistent with all of the available theoretical and
experimental information.

Problems

73.1) Compute the beta function for g in Yang-Mills theory with a complex scalar
field in the representation R of the gauge group. Hint: all the real work has
been done already in this section, problem 72.1, and section 66.

73.2) Write down the beta function for the gauge coupling in Yang—Mills theory
with several Dirac fermions in the representations R;, and several complex
scalars in the representations R;..

73.3) Compute the one-loop contributions to the anomalous dimensions of m, ¥,
and A*.
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74

BRST symmetry
Prerequisite: 70, 71

In this section we will rederive the gauge-fixed path integral for nonabelian
gauge theory from a different point of view. We will discover that the com-
plete gauge-fixed lagrangian, £ = L,y + Lgt + Lgp, still has a residual form
of the gauge symmetry, known as Becchi—Rouet—Stora—Tyutin symmetry,
or BRST symmetry for short. BRST symmetry can be used to derive the
Slavnov—Taylor identities that, among other useful things, show that the
coupling constant is renormalized by the same factor at each of its appear-
ances in L. Also, we can use BRST symmetry to show that gluons whose
polarizations are not both spacelike and transverse (perpendicular to the
four-momentum) decouple from physical scattering amplitudes (as do par-
ticles that are created by the ghost field).

Consider a nonabelian gauge theory with a gauge field AZ(SE‘), and a scalar
or spinor field ¢;(z) in the representation R. Then, under an infinitesimal
gauge transformation parameterized by 6%(z), we have

a _ abpb
6A}(x) = =D (z) , (74.1)
6¢i(x) = —igh” (x)(T)ijdj(x) - (74.2)
We now introduce a scalar Grassmann field ¢®(x) in the adjoint represen-

tation; this field will turn out to be the ghost field that we introduced in
section 71. We define an infinitesimal BRST transformation via

b A (z) = Dzbcb(x) (74.3)
= 9c(x) — g A () () (74.4)
Outi(x) = ige® (2)(T3)ijps(x) - (74.5)

448
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This is simply an infinitesimal gauge transformation, with the ghost field
c*(x) in place of the infinitesimal parameter —f%(z). Therefore, any combi-
nation of fields that is gauge invariant is also BRST invariant. In particular,
the Yang—Mills lagrangian L., (including the appropriate lagrangian for the
scalar or spinor field ¢;) is BRST invariant,

8o Lo =0 . (74.6)

We now place a further restriction on the BRST transformation: we
require a BRST variation of a BRST variation to be zero. This requirement
will determine the BRST transformation of the ghost field. Consider

0n(0n¢i) = 19(6c)(T3)ij 5 — ige™(137)ijbn; - (74.7)

There is a minus sign in front of the second term because 6 acts as an
anticommuting object, and it generates a minus sign when it passes through
another anticommuting object, in this case ¢®. Using eq. (74.5), we have

65 (050i) = 1g(65c™)(T2)ij; — g2 (TETY) iy, - (74.8)

We now use c’c® = —c%c in the second term to replace T¢T? with its anti-

symmetric part, 3[T¢, T2 = £ faT¢. Then, after relabeling some dummy
indices, we have

85 (65) = ig(6c” + 39" ) (TE) i85 - (74.9)
The right-hand side of eq. (74.9) will vanish for all ¢;(z) if and only if
opc’(z) = —Sgfc(x)c’(z) . (74.10)

We therefore adopt eq. (74.10) as the BRST variation of the ghost field.
Let us now check to see that the BRST variation of the BRST variation
of the gauge field also vanishes. From eq. (74.4) we have

65 (65 A%) = (8700, — gf™AL) (65") — g f** (6, A5)
— Dzb(éBcb) _ gfabc(Dded)Cb
= Dzb(éBcb) _ gfabc(aMCC)cb + ngabchdeAZCdCb ) (74.11)

We now use the antisymmetry of f%¢ in the second term to replace (aucc)cb

with its antisymmetric part,
(((‘)uc[c)cb} = 1(9,c%) — %((‘)Mcb)cc

(8uc)e” + 5¢°(Ouc”)

u(eec?) . (74.12)

—~

NI—= D= N
5
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Similarly, we use the antisymmetry of ¢?c’ in the third term to replace
fabefede with its antisymmetric part,

B — fodepeie) = —3[(T) (T — (T
= iy
_ _%fbdhfhae : (74.13)
which is just the Jacobi identity. Now we have
8o(8,A%) = Dzb(fsacb) _ %gfabC(aucccb) _ %g2fbdhfhaeAZCdcb
_ Dzh(&ach) _ (6ah8“ _ gfaheAZ) %gfbchcccb
= Dzh(éBch + Lgfhehcbeey . (74.14)

We see that this vanishes if the BRST variation of the ghost field is given
by eq. (74.10).

Now we introduce the antighost field ¢*(x). We take its BRST transfor-
mation to be

8,8%(z) = B(x) , (74.15)

where B%(z) is a commuting (as opposed to Grassmann) scalar field, the
Lautrup—Nakanishi auziliary field. Because B®(x) is itself a BRST variation,
we have

§:B%(x) =0. (74.16)

Note that eq. (74.15) is in apparent contradiction with eq. (74.10). How-
ever, there is actually no need to identify ¢*(z) as the hermitian conjugate
of ¢*(z). The role of these fields (in producing the functional determinant
that must accompany the gauge-fixing delta functional) is fulfilled as long as
c®(z) and ¢®(z) are treated as independent when we integrate them; whether
or not they are hermitian conjugates of each other is irrelevant. We identified
them as hermitian conjugates in section 71 only for the sake of familiarity
in deriving the associated Feynman rules. Now, however, we must abandon
this notion. In fact, it will be most convenient to treat ¢®(z) and ¢*(z) as
two real Grassmann fields.

Now that we have introduced a collection of new fields—c?(x), ¢*(x), and
B?(x)—what are we to do with them?

Consider adding to Ly, a new term that is the BRST variation of some
object O,

L= Loy + 650 . (74.17)
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Clearly £ is BRST invariant, because Ly, is, and because 6,(6;0) = 0. We
will see that adding ;O corresponds to fixing a gauge; which gauge we get
depends on O.

We will choose

O(z) = &(x) [%53@(1«) - G“(:U)] , (74.18)

where G%(x) is a gauge-fixing function, and & is a parameter. If we further
choose

G*(x) = O'Aj (x) , (74.19)

then we end up with R¢ gauge.
Let us see how this works. We have

6,0 = (8,%) | 3¢B" — oAs| — e[ 3e(6,B°) — (5, 43)| . (74.20)

There is a minus sign in front of the second set of terms because 6, acts as
an anticommuting object, and so it generates a minus sign when it passes
through another anticommuting object, in this case ¢*. Now using egs. (74.3),
(74.15), and (74.16), we get

8,0 = LB B — B*OMA} + 9" Db . (74.21)

We see that the last term is the ghost lagrangian L, that we found in
section 71. If we like, we can integrate the ordinary derivative by parts, so
that it acts on the antighost field,

650 — 3EB"B® — BOMAS — 0Me* DI’ . (74.22)

Examining the first two terms in eq. (74.22), we see that no derivatives
act on the auxiliary field B*(z). Furthermore, it appears only quadratically
and linearly in 6;0. We can, therefore, perform the path integral over it;
the result is equivalent to solving the classical equation of motion

0(0,0) . ., ppag o
9B (z) §B%(x) — 0"'Aj(z) =0, (74.23)
and substituting the result back into 6,O. This yields
550 — —3ETOMALDVAL — DFE DN (74.24)

We see that the first term is the gauge-fixing lagrangian Lg¢ that we found
in section T71.

We now take note of all the symmetries of the action S = [ d*r £, where
L =Ly + 650. With our choice of O, they are: (1) Lorentz invariance;
(2) the discrete symmetries of parity, time reversal, and charge conjugation;
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(3) global gauge invariance (that is, invariance under a gauge transformation
with a spacetime-independent parameter 6%); (4) BRST invariance; (5) ghost
number conservation; and (6) antighost translation invariance.

Global gauge invariance simply requires every term in £ to have all the
group indices contracted in a group-invariant manner. Ghost number conser-
vation corresponds to assigning ghost number +1 to ¢*, —1 to ¢%, and zero
to all other fields, and requiring every term in £ to have ghost number zero.
Antighost translation invariance corresponds to ¢*(x) — ¢®(z) + x, where x
is a Grassmann constant. This leaves £ invariant because, in the form of
eq. (74.22), £ contains only a derivative of °(z).

We now claim that £ already includes all terms consistent with these sym-
metries that have coefficients with positive or zero mass dimension. This
means that we will not encounter any divergences in perturbation theory
that cannot be absorbed by including a Z factor for each term in £. Further-
more, loop corrections should respect the symmetries, and BRST symmetry
requires that ¢ renormalize in the same way at each of its appearances.
(Filling in the mathematical details of these claims is a lengthy project that
we will not undertake.)

We can regard a BRST transformation as infinitesimal, and hence con-
struct the associated Noether current via the standard formula

it(x) = z}: %63@[(%) , (74.25)

where ®7(x) stands for all the fields, including the matter (scalar and/or
spinor), gauge, ghost, antighost, and auxiliary fields. We can then define the
BRST charge

Qs = / d*x j9(x) . (74.26)

If we think of ¢*(x) and ¢*(x) as independent hermitian fields, then @ is
hermitian. The BRST charge generates a BRST transformation,

i[Qu, A ()] = DiP(x) | (74.27)
i{Qs, ¢ (2)} = —59f " (w)c(2) , (74.28)
i{Qs, ()} = B%(x) , (74.29)
i@z, B*(x)] =0, (74.30)
i[Qn, ¢i(2)]+ = igc® (@) (T)ijd; () (74.31)

where {A, B} = AB + BA is the anticommutator, and [, ]+ is the commu-
tator if ¢; is a scalar field, and the anticommutator if ¢; is a spinor field.
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Also, since the BRST transformation of a BRST transformation is zero, Qg
must be nilpotent,

Q*=0. (74.32)

Eq. (74.32) has far-reaching consequences. In order for it to be satisfied,
many states must be annihilated by Qz; such states are said to be in the
kernel of Q. A state |1)) which is annihilated by @, may take the form of
(@ acting on some other state; such states are said to be in the image of Q5.
There may be some states in the kernel of (J; that are not in the image; such
states are said to be in the cohomology of (). Two states in the cohomology
of @y are identified if their difference is in the image; that is, if Qz|) =0
but ) # Qs|x) for any state |x), and if |[¢') = [¢b) + Qg|¢) for some state
|C), then we identify [¢)) and |¢') as a single element of the cohomology
of Q.

Note any state in the image of @ has zero norm, since if |¢)) = Qs|x),
then (Y|¢) = (¥|Qs]x) = 0. (Here we have used the hermiticity of @y to
conclude that Qs|¢)) = 0 implies (¢|Qs = 0.)

Now consider starting at some initial time with a normalized state |¢) in
the cohomology: (¥|v) =1, Qs|tp) =0, |¢) # Qx|x). (This last equation is
actually redundant, because if |¢)) = Qg|x) for some state |x), then |¢)) has
zero norm.) Since £ is BRST invariant, the hamiltonian that we derive from
it must commute with the BRST charge: [H, @] = 0. Thus, an initial state
|¢) that is annihilated by @, must still be annihilated by it at later times,
since Que~Ht|yp) = e7HQ [1h) = 0. Also, since unitary time evolution does
not change the norm of a state, the time-evolved state must still be in the
cohomology.

We now claim that the physical states of the theory correspond to the
cohomology of QQs. We have already shown that if we start with a state
in the cohomology, it remains in the cohomology under time evolution.
Consider, then, an initial state of widely separated wave packets of incom-
ing particles. According to our discussion in section 5, we can treat these
states as being created by the appropriate Fourier modes of the fields, and
ignore interactions. We will suppress the group index (because it plays
no essential role when interactions can be neglected) and write the mode
expansions

Az = Y / dk [ (0)ax (k)™ + i (k)a (e ] . (74.3)

c(z) = / dk [c(k)em +CT(k)e—ikﬂ , (74.34)
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&(w) = / dk [b(k)e™ + bf ()] (74.35)
o) = / dk [%(k)eikm +a;(k)e—“ﬂ . (74.36)

Here, for maximum simplicity, we have taken ¢(x) to be a real scalar field.
(This is possible if R is a real representation.) In eq. (74.33), we have included
four polarization vectors that span four-dimensional spacetime. For k* =
(w, k) =w(1,0,0,1), we choose these four polarization vectors to be

el (k) = 5(1,0,0,1),

Ei(k) = ! (170707_1) )

V2
el (k) = (0,1, -4,0)
et (k) = %(0, 1,+4,0) . (74.37)

The first two of these, > and <, are lightlike vectors; ¢4 (k) is parallel to
k*, and €% (k) is spatially opposite. The latter two, + and —, are spacelike
and transverse: they correspond to physical photon polarizations of definite
helicity.

We set g = 0, plug egs. (74.33)—(74.36) into eqs. (74.27)—(74.31), and use
eq. (74.23) to eliminate the auxiliary field. Matching coefficients of e~ we
find

Qs al ()] = V2wbrs el (k) (74.38)
{@n, T ()} =0, (74.39)
{Qu, b (K)} = ¢ Vawal (k) (74.40)
(Qw, al()] =0 (74.41)

Consider a normalized state |¢) in the cohomology: (¥|v) = 1, Qgly) = 0.
Eq. (74.38) tells us that if we add a photon with the unphysical polari-
zation > by acting on [¢) with ai(k)7 then this state is not annihilated
by @s; hence the state al(k)\z@ is not in the cohomology. Eq. (74.40) tells
us that the state aL(k)W} is proportional to Qub'(k)[¢); hence the state
CLL(k)WJ> is also not in the cohomology. On the other hand, the states
al(k)h/;} and a_ (k)|¢)) are annihilated by @y, but they cannot be written
as (J acting on some other state; hence these states are in the cohomology.
Also, by similar reasoning, the state with one extra ¢ particle, al)(k)WJ), is
in the cohomology.
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Eq. (74.38) tells us that if we add a ghost particle by acting on |¢/) with
c'(k), then this state is proportional to QBaT> (k)|¢); hence the state cf (k)|)
is not in the cohomology. Eq.(74.40) tells us that if we add an antighost
particle by acting on |¢) with bf(k), then this state is not annihilated by
Qs; hence the state bT(k)[1)) is also not in the cohomology.

We conclude that the only particle creation operators that do not take a
state out of the cohomology are a;(k), ai(k), and a' (k). Of course, it is
precisely these operators that create the expected physical particles.

Finally, we note that the vacuum |0) must be in the cohomology, because
it is the unique state with zero energy and positive norm.

Thus we can conclude that we can build an initial state of widely separated
particles that is in the cohomology only if we do not include any ghost or
antighost particles, or photons with polarizations other than + and —. Since
a state in the cohomology must evolve to another state in the cohomology,
no ghosts, antighosts, or unphysically polarized photons can be produced in
the scattering process.

Reference notes

A detailed treatment of BRST symmetry can be found in Weinberg I1.

Problems
74.1) The creation operator for a photon of positive helicity can be written as
al (k) = —i e (k) / & ethT 9y A, () . (74.42)
Consider the state aj_ (k)|¢), where |1) is in the BRST cohomology. Define a
gauge-transformed polarization vector
el (k) = ey (k) + ck* | (74.43)

where ¢ is a constant, and a corresponding creation operator di(k). Show
that

al (k)v) = al () [4) + Qul) . (74.44)

which implies that di (k)|¢) and al(k)h/}} represent the same element of the
cohomology, and hence are physically equivalent. Find the state |x).
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75

Chiral gauge theories and anomalies
Prerequisite: 70, 72

So far, we have only discussed gauge theories with Dirac fermion fields.
Recall that a Dirac field ¥ can be written in terms of two left-handed Weyl

fields x and ¢ as
X
(1) -

If ¥ is in a representation R of the gauge group, then x and ¢’ must be as
well. Equivalently, x must be in the representation R, and £ must be in the
complex conjugate representation R. (For an abelian theory, this means that
if U has charge +@Q), then x has charge +@Q and £ has charge —().) Thus a
Dirac field in a representation R is equivalent to two left-handed Weyl fields,
one in R and one in R.

If the representation R is real, then we can have a Majorana field

(%) -

instead of a Dirac field; the left-handed Weyl field ¢ and and its hermi-
tian conjugate ' are both in the representation R. Thus a Majorana field
in a real representation R is equivalent to a single left-handed Weyl field
in R.

Now suppose that we have a single left-handed Weyl field ¢ in a com-
plex representation R. Such a gauge theory is automatically parity violating
(because the right-handed hermitian conjugate of the left-handed Weyl field
is in an inequivalent represetnation of the gauge group), and is said to be
chiral. The lagrangian is

L =it Dy — SFHFS (75.3)

uv o

456
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where D, = 0, —igAjTy. Since T} is a hermitian matrix (even when R is a
complex representation), il/}Tc’r”D,ﬂ/J is hermitian (up to a total divergence, as
usual). We cannot include a mass term for ¢, though, because ¢1 transforms
as R® R, and R ® R does not contain a singlet if R is complex. Thus, ¥ is
not gauge invariant. But without a mass term, this lagrangian would appear
to possess all the required properties: Lorentz invariance, gauge invariance,
and no terms with coefficients with negative mass dimension.

However, it turns out that most chiral gauge theories do not exist as
quantum field theories; they are anomalous. The problem can ultimately
be traced back to the functional measure for the fermion field; it turns out
that this measure is, in general, not gauge invariant. We will explore this
surprising fact in section 77.

For now we will content ourselves with analyzing Feynman diagrams. We
will find an insuperable problem with gauge invariance at the one-loop level
that afflicts most chiral gauge theories.

We will work with the simplest possible example: a U(1) theory with a
single Weyl field ¥ with charge +1. The lagrangian is

L =iplet(0, —igAu ) — YFM™E,, . (75.4)

We can use the following trick to write this theory in terms of a Dirac field

¥. We note that
(0
PV = o) (75.5)

where P, = %(1—75) is the left-handed projection matrix, does not involve
the right-handed components of ¥. Then we can write eq. (75.4) as

L =iUy"(0, —igA,) P,V — YFMF,, (75.6)

and treat W as a Dirac field when we derive the Feynman rules.
To better understand the physical consequences of eq. (75.5), consider the
case of a free field. The mode expansion is

PV(x)= Z /El\}; [bs(p)PLus(p)eipz + dl(p)PLvs(p)e_ipx} . (75.7)
s==+

For a massless field, we learned in section 38 that P.uy(p)=0 and
Pv_(p) = 0. Thus we can write eq. (75.7) as

Pv@) = [dp [p-pu- e + dL o] (758)
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Eq. (75.8) shows us that there are only two kinds of particles associated
with this field (as opposed to four with a Dirac field): bT_(p) creates a par-
ticle with charge +1 and helicity —1/2, and di(p) creates a particle with
charge —1 and helicity +1/2. In this theory, charge and spin are correlated.

We can easily read the Feynman rules off of eq.(75.6). In particular,
the fermion propagator in momentum space is —P, pj/ p?, and the fermion-
fermion-photon vertex is igy* P,.

When we go to evaluate loop diagrams, we need a method of regulating the
divergent integrals. However, our usual choice, dimensional regularization,
is problematic, due to the close connection between 5 and four-dimensional
spacetime. In particular, in four dimensions we have

Tr[ysHy" 77 = —4iehP? (75.9)

where £9123 = 4 1. Tt is not obvious what should be done with this formula

in d dimensions. One possibility is to take d > 4 and define v5 = iy0y'y2~3.
Then eq. (75.9) holds, but with each of the four vector indices restricted to
span 0, 1, 2, 3. We also have {v*,75} =0 for p =0,1,2,3, but [y*,v5] =0
for p > 3. This approach is workable, but cumbersome in practice.

It is therefore tempting to abandon dimensional regularization in favor

of, say, Pauli—Villars regularization, which involves the replacement

PLE - pL(;—f - ;2]7‘::;) . (75.10)

Pauli-Villars regularization is equivalent to adding an extra fermion field
with mass A, and a propagator with the wrong sign (corresponding to chang-
ing the signs of the kinetic and mass terms in the lagrangian). But, a Dirac
field with a chiral coupling to the gauge field cannot have a mass, since the
mass term would not be gauge invariant. So, in a chiral gauge theory, Pauli—
Villars regularization violates gauge invariance, and hence is unacceptable.

Given the difficulty with regulating chiral gauge theories (which is a hint
that they may not make sense), we will sidestep the issue for now, and see
what we can deduce about loop diagrams without a regulator in place.

Consider the correction to the photon propagator, shown in fig. 75.1. We
have

4 174
T (k) = (<1)(ig)* (1) /(;Tl;“ (‘gﬁ"iﬁ

—i(Z3—1) (K2 g™ — kFEY) + O(g%) , (75.11)
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+ AAAN

Figure 75.1. The one-loop and counterterm corrections to the photon
propagator.

where the numerator is
NH = Tr[P,({+¥)y" P.P.f~y" P.] . (75.12)

We have P2 = P, and P.y* = 4" P, (and hence P,y"y" = v*4"P,), and so
all the P.s in eq. (75.12) can be collapsed into just one; this is generically
true along any fermion line. Thus we have

N =Te[(f+)r" " B - (75.13)

The term in eq.(75.13) with P, — % simply yields half the result that we
get in spinor electrodynamics with a Dirac field.
The term in eq.(75.13) with P, — —%75, on the other hand, yields a

vanishing contribution to II*”(k). To see this, first note that
NM — =T [(f+H)r" ")
= 20 ((+k)olg
= 2Pk b5 . (75.14)

Thus we have
d¥ /
Hluj(k) = %Huy(k)Dirac - 292€au’ﬁyk‘a/ B

(2m)% (b+k)202
— (Z3—1)(K*g" — k"EY) + O(g%) . (75.15)

The integral is logarithmically divergent. But, it carries a single vector index
B, and the only vector it depends on is k. Therefore, any Lorentz-invariant
regularization must yield a result that is proportional to kg. This then van-
ishes when contracted with e**#*k,. We therefore conclude that, at the
one-loop level, the contribution to II* (k) of a single charged Weyl field is
half that of a Dirac field. This is physically reasonable, since a Dirac field is
equivalent to two charged Weyl fields.

Nothing interesting happens in the one-loop corrections to the fermion
propagator, or the fermion-fermion-photon vertex. There is simply an extra
factor of P, along the fermion line, which can be moved to the far right.
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Figure 75.2. One-loop contributions to the three-photon vertex.

Except for this factor, the results exactly duplicate those of spinor electro-
dynamics.

All of this implies that a single Weyl field makes half the contribution of
a Dirac field to the leading term in the beta function for the gauge coupling.

Next we turn to diagrams with three external photons, and no external
fermions, shown in fig. 75.2. In spinor electrodynamics, the fact that the
vector potential is odd under charge conjugation implies that the sum of
these diagrams must vanish; see problem 58.2. For the present case of a
single Weyl field, there is no charge-conjugation symmetry, and so we must
evaluate these diagrams.

The second diagram in fig. 75.2 is the same as the first, with p <> ¢ and
<> v. Thus we have

< ) d¥ NHYP
iV (p,q,r) = (_1)(29)3(%)3/(2704 (6—p)2€2(€+q)2
+(p = q,v) +0(g°) (75.16)
where
NP = T+ (~) (~f~ D" P (75.17)

The term in eq. (75.17) with P, — % simply yields half the result that we
get in spinor electrodynamics with a Dirac field, which gives a vanishing
contribution to V#?(p, q,r). Hence, we can make the replacement P, —
—%75 in eq. (75.17). Then, after cancelling some minus signs, we have

NHP — ST[(f =Py 0y ()" s) (75.18)

We would now like to verify that V#P(p,q,r) is gauge invariant. We
should have

puV*P(p,q,r) =0, (75.19)
@ V*?(p,q,7) =0, (75.20)

r,V*P(p,q,r) =0. (75.21)
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Let us first check the last of these. From eq. (75.16) we find
d¥ rp NP
(2m)* (E—p)*£2(L+q)*

+ (p,1 < q,v) +O(g°) (75.22)

r,VFP(p,q,1) = ig® /

where

PN = ATy ()70 (75.23)

It will be convenient to use the cyclic property of the trace to rewrite
eq. (75.23) as

roN# = STy (P ()7 s) (75.24)

To simplify eq.(75.24), we write r,7” =¢ = —(¢+¢) = —(/+4) + ({—p)-
Then

(Fron”(f=p) = U+ [=(+d) + ({=PI(/=p)
= (t+0)* (=) — (L=p)*(+d) - (75.25)

Now we have
N = () Tl (f=)7" 58] — 3(p)* Telf ()"

= —2iePH [(€+Q)2€a(€—p)ﬁ - (€—p)2€a(€+q)ﬁ}

— +2ie™ | (42 lapy + (0-p)lats) - (75.26)
Putting eq. (75.26) into eq. (75.22), we get
d¥ lop laq
urp - _9 3 _avfu alp alp
roV*(p,q,7) g e / (2m)* [52(5_]))2 2(l+q)?
+(pop = q,v) +0(g°) - (75.27)

Consider the first term in the integrand. Because the only four-vector that
it depends on is p, any Lorentz-invariant regularization of its integral must
yield a result proportional to p,pg. Similarly, any Lorentz-invariant regular-
ization of the integral of the second term must yield a result proportional
to gaqs. Both p.pg and qnq3 vanish when contracted with ghovB Therefore,
we have shown that

r, VP (p,q,r) =0, (75.28)

as required by gauge invariance.
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It might seem that now we are done: we can invoke symmetry among the
external lines to conclude that we must also have p,V**(p,q,r) =0 and
q, V*P(p,q,r) = 0. However, eq. (75.16) is not manifestly symmetric on the
exchanges (p, u < r,p) and (q,v < r, p). So it still behooves us to compute
either p, V#P(p,q,r) or ¢, V*?(p,q,r).

From eq. (75.16) we find

d%  pNPP
(2m)* (¢=p)**(t+q)”

+ (p, 1= q,v) +O(g°) (75.29)

pu VP (p,q,7) = ig® /

where

puNMP = FTe(f= )y 7" (f+4)y"s) - (75.30)
To simplify eq. (75.30), we write p,v* = pp = —(/—p) + {. Then

L=yt = (=P [=(f—p) + 1}
= (t=p)*f = C({—9) - (75.31)

Now we have
pulN""? = 5(0=p)? Trlfy” (f+0)7"vs) — 56 Te[(f—p)v" (f+4)7" 5]

= —2ie | ((=p)2lags — (2((-p)a(t+q)s]

= —2jcbp (E—p)2€aq,3 —2(l—p)a(t—p +P+q)ﬂ}

— ~2ie™ | (¢p)*lags — C(-p)alp+a)s] - (75.32)
Putting eq. (75.32) into eq. (75.29), we get

dy [ laqs (fp)a(pH)Qﬁ]

@2m)* [2(6+q)2  ((—p)2(l+q)

+ (o= q,v) +0(g) - (75.33)

puV*P(p,q,7) = 29% P /

The first term on the right-hand side of eq. (75.33) must vanish, because any
Lorentz-invariant regularization of the integral must yield a result propor-
tional to q.qg, and this vanishes when contracted with £*” Pe.

As for the second term, we can shift the loop momentum from ¢ to £ + p,
which results in

(E=p)a(pta)s = Lalpta)s
(l=p)2(t+q)*  2(t+pt+q)*

(75.34)
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We can now use Lorentz invariance to argue that the integral of the right-
hand side of eq. (75.34) must yield something proportional to (p+q)a(p+¢) s;
this vanishes when contracted with with 5?7, Thus, we have shown that
puV*P(p,q,7) =0, as required by gauge invariance, provided that the shift
of the loop momentum did not change the value of the integral. This would of
course be true if the integral was convergent. Instead, however, the integral
is linearly divergent, and so we must be more careful.
Consider a one-dimensional example of a linearly divergent integral: let

+oo
I(a) = / dx f(z+a) , (75.35)

— 0o
where f(+o00) = cg, with ¢4 and c_ two finite constants. If the integral
converged, then I(a) would be independent of a. In the present case, however,
we can Taylor expand f(x+a) in powers of a, and note that f(+oo) = c4
implies that every derivative of f(z) vanishes at © = £oo. Thus we have

I(a) = /+Oodw {f(a:) +af (z) + 1a®f"(2) —1—]

—0o0

=1(0)+a(cy —c-) . (75.36)

We see that I(a) is not independent of a. Furthermore, even if we cannot
assign a definite value to I(0) (because the integral is divergent), we can
assign a definite value to the difference

I(a) = I(0) = a(cy —c_) . (75.37)
Now let us return to egs. (75.33) and (75.34). Define
fall) = 52(5‘5#(1)2 . (75.38)
Using Lorentz invariance, we can argue that
d¥
| G 0 = At (75.39)

where A is a scalar that will depend on the regularization scheme. Now
consider

Falt=p) = Fal) = P05 fal0) . (75.40

The integral of the first term on the right-hand side of eq. (75.40) is given
by eq.(75.39). The integrals of the remaining terms can be converted to
surface integrals at infinity. Only the second term in eq. (75.40) falls off
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slowly enough to contribute. To determine the value of its integral, we make
a Wick rotation to euclidean space, which yields a factor of ¢ as usual; then
we have

dit 0 ds
/Wwfa“):i)ijgo (27_54]004(@7 (75.41)

where dSg = E%ng is a surface-area element, and df2 is the differential solid
angle in four dimensions. We thus find

d% 0 dQ lgly
A0 ey
[ a0 =i | s i
ooy 1
~ ' 2m)i 4 I8
1
= (75.42)
where we used Q4 = 272. Combining egs. (75.38)—(75.42), we find
d* (l—p)a i
=A a— —= Pa - 75.43
| s Tt~ A g (7543
Using this in eq. (75.33), we find
wvp 193 avfBp 5
PV (pa,7) = 15 e palpta)s + (pyp = g,v) + O(g7)
igg avfp 5
T
An exactly analogous calculation results in
Hrp igs apPBu 5
WV (p,q,r) = 5" aaps + 0(9°) - (75.45)

Egs. (75.44) and (75.45) show that the three-photon vertex is not gauge
invariant. Since 7,V#"(p,q,r) =0, egs. (75.44) and (75.45) also show that
the three-photon vertex does not exhibit the expected symmetry among the
external lines.

This is a puzzle, because the only asymmetric aspects of the diagrams in
fig. 75.2 are the momentum labels on the internal lines. The resolution of
the puzzle lies in the fact that the integral in eq. (75.16) is linearly divergent,
and so shifting the loop momentum changes its value. To account for this,
let us write V#?(p, q,r) with ¢ replaced with £+ a, where a is an arbitrary
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linear combination of p and q. We define

d* Te[(f+a—p)y*(f+a)y” (f+a+d)v"s)
(2m)4 (l+a—p)2(l+a)?(l+a+q)?

VHP(p,q,;a) = %ig?’/

+(p,pp = q,v) +0(g°) - (75.46)

Our previous expression, eq. (75.16), corresponds to a = 0. The integral in
eq. (75.46) is linearly divergent, and so we can express the difference between
VHP(p, q,r;a) and VFP(p,q,7;0) as a surface integral. Let us write

By 3 yPrys]

+ (pp = q,v) + 0(g%) | (75.47)

VP (p,q,1;0) = 3ig° Ingy(a) Tr[y*yHy

where

Iam(a):/ d%  (+a—p)*(t+a)P(l+a—q)" (75.48)

— )] @2m)* (+a—p)2(l+a)2(l+a+q)? ’

Then we have

B d 0 [(f—p)als(f—q)
Tapy(a) = Ly (0) = aé/ (2m)* o [ (€—p)2f2(€+Q);]

s dQ) ls(l—p)als(t—q)
=ial 1 2l
] ot (—p)2 (g

Q 1
(2n)1 24 <95agm + 9689ya + gé'yQa,B)

= ia®

7
= {902 (aagm + aggya + avga,g) . (75.49)

Using this in eq. (75.47), we get contractions of the form g,g7%y"7” = 2y~
The three terms in eq.(75.49) all end up contributing equally, and after
using eq. (75.9) to compute the trace, we find
pvp : pvp ) ig® pvpf
V (p7Q7T7a) _V <p7Q7r70) - _167['28 aﬂ

+(pp—qv)+0(g°) . (75.50)

Since the Levi-Civita symbol is antisymmetric on p < v, only the part of a
that is antisymmetric on p < ¢ contributes to V#*?(p, q,r; a). Therefore we
will set @ = ¢(p — q), where ¢ is a numerical constant. Then we have

i 3

VP (p,q,r;a) — VFP(p,q,7;0) = Ser ce"PP(p—q)s +O(¢g°) . (75.51)
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Using this, along with egs. (75.28), (75.44), and (75.45), and making some
simplifying rearrangements of the indices and momenta on the right-hand
sides (using p+q+r = 0), we find

- 3
1
puV*P(p,q,150) = fé(lfc)s””"ﬂqarg +0(g") , (75.52)
v igg af 5
quu p(pv q,7; a) = —W(l—c)gp“ Tapﬁ + O(g ) 5 (7553)
v igg vaS 5
TPVM p(pa q,7; CL) = _W(2C)€u Padqps + O(g ) . (7554)

We see that choosing ¢ =1 removes the anomalous right-hand side from
egs. (75.52) and (75.53), but it then necessarily appears in eq. (75.54). Chos-
ing ¢ = % restores symmetry among the external lines, but now all three
right-hand sides are anomalous. (This is what results from dimensional reg-
ularization of this theory with v5 = i7%y172+3.) We have therefore failed to
construct a gauge-invariant U(1) theory with a single charged Weyl field.

Consider now a U(1) gauge theory with several left-handed Weyl fields 1;,
with charges @, so that the covariant derivative of v; is (0, — i9Q:Au) Y.
Then each of these fields circulates in the loop in fig. 75.2, and each vertex
has an extra factor of @;. The right-hand sides of egs. (75.52)—(75.54) are
now multiplied by Y, Q3. And if Y, Q3 happens to be zero, then gauge
invariance is restored! The simplest possibility is to have the 1’s come in
pairs with equal and opposite charges. (In this case, they can be assembled
into Dirac fields.) But there are other possibilities as well: for example, one
field with charge +2 and eight with charge —1. Such a gauge theory is still
chiral, but it is anomaly free. (It could be that further obstacles to gauge
invariance arise with more external photons and/or more loops, but this
turns out not to be the case. We will discuss this in section 77.)

All of this has a straightforward generalization to nonabelian gauge the-
ories. Suppose we have a single Weyl field in a (possibly reducible) repre-
sentation R of the gauge group. Then we must attach an extra factor of
Tr(TATETS) to the first diagram in fig. 75.2, and a factor of Tr(TS¢TCT?) to
the second; here the group indicies a, b, ¢ go along with the momenta p, g, 7,
respectively. Repeating our analysis shows that the diagrams with P, — %
come with an extra factor of JTr([T2, TETE) = LT(R)f¥°TE; these con-
tribute to the renormalization of the tree-level three-gluon vertex. Diagrams
with P, — —%75 come with an extra factor of

sTr({T3, TTY) = A(R)d™ . (75.55)
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Here d®®* is a completely symmetric tensor that is independent of the repre-
sentation, and A(R) is the anomaly coefficient of R, introduced in section 70.
In order for this theory to exist, we must have A(R) = 0. As shown in sec-
tion 70, A(R) = —A(R); thus a theory whose left-handed Weyl fields come
in R @ R pairs is automatically anomaly free (as is one whose Weyl fields
are all in real representations). Otherwise, we must arrange the cancella-
tion by hand. For SU(2) and SO(XN), all representations have A(R) = 0.
For SU(N) with N > 3, the fundamental representation has A(N) = 1, and
most complex SU(N) representations R have A(R) # 0. So the cancellation
is nontrivial.

We mention in passing two other kinds of anomalies: if we couple our
theory to gravity, we can draw a triangle diagram with two gravitons and one
gauge boson. This diagram violates general coordinate invariance (the gauge
symmetry of gravity). If the gauge boson is from a nonabelian group, the
diagram is accompanied by a factor of Tr T = 0, and so there is no anomaly.
If the gauge boson is from a U(1) group, the diagram is accompanied by a
factor of ), Q;, and this must vanish to cancel the anomaly.

There is also a global anomaly that afflicts theories with an odd number
of Weyl fermions in a pseudoreal representation, such as the fundamental
representation of SU(2). The global anomaly cannot be seen in perturbation
theory; we will discuss it briefly in section 77.

Reference notes

Discussions of anomalies emphasizing different aspects can be found in
Georgi, Peskin € Schroeder, and Weinberg 1.

Problems

75.1) Consider a theory with a nonabelian gauge symmetry, and also a U(1) gauge
symmetry. The theory contains left-handed Weyl fields in the representations
(R;,@;), where R; is the representation of the nonabelian group, and @Q; is
the U(1) charge. Find the conditions for this theory to be anomaly free.
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Anomalies in global symmetries

Prerequisite: 75

In this section we will study anomalies in global symmetries that can arise
in gauge theories that are free of anomalies in the local symmetries (and are
therefore consistent quantum field theories). A phenomenological application
will be discussed in section 90.
The simplest example is electrodynamics with a massless Dirac field ¥
with charge @) = +1. The lagrangian is
L=iUpy— TFwpe (76.1)

uv o

where ) =~"D,, and D, = 0, —igA,. (We call the coupling constant g
rather than e because we are using this theory as a formal example rather
than a physical model.) We can write ¥ in terms of two left-handed Weyl

fields x and & via
X
v- ( ) , (762
gT

where x has charge @) = +1 and & has charge Q = —1. In terms of y and &,
the lagrangian is

L =ix'5"(0, —igAu)x + i7" (0, + igAy)E — SFES, . (76.3)

The lagrangian is invariant under a U(1) gauge transformation

U(z) — e 9@ (g) (76.4)
U(z) — e @Y () (76.5)
At (z) — AF(z) — oM (z) . (76.6)

468
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In terms of the Weyl fields, eqgs. (76.4) and (76.5) become
x(@) (76.7)

E(x) — eI @e(a) . (76.8)

x(@) — e

Because the fermion field is massless, the lagrangian is also invariant under
a global symmetry in which y and ¢ transform with the same phase,

x(x) — e"x(x) (76.9)
£(x) — et (x) . (76.10)
In terms of W, this is
U(x) — e P (z) , (76.11)
U(z) — U(zx)e " . (76.12)

This is called azial U(1) symmetry, because the associated Noether current
g (z) = U (2)y"y5 9 (2) (76.13)

is an axial vector (that is, its spatial part is odd under parity). Noether’s
theorem leads us to expect that this current is conserved: 9,74 = 0. However,
in this section we will show that the axial current actually has an anomalous
divergence,

92

1672

We will see in section 77 that eq. (76.14) is exact; there are no higher-order
corrections.

We will demonstrate eq. (76.14) by making use of our results in section
75. Consider the matrix element (p,q|j%(2)|0), where {p,q| is a state of two
outgoing photons with four-momenta p and ¢, and polarization vectors ¢,
and &/

Byt = SE W (76.14)

!, respectively. (We omit the helicity label, which will not play an
essential role.) Using the LSZ formula for photons (see section 67), we have

(p.ali%(2)10) = (ig)* epe,, / d d'y e PO T (2) 5" (y)4(2)]0)
(76.15)

where

7*(z) = U(z)y" ¥ (x) (76.16)



P1: PJR/PJR

P2: RNK/XXX QC: RNK/XXX T1: RNK

CUUKT761-Srednicki August 25, 2006 14:23

470 Quantum Field Theory

is the Noether current corresponding to the U(1) gauge symmetry. Since
both j#(z) and j§(z) are Noether currents, we expect the Ward identities

0 Ol (@) ()2(2)10) = 0. (76.17)
O @) W20 =0, (76.18)
0T ) W)E)0) = 0, (76.19)

to be satisfied. Note that there are no contact terms in eqgs. (76.17)—(76.19),
because both j#(z) and j4 (x) are invariant under both U(1) transformations.
If we use eq. (76.19) in eq. (76.15), we see that we expect

Sl )0y =0. (76.20)

However, our experience in section 75 leads us to proceed more cautiously.
Let us define C*?(p, q,r) via

(27)* 6% (p+q+r)CH* (p, q,7)
- / dhe dhy dhs eI OTHT) (01T j(2) 0 ()50 (2)|0) . (76.21)

Then we can rewrite eq. (76.15) as

(Palif(2)I0) = —g°,e, " (p,q,r)e™| (76.22)
Taking the divergence of the current yields
(P.alpi(2)I0) = ~ig*ee,ryC*" (p,gr)e™| - (76.23)
The expected Ward identities become
puC**(p,q,m) =0, (76.24)
@ C*""?(p,q,m) =0, (76.25)
r,C*P(p,q,r) =0. (76.26)

To check egs. (76.24)—(76.26), we compute C**P(p, q,r) with Feynman dia-
grams. At the one-loop level, the contributing diagrams are exactly those we
computed in section 75, except that the three vertex factors are now v*, v,
and ~P~s, instead of igy* P., igy" P., and igv” P,. But, as we saw, the three
P_s can be combined into just one at the last vertex, and then this one can
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be replaced by —%75. Thus, the vertex function iV**?(p,q,r) of section 75
is related to C*P(p, q,r) by

iV (p,q.r) = —5(ig)*C""(p,q,7) + O(g°) - (76.27)

In section 75, we saw that we could choose a regularization scheme that
preserved egs. (76.24) and (76.25), but not also (76.26). For the theory of
this section, we definitely want to preserve egs. (76.24) and (76.25), because
these imply conservation of the current coupled to the gauge field, which is
necessary for gauge invariance. On the other hand, we are less enamored of
eq. (76.26), because it implies conservation of the current for a mere global
symmetry.

Using eq. (76.27) and our results from section 75, we find that preserving
egs. (76.24) and (76.25) results in

i
rpCM (p, g, 1) = —5 5" pags + O(g°) (76.28)

in place of eq. (76.26). Using this in eq. (76.23), we find

2 .
(p.al0,35(2)|0) = =256 pague,c,e PV £ O(g") . (76.20)
T
Now we come to the point. The right-hand side of eq. (76.29) is exactly
what we get in free-field theory for the matrix element of the right-hand
side of eq. (76.14). We conclude that eq.(76.14) is correct, up to possible
higher-order corrections.

In the next section, we will see that eq. (76.14) is exact.

Problems

76.1) Verify that the right-hand side of eq. (76.29) is exactly what we get in free-
field theory for the matrix element of the right-hand side of eq. (76.14).
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Anomalies and the path integral for fermions

Prerequisite: 76

In the last section, we saw that in a U(1) gauge theory with a massless Dirac
field ¥ with charge Q = +1, the axial vector current

N = Uty (77.1)

which should (according to Noether’s theorem) be conserved, actually has
an anomalous divergence,

2
: 9
O =

w63 & FuwFp - (77.2)

In this section, we will derive eq.(77.2) directly from the path integral,
using the Fujikawa method. We will see that eq. (77.2) is exact; there are no
higher-order corrections.

We can also consider a nonabelian gauge theory with a massless Dirac
field ¥ in a (possibly reducible) representation R of the gauge group. In this
case, the triangle diagrams that we analyzed in the last section carry an
extra factor of Tr(T2T?) = T(R)§%, and we have

2

. g Vpo a a
Ouik = =7 67TZT(R)EM P78, A50,A% + O(g°) | (77.3)

where 9y, A}, = 0, A — 9,A;. We expect the right-hand side of eq. (77.3)
to be gauge invariant (since this theory is free of anomalies in the currents
coupled to the gauge fields); this suggests that we should have

g2

1672

T(R)e"P F®, F* (77.4)

T
8#]A - pvs po o

472
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where Fjj, = 0, A7 — 0, A7, + gf abCAZAf, is the nonabelian field strength. We
will see that eq. (77.4) is correct, and that there are no higher-order correc-

tlo\r;\?é can write eq. (77.4) more compactly by using the matrix-valued gauge
field
A, =THA; (77.5)
and field strength
Fu = 0, Ay — 0,A, — iglA, A . (77.6)

Then eq. (77.4) can be written as

gQ

1672

We now turn to the derivation of egs. (77.2) and (77.7). We begin with
the path integral over the Dirac field, with the gauge field treated as a fixed

aﬂjg = E,ul/pa Tr F/,LVFpO' . (777)

background, to be integrated later. We have
Z(A) = / DU DV 5 | (77.8)
where
S(A) = / i Tipw (77.9)

is the Dirac action, ilp = iy*D,, is the Dirac wave operator, and
D,=0,—1igA, (77.10)

is the covariant derivative. Here A, is either the U(1) gauge field, or the
matrix-valued nonabelian gauge field of eq. (77.5), depending on the theory
under consideration. Our notation allows us to treat both cases simultane-
ously.

We can formally evaluate eq. (77.8) as a functional determinant,

Z(A) = det(i]D) . (77.11)

However, this expression is not useful without some form of regularization.
We will take up this issue shortly.

Now consider an axial U(1) transformation of the Dirac field, but with a
spacetime dependent parameter o(x):

U(z) — e @1y () (77.12)

U(z) — U(x)e @) (77.13)



P1: PJR/PJR

P2: RNK/XXX QC: RNK/XXX T1: RNK

CUUKT761-Srednicki August 25, 2006 14:23

474 Quantum Field Theory

We can think of egs. (77.12) and (77.13) as a change of integration variable
in eq. (77.8); then Z(A) should be independent of o(z). The corresponding
change in the action is

S(A4) = S(A) + / d' 1 (2)da(x) (77.14)
We can integrate by parts to write this as
S(A) — S(A) — / d*z a(x)0," () . (77.15)

If we assume that the measure D¥ DV is invariant under the axial U(1)
transformation, then we have

Z(4) — / DU DY 5=t d' a(@)duji(@) (77.16)

This must be equal to the original expression for Z(A), eq.(77.8). This
implies that 9, j&(x) = 0 holds inside quantum correlation functions, up to
contact terms, as discussed in section 22.

However, the assumption that the measure DW DV is invariant under the
axial U(1) transformation must be examined more closely. The change of
variable in eqgs. (77.12) and (77.13) is implemented by the functional matrix

J(z,y) = 8" (z—y)e "N . (77.17)

Because the path integral is over fermionic variables (rather than bosonic),
we get a jacobian factor of (det.J)~! (rather than det.J) for each of the
transformations in egs. (77.12) and (77.13), so that we have

DYDY — (det J) > DU DY . (77.18)

Using logdet J = Trlog J, we can write
(det J)™2 = exp[?i / d*r a(x) Tr6*(z—2)7s | , (77.19)

where the explicit trace is over spin and group indices. Like eq. (77.11), this
expression is not useful without some form of regularization.

We could try to replace the delta-function with a gaussian; this is equiv-
alent to

§Hz—y) — /M 5 (g—y) | (77.20)

where M is a regulator mass that we would take to infinity at the end of the
calculation. However, the appearance of the ordinary derivative 0, rather
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than the covariant derivative D, implies that eq.(77.20) is not properly
gauge invariant. So, another possibility is

5 (z—y) — eP/M 5 (z—y) | (77.21)

However, eq. (77.21) presents us with a more subtle problem. Our regular-
ization scheme for eq. (77.19) should be compatible with our regularization
scheme for eq. (77.11). It is not obvious whether or not eq. (77.21) meets this
criterion, because D? has no simple relation to 7). To resolve this issue, we
use

§H(z—y) — WP IME 54 (5 gy (77.22)

to regulate the delta function in eq. (77.19).
To evaluate eq. (77.22), we write the delta function on the right-hand side
of eq. (77.22) as a Fourier integral,

1 A% iy ik(e—y)
6 (x—y) — o) e e . (77.23)

Then we use f(9)e*® = e™*® (9 + ik); eq. (77.23) becomes

54 (z—y) — / (j_’“)4 ik (=) (DKM (77.24)
T

where a derivative acting on the far right now yields zero. We have
(i — B> = ¥ —i{k. P} - p°
= —k* —i{y*, v}k, D, — v*+'D,D,, . (77.25)
Next we use yAy" = %({7’%7“} + [v*,7Y]) = —g"* — 2iSH to get
(ilp — ¥)* = —k* + 2ik-D + D* + 2iS*”D,D, . (77.26)

In the last term, we can use the antisymmetry of S*” to replace D, D, with
(D, D)) = —3igF,,, which yields

(i) — )? = —k? + 2ik-D + D* + gSME,,, . (77.27)
We use eq. (77.27) in eq. (77.24), and then rescale k by M; the result is

4

§4(z—y) — M @K iMk(e—y) K 2ik-D/M+D?/M? +gS"F JM?
(2m)*

(77.28)



P1: PJR/PJR

P2: RNK/XXX QC: RNK/XXX T1: RNK

CUUKT761-Srednicki August 25, 2006 14:23

476 Quantum Field Theory
Thus we have
d% e ik-D/M+D?/M?+gS"F,, | M?
Ty 64($*$)’Y5 N M4 (2 )4 e Tr 621 /M+D?/ +gS uv/ Y5 -
™
(77.29)

We can now expand the exponential in inverse powers of M; only terms

up to M—* will survive the M — oo limit. Furthermore, the trace over spin
indices will vanish unless there are four or more gamma matrices multiplying
~5. Together, these considerations imply that the only term that can make
a nonzero contribution is (gS*F,,)?/M*. Thus we find

d* 2
Tr 6 (z—z)v5 — %92/ ) e M (Tr oy Fo ) (Tr SMSP%5) . (77.30)

where the first trace is over group indices (in the nonabelian case), and the
second trace is over spin indices. The spin trace is

Tr 5" SP7v5 = Tr (39"9") (377 )5
= — 1Ty
— el (77.31)

To evaluate the integral over k in eq. (77.30), we analytically continue to
euclidean spacetime; this results in an overall factor of i, as usual. Then each
of the four gaussian integrals gives a factor of 71/2. So we find

2

9 vpo
Tr6*(z—2)vs5 — “ao3 & T By (77.32)
Using this in eq. (77.19), we get
;2
— Zg vpo
(det J) ™2 = exp {— 672 /d4x a(z) P Tr B, () Foo ()| - (77.33)

Including the transformation of the measure, eq. (77.18), in the transforma-
tion of the path integral, eq. (77.16), then yields

2(4) - / DY DT 5 =i [ d'x a(@)[(g%/ 1652507 Tx Fyo (2)F () 40,34 (1)

(77.34)
in place of eq.(77.16). This must be equal to the original expression for
Z(A), eq.(77.8). This implies that eq. (77.7) holds inside quantum correla-
tion functions, up to possible contact terms.

Note that this derivation of eq. (77.7) did not rely on an expansion in
powers of g, and so eq. (77.7) is exact; there are no higher-order corrections.
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This result is known as the Adler—Bardeen theorem. It can also be (and
originally was) established by a careful study of Feynman diagrams.

The Fujikawa method can be used to find the anomaly in the chiral gauge
theories that we studied in section 75, but the analysis is more involved.
Here we will quote only the final result.

Consider a left-handed Weyl field in a (possibly reducible) representation
R of the gauge group. We define the chiral gauge current j% = WT9y*P, V.
Its covariant divergence (which should be zero, according to Noether’s the-
orem) is given by

2
Dy = 3 O T (A, Ay — Sig A ApAg)] . (T7.35)

Note that the right-hand side of eq.(77.35) is not gauge invariant. The
anomaly spoils gauge invariance in chiral gauge theories, unless this right-
hand side happens to vanish for group-theoretic reasons. We show in problem
77.1 that this occurs if and only if A(R) =0, where A(R) is the anomaly
coefficient of the representation R.

For comparison, note that eq. (77.7) can be written as

2
a,u][/: == —f? 5MVpUaMTr [AuapAO' - %ZQAVAPAU} ' (7736)

The relative value of the overall numerical prefactor in egs. (77.35) and
(77.36) is easy to understand: there is a minus one-half in eq. (77.35) from
P, — —%75, and a one-third from regularizing to preserve symmetry among
the three external lines in the triangle diagram. (The relative coefficients of
the second terms have no comparably simple explanation.)

Finally, a related but more subtle problem, known as a global anomaly,
arises for theories with an odd number of Weyl fields in a pseudoreal
representation, such as the fundamental representation of SU(2). In this
case, every gauge field configuration A, can be smoothly deformed into
another gauge field configuration AL that has the same action, but has
Z(A") = —Z(A). Thus, when we integrate over A, the contribution from A’
cancels the contribution from A, and the result is zero. Since its path integral
is trivial, this theory does not exist.

Problems

77.1) Show that the right-hand side of eq. (77.35) vanishes if and only if A(R) = 0.
77.2) Show that the right-hand side of eq.(77.36) equals the right-hand side of
eq. (77.7).
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78

Background field gauge
Prerequisite: 73

In the section, we will introduce a clever choice of gauge, background field
gauge, that greatly simplifies the calculation of the beta function for Yang—
Mills theory, especially at the one-loop level.

We begin with the lagrangian for Yang—Mills theory,

Loy = —3F™FS, (78.1)
where the field strength is
Ff, = 0,A% — 0,A% + gf*" AL A . (78.2)

To evaluate the path integral, we must choose a gauge. As we saw in section
71, one large class of gauges corresponds to choosing a gauge-fixing function
G*(x), and adding Lg + Lgn to Ly, where

Lot = —3671G°G*, (78.3)
%LaGa be c
Len =¢C (9AfLD” . (78.4)

Here Di’f = 69, — ig(Tf)bcAz =60, +g fb“CAz is the covariant derivative
in the adjoint representation, and ¢ and ¢ are the ghost and antighost fields.
The notation 0G%/ 8AZ means that any derivatives that act on AZ in G*
now act to the right in eq. (78.4).

We get R¢ gauge by choosing G* = 9*AJ]. To get background field gauge,
we first introduce a fixed, classical background field Az(a:), and the corre-
sponding background covariant derivative,

D, =0, —igT*A* . 78.5
p=0Op 1

478
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Then we choose

G* = (D”)“b(A—fl)z . (78.6)
The ghost lagrangian becomes Ly}, = E“D’“bfocc, or, after an integration
by parts,

Lgn = —(D"e)*(Dye)® (78.7)

where (D#¢)* = DH¢® and (D,c)® = Dice.
Under an infinitesimal gauge transformation, the change in the fields is

bc Ay (x) = =Dy0°(x) , (78.8)
boc(x) = —igh*(x) (T () , (78.9)
5 A%(x) = 0. (78.10)

The antighost ¢ transforms in the same way as ¢ (since the adjoint repre-
sentation is real). The background field A is fixed, and so does not change
under a gauge transformation. Of course, this means that Ler and Ly, are
not gauge invariant; their role is to fix the gauge.

We can, however, define a background field gauge transformation, under
which only the background field transforms,

buc Al () = —Di0%(x) (78.11)
bpcAl(z) =0, (78.12)
bpel(z) = 0. (78.13)

Obviously, Ly, is invariant under this transformation (since it does not
involve the background field at all), but Lgr and Lgy, are not. However, Lg¢
and Lgy, are invariant under the combined transformation 6, p¢. For Ly, as
given by eq. (78.7), this follows immediately from the fact that D, and D,
have the same transformation property under the combined transformation,
and that using covariant derivatives with all group indices contracted always
yields a gauge-invariant expression.

To use this argument on Ly, as given by eqs. (78.3) and (78.6), we need
to show that (A — A)% transforms under the combined transformation in
the same way as does an ordinary field in the adjoint representation, such
as the ghost field in eq. (78.9). To show this, we write

Saina(A — Ao, = —(D — D)b*g"
= +ig(A — A)5(T5)**6
= —igh*(T2)*(A — A)S, . (78.14)
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We used the complete antisymmetry of (T)%® = —if® to get the last line.
We see that (A — fl)z transforms like an ordinary field in the adjoint rep-
resentation, and so any expression that involves only covariant derivatives
(either D, or D,,) acting on this field, with all group indices contracted, is
invariant under the combined transformation.

Therefore, the complete lagrangian, L = Ly + Lgt + Lgn, 15 invariant
under the combined transformation.

Now consider constructing the quantum action I'(4, ¢, ¢ A). Recall from
section 21 that the quantum action can be expressed as the sum of all
1PI diagrams, with the external propagators replaced by the corresponding
fields. In a gauge theory, the quantum action is in general not gauge invari-
ant, because we had to fix a gauge in order to carry out the path integral.
The quantum action thus depends on the choice of gauge, and hence (in
the case of background field gauge) on the background field A. This is why
we have written A as an argument of I', but separated by a semicolon to
indicate its special role.

An important property of the quantum action is that it inherits all linear
symmetries of the classical action; see problem 21.2. In the present case,
these symmetries include the combined gauge transformation 6, . There-
fore, the quantum action is also invariant under the combined transforma-
tion. The quantum action takes its simplest form if we set the external field
A equal to the background field A. Then, T'(A, ¢, ¢; A) is invariant under a
gauge transformation of the form

barna Al () = —Di0%(x) (78.15)
bernac’ () = —igh®(x) (T (x) . (78.16)

This is now simply an ordinary gauge transformation, with A as the gauge
field.

The quantum action can be expressed as the classical action, plus loop
corrections. For A = A, we have

(A, ¢, A) = / d'a [ LFWE, — (D' (Due) |+ (18.17)

where the ellipses stand for the loop corrections. Note that L4 has disap-
peared [because we set A = A in eq. (78.6)], and Ly, has the form of a kinetic
term for a complex scalar field in the adjoint representation. This term is
therefore manifestly gauge invariant, as is the F'F term.

The gauge invariance of the quantum action has an important conse-
quence for the loop corrections. In background field gauge, the renormalizing
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Z factors must respect the gauge invariance of the quantum action. There-
fore, using the notation of section 73, we must have

7y =7, (78.18)
Zy = Zo (78.19)
Ty = Zsg = Zug . (78.20)

Thus the relation between the bare and renormalized gauge couplings
becomes

% =23 90" . (78.21)

This relation now involves only Zs. We can therefore compute the beta
function from Z3 alone. This is the major advantage of background field
gauge.

To compute the loop corrections, we need to evaluate 1PI diagrams in
background-field gauge with the external propagators removed and replaced
with external fields; the external gauge field should be set equal to the
background field. The easiest way to do this is to set

A=A+ A (78.22)

at the beginning, and to write the path integral in terms of A. Then the A
field appears only on internal lines, and the A field only on external lines.
The gauge-fixing term now reads

Lo = —361(D*A,)*(DVA,)" (78.23)

and the ghost term is given by eq. (78.7).

The Feynman rules that follow from L., + Lyt + Ly, are closely related to
those we found in R¢ gauge in section 72. The ghost and gluon propagators
are the same, and vertices involving all internal lines are also the same. But if
one or more gluon lines are external, then there are additional contributions
to the vertices from Lgf and Lgy,. We leave the details to problem 78.1.

Further simplifications arise at the one-loop level. Using eq.(78.22) in
eq. (78.2), we find

Ff, = 0,A% — 9,A% 4 g f*" AL A
+ 0, AL — 0 AL + gf (AL A + AL AC) + g fotedb AL

= Fji, + (DpAy)® — (DyAp)® + gf P ALAS (78.24)
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We then have
Lo = —LFF, — L(DIAY) (D, A,)" + L(DIAY) (D, A,
— Sgf R AL A+ (78.25)

where the ellipses stand for terms that are linear, cubic, or quartic in A.
Vertices arising from terms linear in A cannot appear in a 1PI diagram, and
the cubic and quartic vertices do not appear in the one-loop contribution to
the A propagator.

The last term on the first line of eq. (78.25) can be usefully manipulated
with some dummy-index relabelings and integrations by parts; we have

(DA (DyAL)* = (D"A,) (DPA, )¢
= — A} (D" D)4
= —A(D"D” — [D*, D"))"AS,
= — AL (D D")"AS — ig(T2)" F AD A
= +(D"A,)°(D¥A, )¢ — gf P ALAS . (78.26)

Now the first term on the right-hand side of eq. (78.26) has the same form
as the gauge-fixing term. If we choose £ = 1, these two terms will cancel.

Setting £ = 1, and including a renormalizing factor of Z3, the terms of
interest in the complete lagrangian become

L= —3Z3F"FS, — 3 Z5(D*AY)*(DpA,)* — (D*e)*(Dpc)”
— Zsg [ FALAL (78.27)

In the ghost term, we have replaced D,, with Du; the vertex corresponding
to the dropped A term does not appear in the one-loop contribution to
the A propagator. Also, we can rescale A to absorb Z3 in all terms except
the first; since A never appears on an external line, its normalization is
irrelevant, and always cancels among propagators and vertices. (The same
is true of the ghost field.)

The one-loop diagrams that contribute to the A propagator are shown in
fig. 78.1. The dashed lines in the first two diagrams represent either the A
field or the ghost fields. In either case, the second diagram vanishes, because
it is proportional to [ d*/¢?, which is zero after dimensional regularization.

Note that the ghost term in eq.(78.27) has the form of a kinetic term
for a complex scalar field in the adjoint representation. In problem 73.1, we
found the contribution of a complex scalar field in a representation Rqs to
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Figure 78.1. The one-loop contributions to the A propagator in background
field gauge; the dashed lines can be either ghosts or internal A gauge fields.
The dot denotes the FIAA vertex.

1(k2) is

92

2472

1
Mo (K% = T(Res) ~ + finite . (78.28)
The ghost contribution is minus this, with Res — A. (The minus sign is from
the closed ghost loop.) Thus we have

92

2472

M (k) = +-9 T(A) % + finite + O(g") . (78.29)

For reference we recall that the counterterm contribution is
et (k) = —(Z3—1) . (78.30)

Next we consider the diagrams with A fields in the loop. If the F.AA
interaction term was absent, the calculation would again be a familiar one;
the DADA term in eq. (78.27) has the form of a kinetic term for a real scalar
field that carries an extra index v. That this index is a Lorentz vector index
is immaterial for the diagrammatic calculation; the index is simply summed
around the loop, yielding an extra factor of d = 4. There is also an extra
factor of one-half (relative to the case of a complex scalar) because A is real
rather than complex. (Equivalently, the diagram has a symmetry factor of
S = 2 from exchange of the top and bottom internal propagators when they
do not carry charge arrows.) We thus have

92

1272

My pa(2) = T(A) % + finite + O(g") . (78.31)

If we now include the F.AA interaction, we can think of F L as a constant
external field. We can then draw the third diagram of fig. 78.1, where and
each dot denotes a vertex factor of —2ig f%°F 4~ This vacuum diagram has
a symmetry factor of S =2 x 2: one factor of two for exchanging the top
and bottom propagators, and one for exchanging the left- and right-hand
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sources. Its contribution to the quantum action is

. 1 . racd Ta . rbeg b 1\2 ~¢ ddg gupéce gl/aédg
ZFF'.AA/‘/CT - Z(_2ng F;LV)(_Qng ngo‘)(?) 2 (27T)d /2 Iz

_ 2 Hapuyma i :
=g T(A)F H Fl”’ <m —+ ﬁnltG) y (7832)

where VT is the volume of spacetime. Comparing this with the tree-level
lagrangian —1Z3FF, and recalling eq. (78.30), we see that eq.(78.32) is
equivalent to a contribution to IT(k?) of
2 g 1 .

Mpga(k”) = +2—7r2 T(A) R + finite . (78.33)
There is also a one-loop diagram with one DADA vertex and one FAA
vertex; however, contracting the vector indices on the A fields around the
loop leads to a factor of F*g,, = 0. Similarly, a one-loop diagram with a
single F.AA vertex vanishes.

We could also couple the gauge field to a Dirac fermion in the representa-
tion Ry, and a complex scalar in the representation R.s. The correspond-
ing contributions to IT1(k?) were computed in section 73, and are given by
eq. (78.28) and

9
672

Adding up eqgs. (78.28)(78.31), (78.33), and (78.34), we find that finiteness
of TI(k?) requires

1
. (k?) = (Ror) -+ finite , (78.34)

2

Zy=1+ 227 [(+1 24 12)T(A) — AT(Rpe) — T(Rcs)} % +0(gY)
(78.35)
in the MS renormalization scheme.
The analysis of section 28 now results in a beta function of
g
Blg) = 72— [1T(A) — 4T(Ror) ~ T(Ree) | + O67) . (78.36)

A Majorana fermion or a Weyl fermion makes half the contribution of a
Dirac fermion in the same representation; a real scalar field makes half the
contribution of a complex scalar field. (Majorana fermions and real scalars
must be in real representations of the gauge group.)

In quantum chromodynamics, the gauge group is SU(3), and there are
ny = 6 flavors of quarks (which are Dirac fermions) in the fundamental rep-

resentation. We therefore have T(A) = 3, T(Rp) = 371, and T(Res) = 0;
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therefore
g9° 2 5

We see that the beta function is negative for n. < 16, and so QCD is asymp-
totically free.

Problems

78.1) Compute the tree-level vertex factors in background field gauge for all vertices
that connect one or more external gluons with two or more internal lines
(ghost or gluon).

78.2) Our one-loop corrections can be interpreted as functional determinants.
Define

Ok, (a) = D* + TR FjL,S( ) (78.38)

where D, = 9, — ig(Tg)AZ is the background-covariant derivative in the rep-
resentation R, implicitly multiplied by the indentity matrix for the (a,b) rep-
resentation of the Lorentz group, and Sét; ’fb) are the Lorentz generators for
that representation; in particular,

Sam =0, (78.39)
Sthvea = 10", (78.40)
(St ay)ap = —i(6"a8" g — 6”a6"3) . (78.41)

Show that the one-loop contribution to the terms in the quantum action that
do not depend on the ghost fields is given by

exp il —100p (4, 0,0; A) o< (det |:|A7(1,1))+1
x(det DA)(Q’Q))71/2

x (det DRDF,(Q,l)@(l,z))H/Q

x(det Oreg1,1)) " - (78.42)

Verify that this expression agrees with the diagrammatic analysis in this
section.
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Gervais—Neveu gauge

Prerequisite: 78

In section 78, we used background field gauge to set up the computation
of a quantum action that is gauge invariant. Given this quantum action,
we can use it to compute scattering amplitudes via the corresponding tree
diagrams, as discussed in section 19. Since the ghost fields in the quantum
action do not contribute to tree diagrams, we can simply drop all the ghost
terms in the quantum action.

Because the quantum action computed in background field gauge is itself
gauge invariant, it requires further gauge fixing to specify the gluon prop-
agator and vertices. We can choose whatever gauge is most convenient; for
example, R¢ gauge. In principle, this gauge fixing involves introducing new
ghost fields, but, once again, these do not contribute to tree diagrams, and
so we can ignore them.

If we start with the tree-level approximation to the quantum action, then,
in R¢ gauge, we simply get the gluon propagator and vertices of section 72.
As we noted there, the complexity of the three- and four-gluon vertices in
R¢ gauge leads to long, involved computations of even simple processes like
gluon-gluon scattering.

In this section, we will introduce another gauge, Gervais—Neveu gauge,
that simplifies these tree-level computations.

We begin by specializing to the gauge group SU(N), and working with
the matrix-valued field A, = AjT. For later convenience, we will normalize
the generators via

Tr 7T = 6% . (79.1)
With this choice, their commutation relations become

[T, T% = iv/2f%Te (79.2)

486
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The tree-level action is specified by the Yang—Mills lagrangian,
Loy = —iTr FMFu (79.3)
where the matrix-valued field strength is

Fyuy = Ay — 0, A, — %[A,,4,) (79.4)

Let us introduce the matrix-valued complex tensor

Hyy = 0,4, — 44,4, . (79.5)

Then F),, is the antisymmetric part of H,,,
F.,=H,—-H, . (79.6)
The Yang-Mills lagrangian can now be written as
Loy =—3Tr (HWHW - HWHW) . (79.7)

To fix the gauge, we choose a matrix-valued gauge-fixing function G(z),
and add

Lot = —3Tr GG (79.8)

to Ly\. Here we have set the gauge parameter £ to one, and ignored the
ghost lagrangian (since, as we have already discussed, it does not affect tree
diagrams). The choice of G that yields Gervais—Neveu gauge is

G=H",. (79.9)

At first glance, this choice seems untenable, because we see from eq. (79.5)

that this G (and hence Lgf) is not hermitian. However, because the role of

Lygs is merely to fix the gauge, it is acceptable for Lgr to be nonhermitian.
Combining egs. (79.7) and (79.8), we get a total, gauge-fixed lagrangian

£ = =31 (H"Hy — HY"Hyy + H, ) (79.10)

Consider the terms in £ with two derivatives. After some integrations by
parts, those from the third term in eq. (79.10) cancel those from the second,
leading to

Loy = —3Tr0#A"9,A, (79.11)

just as in B¢ gauge with £ = 1. Now consider the terms with no derivatives.
Once again, those from the third term in eq. (79.10) cancel those from the
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second (after using the cyclic property of the trace), leading to

Lop = +19° Tr APAYA, A, . (79.12)
Finally, we have the terms with one derivative,
L1 = +1L Te (0944, A, — D“AVA, A, + 0"A,A"A, ) . (79.13)

Fach derivative acts only on the field to its immediate right. If we integrate
by parts in the last term in eq. (79.13), we generate two terms; one of these
cancels the first term in eq.(79.13), and the other duplicates the second.
Thus we have

L1 = —iV2g TrOFAYAL A, . (79.14)
Combining egs. (79.11), (79.12), and (79.14), we find
£="Tr(=30"4"0, 4, — iv2g PAA A, + FPAPAVAL AL ) L (79.15)

Because this lagrangian has a rather simple structure in terms of the matrix-
valued field A, it is helpful to stick with this notation, rather than trying
to reexpress L in terms of Aj = Tr(T%A,). In the next section, we explore
the Feynman rules for a matrix-valued field in a simplified context.

Reference notes

Gervais—Neveu gauge and some interesting variations are discussed in Siegel.
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The Feynman rules for N x N matrix fields
Prerequisite: 10

In section 79, we found that the lagrangian for SU(N) Yang—Mills theory in
Gervais—Neveu gauge is

£=Te( 10" 0, A, — iV2gOAA Ay + S AMAALAL)  (80.1)
where A, (x) is a traceless hermitian N x N matrix. In this section, we will
work out the Feynman rules for a simplified model of a scalar field that keeps
the essence of the matrix structure.
Let B(x) be a hermitian N x N matrix that is not traceless. Let T be a
complete set of N? hermitian N x N matrices normalized according to
Te 7T = 69 . (80.2)
We will take one of these matrices, TV 2, to be proportional to the identity
matrix; then eq. (80.2) requires the rest of the 7%’s to be traceless. We can
expand B(x) in the T%’s, with coefficient fields B%(x),
B(z) = B*(z)T*, (80.3)
B%(z) =TrT*B(z) , (80.4)
where the repeated index in eq. (80.3) is implicitly summed over a =1 to

N2,
Consider a lagrangian for B(x) of the form

L= Tr(—%aﬂBauB +1gB% — %)\B4> : (80.5)

489
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i /
T~
~
j k

Figure 80.1. The double-line notation for the propagator of a hermitian
matrix field.

Using egs. (80.2) and (80.3), we find an expression for £ in terms of the
coefficient fields,

L =-10"B"0,B" + +g Tr(T*T"T°) B°B"B*
—I\Te(roTTeT) B"B* BB . (80.6)
It is easy to read off the Feynman rules from this form of £. The propagator
for the coefficient field B* is
6ab

A% (k?) = Ea (80.7)

There is a three-point vertex with vertex factor 2ig Tr(T*T°T*), and a four-
point vertex with vertex factor —6i\ Tr(TeT*T¢T?). This clearly leads to
messy and complicated formulae for scattering amplitudes.

Instead, let us work with £ in the form of eq. (80.5). Writing the matrix
indices explicitly, with one up and one down (and employing the rule that
two indices can be contracted only if one is up and one is down), we have
B(x)# = B%(x)(T%);7. This implies that the propagator for B is

(T)i (T*)y!

k2 —ie
Since the T matrices form a complete set, there is a completeness relation
of the form (T%);7(T®)! o 6;'637. To get the constant of proportionality, set
j=k and I=i to turn the left-hand side into (T'%);*(T?)," = Tr(T°T?), and
the right-hand side into 6;76;* = N2. From eq. (80.2) we have Tr(T%T%) =
8% = N2. So the constant of proportionality is one, and

A7 K = (80.8)

(T (T = 66,7 . (80.9)

We can represent the B propagator with a double-line notation, as shown
in fig. 80.1. The arrow on each line points from an up index to a down index.
Since the interactions are simple matrix products, with an up index from one
field contracted with a down index from an adjacent field, the vertices follow
the pattern shown in fig. 80.2. Since an n-point vertex of this type has only
an n-fold cyclic symmetry (rather than an n!-fold permutation symmetry),
the vertex factor is ¢ times the coefficient of Tr(B™) in £ times n (rather
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Y X

Figure 80.2. 3- and 4-point vertices in the double-line notation.

1 4 1 4
1 v 4 \V/
ﬁ< + +
5 ; A 2 /A\ 3
2 3
Figure 80.3. Tree diagrams with four external lines. Five more diagrams of

each of these three types, with the external labels 2, 3, and 4 permuted,
also contribute.

than n!). Thus, for the lagrangian of eq.(80.5), the 3- and 4-point vertex
factors are ig and —i\.

Now consider a scattering process. Particles corresponding to the coef-
ficient fields labeled by the indices a; and ay (and with four-momenta k;
and kg) scatter into particles corresponding to the coefficient fields labeled
by the indices a3 and a4 (and with four-momenta k3 and k4). We wish to
compute the scattering amplitude for this process, at tree level.

There are 18 contributing Feynman diagrams. Three are shown in fig. 80.3;
the remaining 15 are obtained by making noncylic permutations of the labels
1,2,3,4 (equivalent to making unrestricted permutations of 2,3, 4). For sim-
plicity, we will treat all external momenta as outgoing; then k¥ and k9 are
negative, and ki + ks + k3 + k4 = 0. Each external line carries a factor of
T% with its matrix indices contracted by following the arrows backward
through the diagrams. Omitting the i€’s in the propagators (which are not
relevant for tree diagrams), the resulting tree-level amplitude is

e Q1 Qs as ay (Zg>2(_2) (19)2(_Z> .
iT = Te(T"T=TT )<(k1+k2)2+(k1+k4)2 —M)

+ ((234) — (342), (423), (243), (432), (324)). (80.10)
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Figure 80.4. Evaluation of Tr(T®T2T%T%)[Tr(TT%T*T*3)]*, with
all repeated indices summed. Each of the two closed single-line loops yields
a factor of §;" = N.

More generally, we can see that the value of any tree-level diagram with
n external lines is proportional to Tr(7'%: ... T%»). If the diagram is drawn
in planar fashion (that is, with no crossed lines), then the ordering of the a;
indices in the trace is determined by the cyclic ordering of the labels on the
external lines (which we take to be couterclockwise). Then, each internal
line contributes a factor of —i/k?, each 3-point vertex a factor of ig, and
each four-point vertex a factor of —i¢A. These are the color-ordered Feynman
rules for this theory.

Return now to i7 as given by eq. (80.10). Suppose that we wish to square
this amplitude, and sum over all possible particle types for each incoming
or outgoing particle. We then have to evaluate expressions like

Te(T@ T T%T) [T (T T T%T%))* (80.11)

with all repeated indices summed. Using the hermiticity of the T% matrices,
we have

[Te(T% ... T%)]* = Te(T* ... T") . (80.12)

It is then easiest to evaluate eq.(80.11) diagrammatically, as shown in
fig. 80.4. Each closed single-line loop yields a factor of §;' = N. The result is
that the absolute square of any particular trace yields a factor of N4, and
the product of any trace times the complex conjugate of any other different
trace yields a factor of N2.

The coefficient of both Tr(T%T*T*T%) and Tr(T*T*T*T%) in
eq. (80.10) is

¢ ¢
(k1+k2)?  (k1+ky)?

Ay = A (80.13)
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r~ — — > ==
j k N k

Figure 80.5. The propagator for a traceless hermitian field.

Similarly, the coefficient of both Tr(T*T*T*T%) and Tr(T*T%T*T)
is

2 2

g g
Ay = n Y 80.14
4= Gtk T )2 (80.14)

and of both Tr(T*T*T%T) and Tr(T* T T*T%) is

2 2

g g
Ay = 4 — ). 80.15
27 (ei+ka)? " (ky+ks)? ( )

Thus we have

D ITPP = (2N" +2N?) Z |Aj12 + AN " AT A,

a1,a2,a3,04 J j#k

= 2N* —2N?) Y AP + 4N O AN Ar),  (80.16)
J J k
where j and k are summed over 2, 3, 4.

Now suppose we wish to impose the condition that the matrix field B is
traceless: Tr B = 0. This means that we eliminate the component field with
a=N?, corresponding to the matrix TV * = N~Y2]. We must also eliminate
TN* from the sum in eq. (80.9), leading to

(T (T = 6! — %6761 (80.17)

This can all be done diagrammatically by replacing the propagator
in fig.80.1 with the one in fig.80.5. (The kinematic factor, —i/k?, is
unchanged.) Fig.80.5 must now be used as the internal propagator in the
diagrams of fig. 80.3. Also, when we multiply one diagram by the complex
conjugate of another in the computation of >, |7 2, we must use the
propagator of fig.80.5 to connect the external line of one diagram with
the matching external line of the complex conjugate diagram. Although
these computations are still straightforward, they can become considerably
more involved.
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Problems

80.1) Show that the color-ordered Feynman rules, and the rules for component

fields given after eq. (80.6), agree in the case N = 1.

80.2) Verify the results quoted after eq. (80.12).

80.3) Compute >

| Tr (T T2 T T%)|? for the case of traceless T%s.

a1,a2,a3,a4

80.4) The large-N limit. Let A = cg?, where c is a number of order one. Now consider

evaluating the path integral, without sources, as a function of g and N,
Z(g,N) = W) — /DB et/ AL (80.18)

where W (g, N) is normalized by W (0, N) = 0. As usual, W can be expressed

as a sum of connected vacuum diagrams, which we draw in the double-line

notation. Consider a diagram with V5 three-point vertices, V, four-point ver-
tices, E/ propagators or edges, and F' closed single-line loops or faces.

a) Find the dependence on g and N of a diagram specified by the values of
Vs, V4, E, and F.

b) Express F for a vacuum diagram in terms of V3 and Vj.

c¢) Recall, derive, or look up the formula for the Euler character x of the two-
dimensional surface of a polyhedron in terms of the values of V = V5 + Vj,
E, and F. The Euler character is related to the genus G of the surface by
X = 2 — 2G; G counts the number of handles, so that a sphere has genus
zero, a torus has genus one, etc.

d) Consider the limit ¢ — 0 and N — oo with the 't Hooft coupling A = g*N
held fixed (and not necessarily small). Show that W (A, N) has a topological
expansion of the form

(oo}
W(AN)=> N*729Wg(N), (80.19)
G=0

where Wg()\) is given by a sum over diagrams that form polyhedra with

genus G. In particular, the leading term, Wy(A), is given by a sum over
diagrams with spherical topology, also known as planar diagrams.
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Scattering in quantum chromodynamics
Prerequisite: 60, 79, 80

In section 79, we found that the lagrangian for SU(N) Yang-Mills theory in
Gervais—Neveu gauge is

£ =Tr(=30"A"0,4, — iV2g AN Ay + hPAAAL AL ) (S1)

where A,(x) is a traceless hermitian N x N matrix. For quantum chro-
modynamics, N = 3, but we will leave N unspecified in our calculations.
In section 80, we worked out the color-ordered Feynman rules for a scalar
matrix field; the same technology applies here as well. In particular, we draw
each tree diagram in planar fashion (that is, with no crossed lines). Then the
cyclic, counterclockwise ordering iy . . .4, of the external lines fixes the color
factor as Tr(7T%: ...T%=), where the generator matrices are normalized via
Tr(TeT?) = §%. The tree-level n-gluon scattering amplitude is then written

as
T=g""2> Tr(IT™.. .T")AQ,...,n), (81.2)
noncyclic
perms
where we have pulled out the coupling constant dependence, and A(1,...,n)

is a partial amplitude that we compute with the color-ordered Feynman rules.
The partial amplitudes are cyclically symmetric,

A2, n1) = A(1,2,....n) . (81.3)

The sum in eq. (81.2) is over all noncyclic permutations of 1...n, which is
equivalent to a sum over all permutations of 2...n.

495
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From the first term in eq. (81.1), we see that the gluon propagator is
simply
X Y
A (k) = 2 ‘i”ie : (81.4)
Here we have left out the matrix indices since we have already accounted
for them with the color factor in eq. (81.2). The second and third terms in
eq. (81.1) yield three- and four-gluon vertices. The three-gluon vertex factor

(again without the matrix indices) is

iVp(py ,7) = i(=iV/29) (=iDpguu)
+ [2 cyclic permutations of (u,p), (v,q), (p,7)]

= —iﬂg(ppguu + qugvp + TVQPM) ) (81‘5)

where the four-momenta p, g, and r are all taken to be outgoing. The four-
gluon vertex factor is simply

iVpe = ig2gupgw ) (81.6)

However, in the context of the color-ordered rules, it is simpler to desig-
nate the outgoing four-momentum on each external line as k;, and contract
the vector index with the corresponding polarization vector ¢;. (For now
we suppress the helicity label A = £.) In this notation, the vertex factors
become

Vi3 = —iV2g|(e182) (k1e3) + (e2¢3) (kae1) + (5351)(’?352)] , (8L7)

iVigss = +ig*(e1€3) (e264) (81.8)

where the external lines are numbered sequentially, counterclockwise around
the vertex. (Of course, if an attached line is internal, the corresponding
polarization vector is simply a placeholder for an internal propagator.)

The color-ordered three-point vertex, eq. (81.7), is antisymmetric on the
reversal 123 < 321, while the four-point vertex, eq. (81.8), is symmetric on
the reversal 1234 < 4321. This implies the reflection identity,

An,...,2,1) = (=1)"A(1,2,....n) , (81.9)

which will be useful later.

It is clear from egs. (81.7) and (81.8) that every term in any tree-level
scattering amplitude is proportional to products of polarization vectors with
each other, or with external momenta. (Actually, this follows directly from
Lorentz invariance, and the fact that the scattering amplitude is linear in
each polarization.) We get one momentum factor from each three-point ver-
tex. Since every tree diagram with n external lines has no more than n—2
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vertices, there are no more than n—2 momenta to contract with the n polar-
izations. Therefore, every term in every tree-level amplitude must include at
least one product of two polarization vectors. Then, if the product of every
possible pair of polarization vectors vanishes, the tree-level amplitude for
that process is zero.

We will now show that this is indeed the case if all, or all but one, of
the external gluons have the same helicity. (Here we are using the semantic
convention of section 60: the helicity of an external gluon is specified relative
to the outgoing four-momentum k; that labels the corresponding external
line. If that gluon is actually incoming—as indicated by a negative value of
k:?—then its physical helicity is opposite to its labeled helicity.)

To proceed, we recall from section 60 some formulae for products of polar-
ization vectors in the spinor-helicity formalism,

. o _ {ad) (kK]

er(kiq)-er (ki) = W , (81.10)
Ve (K:d) = lqq'] (kE')

e-(kiq)-e—(ksd) WHF] (81.11)
q)-e 1oy <qk’> [kq/]

The first argument of each € is the momentum of the corresponding line;
the second argument is an arbitrary reference momentum. Recall that the
twistor producs (g k) and [q k] are antisymmetric, and hence (gq) = [¢¢] = 0.
Using this fact in eq.(81.10), we see that choosing the same reference
momentum ¢ for all positive-helicity polarizations results in a vanishing
product for any pair of them. Furthermore, if we choose this ¢ equal to the
momentum &’ of a negative-helicity gluon, eq. (81.12) tells us that the prod-
uct of its polarization with that of any positive-helicity gluon also vanishes.
Thus, if all, or all but one, of the external gluons have positive helicity, all
possible polarization products are zero, and hence the tree-level scattering
amplitude is also zero. Thus we have shown that

AQ* 2t . ont) =0, (81.13)

where the superscripts are the helicities. Of course, the same is true if all,
or all but one, of the helicities are negative,

A(1%,27,...,n7)=0. (81.14)

Now we turn to the calculation of some nonzero tree-level partial ampli-
tudes, beginning with A(17,27,3%,4%). The contributing color-ordered
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Figure 81.1. Diagrams for the partial amplitude A(1,2,3,4).

Feynman diagrams are shown in fig. 81.1. We choose the reference momenta

to be q1 = ¢o = k3 and q3 = q4 = ko. Then all polarization products vanish,

with the exception of
e1-€4 = e (k1,q1)-e4(ka, qa)

=¢c_(k1,k3)-e4(ka, k2)

~(21)[43]
C(24)[31]°

With this choice of the reference momenta, the third diagram in fig. 81.1
obviously vanishes, because it has a factor of €1-e3 = 0 (and also, for good
measure, €2-£4 = 0). Now consider the 235 vertex in the second diagram; we

have

Vizs o (e2€3)(kaes) + (e3e5)(k3ea) + (e5e2)(kses)

where ¢5 is a placeholder for an internal propagator. The first term in
eq. (81.16) vanishes because e2-e3 = 0. The second term vanishes because
ks = qo and gg-e9 = 0. Finally, the third term vanishes because ks =
—ko—ks = —q3—ks, and g3-e3 = k3-e3 = 0. Hence the 235 vertex vanishes,

and therefore so does the second diagram.
That leaves only the first diagram. We then have

L9 A= o= at 4 _ (s ,
A(17,27, 3% 4%) = (iV195) (i Vass . :
ig”A( ) = (iV125)(i 345)5@‘%%@9“”/512

where 5 means the momentum is —ks rather than ks, and
s19 = — (k1 + ko)? = (12)[21] .
We have

iVias = —iV2g|(e12) (k1es) + (e2¢5) (kaer) + (6561)(/-6552)] :
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but the first term vanishes because ¢1-e9 = 0. Similarly, the first term of
iVaus = —iv/2g (e3e4)(k3es) + (€4€5)(kags) + (e5€3)(—kse4) (81.20)

also vanishes. When we take the product of these two vertices, and replace
the internal polarizations with the propagator, as indicated in eq. (81.17),
only the product of the third term of eq.(81.19) with the second term of
eq. (81.20) is nonzero; all other terms include a vanishing product of polar-
izations. We get

ig?A(17,27,3%,4%) = (—=iv/29)%(i/s12) (e164) (kse2) (kaes) - (81.21)

Since ks = —k1—ko, and ko-e9 = 0, we have ks-eo = —kq-€9. We evaluate
k1-e9 and k4-e3 via the general formulae

(gp) K]

p-et(kiq) = Vagh) (81.22)
pe_(kig) = % . (81.23)
Setting gy = k3 and g3 = kg, we get
ky-e2 = % : (81.24)
ky-e3 = % : (81.25)

Using egs. (81.15), (81.18), (81.24), and (81.25) in eq.(81.21), and using
antisymmetry of the twistor products to cancel common factors, we get

(21)[43]2

A28 = BB (28

(81.26)
We can make our result look nicer by multiplying the numerator and
denominator by (34). In the numerator, we use

(34)[43] = s34 = s10 = (12) [21] (81.27)

and cancel the [21] with the one in the denominator. Now multiply the
numerator and denominator by (41), and use the momentum-conservation
identity (see problem 60.2) to replace (41)[43] in the numerator
with —(21) [23], and cancel the [2 3] with the [32] in the denominator (which
yields a minus sign). Finally, multiply the numerator and denominator
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by (12) to get

(12)*
(12)(23)(34)(41)

A(17,27,37.47) = (81.28)
This is our final result for A(17,27,3%,4%).

Now, using cyclic symmetry, we can get any partial amplitude where the
two negative helicities are adjacent; for example,

(23)"

AT 253040 = o s s a

(81.29)

We must still calculate one partial amplitude where the negative helicities
are not adjacent, such as A(17,27,37,47). Once we have it, we can use
cyclic symmetry to get all the remaining partial amplitudes.

Before turning to this calculation, let us consider the problem of squar-
ing the total amplitude and summing over colors. Because the generator
matrices are traceless, we should (as we discussed in section 80) use the
completeness relation

(T (T)! = 66" — %6761 (81.30)
However, recall that the Yang—Mills field strength is

Fy = 0uAy — 0,4, — L [4,,A,]. (81.31)

If we allow a generator matrix proportional to the identity, which corre-
sponds to a gauge group of U(N) rather than SU(N), then this extra U(1)
generator commutes with every other generator. Thus the U(1) field does
not appear in the commutator term in eq. (81.31). Since it is this commuta-
tor term that is responsible for the interaction of the gluons, the U(1) field
is a free field. Therefore, any scattering amplitude involving the associated
particle (which we will call the fictitious photon) must be zero. Thus, if we
write a scattering amplitude in the form of eq. (81.2), and replace one of the
T%s with the identity matrix, the result must be zero.

This decoupling of the fictitious photon allows us to use the much simpler
completeness relation

(T (T = 6,16, (81.32)

in place of eq. (81.30). There is no need to subtract the U(1) generator from
the sum over the generators, as we did in eq. (81.30), because the terms
involving it vanish anyway.
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The decoupling of the fictitious photon is useful in another way. Let us
apply it to the case of n =4, and set 7% [ in eq. (81.2). Then we have

0 = Te(T®T%T0%) [A(l, 2,3,4) + A(1,2,4,3) + A(1, 4,2, 3)}
+ Te(T@ T T [A(l, 3,2,4) + A(1,3,4,2) + A(1,4,3, 2)} . (81.33)

The contents of each square bracket must vanish. Requiring this of the first
term yields

A(1,2,3,4) = — A(1,2,4,3) — A(1,4,2,3) . (81.34)
Assigning some helicities, this reads
A(17,2%7.37,4T) = — A(17,27,47,37) — A(17,47,27,37) .  (81.35)

Note that we have now expressed a partial amplitude with nonadjacent
negative helicities in terms of partial amplitudes with adjacent negative
helicities, which we have already calculated. Thus we have

A 2584 = | G <31><1<i>1<212><23>]
:_<13>3‘ 1 1 ]
o4 (1234 | (19)@3)
_ U3P[aaes)+q ><34>]
o4y | (12)34(14)(23)
- ‘<<12?Z> NE ><3<4>3<>1<4><>23>} (81.36)

where the last line follows from the Schouten identity (see problem 50.3). A
final clean-up yields

(13)*
(12)(23)(34)(41)
Now that we have all the partial amplitudes, we can compute the color-
summed |7 |2. There are only three partial amplitudes that are not related

by either cyclic permutations, eq.(81.3), or reflections, eq.(81.9); we can
take these to be

A(17,2%,37,47) = (81.37)

Ay = A(1,2,3,4) (81.38)
Ay =A(1,3,4,2) (81.39)
Ay = A(1,4,2,3) (81.40)
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where the subscript on the left-hand side is the third argument on the right-
hand side. (Switching the second and fourth arguments is equivalent to a
reflection and a cyclic permutation, and so leaves the partial amplitude
unchanged.) This mimics the notation we used at the end of section 80, and
we can apply our result from there to the color sum,

> IT|> = 2N*(N?-1) 4Z\A P +ANg (O AN A, (81.41)

colors i k

where j and k are summed over 2,3,4. In the present case, however,
eq. (81.34) is equivalent to > ;A; = 0, so the second term in eq. (81.41) van-
ishes. Our result for the color-summed squared amplitude is then

TP = 2N2(JV2—1)94(!Azl2 + A3 + \A4|2) . (81.42)

colors

For the case where 1 and 2 are the incoming gluons, and 3 and 4 are
the outgoing gluons, we can write this in terms of the usual Mandelstam
variables s = s1o0 = S34, t = S13 = S24, and u = S14 = S93 by recalling that
|(12)]? = |[12]|?> = |s12|, etc. Let us take the case where gluons 1 and 2 have
negative helicity, and 3 and 4 have positive helicity. In this case, we see from
egs. (81.28) and (81.37) that the numerator in every nonvanishing partial
amplitude is (12)*. Then we get

1 1 1
2 _ on2( N2 4.4
2’7’1*2*3+4+ =2N (N _1)9 s <82t2 + 20,2 + U282> : (8143)
colors

We can also sum over helicities. There are six patterns of two positive and
two negative helicities; ——++ and ++—— yield a factor of s?, —4+—+ and
+—+— yield t*, and —++— and +——+ yield u*. The helicity sum is there-
fore

1 1 1
2 2 2 4 4 4
§1 IT|2 = AN2(N2—1)g*(s* + ¢t +“)<52t2+t2u2+u252)' (81.44)
hgﬁc(i){ibes

Of course, we really want to average (rather than sum) over the initial colors
and helicities; to do so we must divide eq. (81.44) by 4(N%—-1)2.

Next we turn to scattering of quarks and gluons. We consider a single
type of massless quark: a Dirac field in the N representation of SU(N).
The lagrangian for this field is £ = iW])W¥, where the covariant derivative is
D, =0, — (ig/v2)A,. Thus the color-ordered vertex factor is

iVH = (ig/V2)" . (81.45)
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Figure 81.2. Color-ordered diagrams for gqgg scattering.

T \J
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Figure 81.3. The double-line version of fig. 81.2; the associated color factor
is (Te8T%4),,".

To get the color factor, we use the double-line notation, with a single line for
the quark. As an example, consider the process of gg — gg (and its crossing-
related cousins). The contributing color-ordered tree diagrams are shown in
fig. 81.2. The corresponding double-line diagrams are shown in fig. 81.3; the
quark is represented by a single line, with an arrow direction that matches
its charge arrow. To get the color factor, we start with line 2, and follow the
arrows backwards; the result is (797%);,%. The complete amplitude can
then be written as

T = g |(TT);, " A(15, 24, 3,4) + (TT%);, 1 A(15,24,4,3)| . (81.46)

where A(1g,24,3,4) is the appropriate partial amplitude. The subscripts ¢
and ¢ indicate the labels that correspond to an outgoing quark and outgoing
antiquark, respectively.

From our results for spinor electrodynamics in section 60, we know that
a nonzero amplitude requires opposite helicities on the two ends of any
fermion line. Consider, then, the case of 7_,,5,. The partial amplitude
corresponding to the diagrams of fig. 81.2 is

ig? A(17,2F,3,4) = (ig/V2)* (1/4) [21¢5(—p5/P3)4l1)
+ (ig/\/ﬁ)[2]¢5|l>z'V345 v

. (81.47
8565 — iglw/slz ( )
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Suppose both gluons have positive helicity. Then using

¢tk = 2L (10l + )k ). (s1.48)

we can get both lines of eq. (81.47) to vanish by choosing g3 = ¢4 = p;. Sim-
ilarly, if both gluons have negative helicity, then using
V2

#-Gks0) = oo (10lal +1al (4] (81.49)

we can get both lines of eq. (81.47) to vanish by choosing ¢3 = g4 = p2. So
the gluons must have opposite helicities to get a nonzero amplitude.

Consider, then, the case of A3 = + and Ay = —. We can get V345 to vanish
by choosing g3 = k4 and g4 = k3. The partial amplitude is then given by just
the first line of eq. (81.47),

A(lti_’2<—;’3+’4_) = % [2‘¢3+ (J¢1+%4)¢47|1>/(—814) . (81.50)

With g3 = k4 and q4 = k3, we have

oo = s (1081 + 04 (8151)
fi- = &(mw +13]4)) (81.52)

Using the identity
?= —Ip)pl =[PP, (81.53)

eq. (81.50) becomes

23](41)[13](41)
<4 3> [3 4] S14

In the numerator, we use [13] (41) = —[23] (42). In the denominator, we set
S14 = s23 = (23) [32]. Then we multiply the numerator and denominator by
(12), and use [23] (12) = —[43] (14) in the numerator. Finally we multiply
both by (14), and rearrange to get

A(17,25,3%,47) =

(81.54)

- L 14)3 (24
A1l,27,37,47) = (12)(23)(34)(41) (81.55)
An analogous calculation yields
_ _ 0 (13)%(23)
A(17,25,37,4%) = D@8 30T (81.56)

The remaining nonzero amplitudes are related by complex conjugation.
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Now that we have all the partial amplitudes, we can compute the color-
summed |7|2. To do so, we multiply eq. (81.46) by its complex conjugate,
and use hermiticity of the generator matrices to get

ST = gt [T TV (143 + | Aa?)
colors

+ Te(T°TPTOT) (A§A4 + AZA?))} , (81.57)

where A3 = A(14,24,3,4) and Ay = A(1g,2,,4,3). The traces are easily eval-
uated with the double-line technique of section 80; because the fictitious
photon couples to the quark, we must use eq. (81.30) to project it out. The
traces in eq. (81.57) are also easily evaluated with the group-theoretic meth-
ods of section 70, with the normalization that the index of the fundamental
representation is one: T'(N) = 1. Either way, the results are

Te(TT’TPT) = +(N?-1)2/N , (81.58)
Te(TeT’TT®) = —(N?—~1)/N . (81.59)

The sum over the four possible helicity patterns (—4++—, —+—+, +——+,
+—+—) is left as an exercise.

Now that we have calculated these scattering amplitudes for quarks and
gluons, an important questions arises: why did we bother to do it? Quarks
and gluons are confined inside colorless bound states, the hadrons, and so
apparently cannot appear as incoming and outgoing particles in a scattering
event.

To answer this question, suppose we collide two hadrons with a center-of-
mass energy F = /s large enough so that the QCD coupling g is small when
renormalized in the MS scheme with = E. (In the real world, we have a =
g%/4m = 0.12 for p = M, = 91 GeV.) Then we can think of each hadron as
being made up of a loose collection of quarks and gluons, and these parts of a
hadron, or partons, can be treated as independent participants in scattering
processes. In order to extract quantitative results for hadron scattering (a
project beyond the scope of this book), we need to know how each hadron’s
energy and momentum is shared among its partons. This is described by
parton distribution functions. At present, these cannot be calculated from
first principles, but they have to satisfy a variety of consistency conditions
that can be derived from perturbation theory, and that relate their values at
different energies. These conditions are well satisfied by current experimental
data.
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Reference notes

More detail on how hadron scattering experiments can be compared with
parton scaterring amplitudes can be found in Peskin & Schroeder, Muta,

Quigg, and Sterman.

Problems

81.1) Compute the four-gluon partial amplitude A(17,2%,37,47) directly from the

Feynman diagrams, and verify eq. (81.37).

81.2) Compute the gqgg partial amplitude A(17,2F,37,47) with ¢4 = p; and ¢3 =

qr%q>
k4. Show that, with this choice of the reference momenta, the first line of

eq. (81.47) vanishes. Evaluate the second line, and verifiy eq. (81.55).

81.3) Compute A(17,2F,37,4"), and verify eq. (81.56).

q:°q>

81.4) a) Verify egs. (81.58) and (81.59) using the double-line notation of section

80.

b) Compute Tr(TETLTETE) and Tr(TETETITY) in terms of the index T'(R)
and dimension D(R) of the representation R, and the index T'(A) and
dimension D(A) of the adjoint representation. Verify that your results

reproduce egs. (81.58) and (81.59).

81.5) Compute the sum over helicities of eq. (81.57). Express your answer in terms

of s, t, and u for the process gg — gg.

81.6) Consider the partial amplitude A(17,25,37,47,57). Show that, with the

77%q>
choice q3 = ko and q4 = q5 = k1, there are just two contributing diagrams.

Evaluate them. After some manipulations, you should be able to put your
result in the form

(13)°(23)
(12)(23)(34)(45)(51)

A(17,2F,37,4% 5%) =

q’7q>?

(81.60)
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Wilson loops, lattice theory, and confinement
Prerequisite: 29, 73

In this section, we will contruct a gauge-invariant operator, the Wilson loop,
whose vacuum expectation value (VEV for short) can diagnose whether
or not a gauge theory exhibits confinement. A theory is confining if all
finite-energy states are invariant under a global gauge transformation. U(1)
gauge theory—quantum electrodynamics—is not confining, because there
are finite-energy states (such as the state of a single electron) that have
nonzero electric charge, and hence change by a phase under a global gauge
transformation.

Confinement is a monperturbative phenomenon; it cannot be seen at any
finite order in the kind of weak-coupling perturbation theory that we have
been doing. (This is why we had no trouble calculating quark and gluon
scattering amplitudes.) In this section, we will introduce lattice gauge theory,
in which spacetime is replaced by a discrete set of points; the inverse lattice
spacing 1/a then acts as an ultraviolet cutoff (see section 29). This cutoff
theory can be analyzed at strong coupling, and, as we will see, in this regime
the VEV of the Wilson loop is indicative of confinement. The outstanding
question is whether this phenomenon persists as we simultaneously lower the
coupling and increase the ultraviolet cutoff (with the relationship between
the two governed by the beta function), or whether we encounter a phase
transition, signalled by a sudden change in the behavior of the Wilson loop
VEV.

We take the gauge group to be SU(V). Consider two spacetime points x*
and x* + e#, where € is infinitesimal. Define the Wilson link

W (z+e,x) = explige’A,(x)] , (82.1)

507
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where A,(x) is an N x N matrix-valued traceless hermitian gauge field.
Since ¢ is infinitesimal, we also have

W(z+e,2) = I +ige!A,(x) + O(e?) . (82.2)

Let us determine the behavior of the Wilson link under a gauge trans-

formation. Using the gauge transformation of A,(x) from section 69, we
find

W (z+e, ) — 1 +igeU(x) A, (2)UT (x) — U (2)0,U' (2) , (82.3)

where U (z) is a spacetime-dependent special unitary matrix. Since UUT = 1,
we have —U0,UT = +(9,U)UT; thus we can rewrite eq. (82.3) as

W(z+e,z) — ((1 + gﬂaM)U(x))UT(x) +igehU (2) A (2)UT () . (82.4)

In the first term, we can use (1 + &9,)U(z) = U(z+¢e) + O(?). In the sec-
ond term, which already contains an explicit factor of ¢#, we can replace
U(z) with U(z+e€) at the cost of an O(g?) error. Then we get

W (a+e, z) — U(ac—i—s)(l + ige“A#(x)>UT(x) : (82.5)
which is equivalent to
W(z+e,z) — Ulzt+e)W (z+e,2)UT (z) . (82.6)

Note also that eq. (82.1) implies WT(2x+e,z) = W(z—¢e,z). We can shift
T to x + ¢ at the cost of an O(g?) error, and so

Wi(zde, z) = W(x, z4e) , (82.7)

which is consistent with eq. (82.6).

Now consider mutiplying together a string of Wilson links, specified by a
starting point  and n sequential infinitesimal displacement vectors €;. The
ordered set of €’s defines a path P through spacetime that starts at x and
ends at y =x + €1+ ...+ en. The Wilson line for this path is

Wp(y,xz) = W(y,y—epn) ... W(z+ei+e2, x+e1)W(z+er, ) . (82.8)

Using eq. (82.6) and the unitarity of U(z), we see that, under a gauge trans-
formation, the Wilson line transforms as

Wp(y,z) = U(y)We(y,2)U' (z) . (82.9)
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Also, since hermitian conjugation reverses the order of the product in
eq. (82.8), using eq. (82.7) yields

Wh(y,z) = W_p(.,y) . (82.10)

where — P denotes the reverse of the path P.

Now consider a path that returns to its starting point, forming a closed,
oriented curve C' in spacetime. The Wilson loop is the trace of the Wilson
line for this path,

We =TrWe(z,z) . (82.11)
Using eq. (82.9), we see that the Wilson loop is gauge invariant,
We — We . (82.12)
Also, eq. (82.10) implies
Wh=W_c, (82.13)
where —C' denotes the curve C traversed in the opposite direction.
To gain some intuition, we will calculate (0|WW¢|0) for U(1) gauge theory,
without charged fields. This is simply a free-field theory, and the calculation
can be done exactly.

In order to avoid dealing with ie issues, it is convenient to make a Wick
rotation to euclidean spacetime (see section 29). The action is then

S = / d'v 1F,,F (82.14)

where F),, = 0,A, — 0,A,. The VEV of the Wilson loop is now given by
the path integral

(0|We|0) = / DA €9 fe wudne=5 (82.15)

If we formally identify g j;c dx, as a current J,(z), we can apply our results
for the path integral from section 57. After including a factor of ¢ from the
Wick rotation, we get

OWelo) = exp| ~4a? f o f . A,ua-)] (52.16)
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where A, (x—y) is the photon propagator in euclidean spacetime. In
Feynman gauge, we have

d%  etk(z—y)
Ay (r—y) = 6W/W Tz

47 *E3dk [T 20 iklz—y|cosf
= (Sy,y (27T)4 /0 k2 /() df sin“f e

4r [ K3 dk 7 Ji(k|lv—y|)
= 0

@' Jo B Ka—y

51 =
- /0 du J (u)

8
_ 2.1
g (82.17)

where Ji(u) is a Bessel function. Since A, (x—y) depends only on z—y, the
double line integral in eq. (82.16) will yield a factor of the perimeter P of
the curve C. There is also an ultraviolet divergence as x approaches y; we
will cut this off at a length scale a. The result is then

(0[Wel0) = exp[ —(eg°/a)P], (82.18)

where ¢ is a numerical constant that depends on the shape of C' and the
details of the cutoff procedure. This behavior of the Wilson loop in euclidean
spacetime—exponential decay with the length of the perimeter—is called the
perimeter law. It is indicative of unconfined charges.

We can gain more insight into the meaning of (0|WW¢|0) by taking C' to be
a rectangle, with length T in the time direction and R in a space direction,
where a < R < T. (Of course, in euclidean spacetime, the choice of the time
direction is an arbitrary convention.) The reason for this particular shape
is that the current ¢ fo dx, corresponds to a point charge moving along the
curve C'. When the particle is moving backwards in time, the associated
minus sign is equivalent to a change in the sign of its charge. So when we
compute (0|W¢|0), we are doing the path integral in the presence of a pair
of point charges with opposite sign, separated by a distance R, that exists
for a time T. On general principles (see section 6), this path integral is
proportional to exp(—EpairT"), where Epy;, is the ground-state energy of the
quantum electrodynamic field in the presence of the charged particle pair.
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We now turn to the calculation. If both  and y are on the same side of
the rectangle, we find

//L dxdy - =2L/a—2In(L/a) + O(1), (82.19)

where L is the length of the side (either R or T'), and the O(1) term is a
numerical constant that depends on the details of the short-distance cutoff.
If z and y are on perpendicular sides, the double line integral is zero, because
then dz - dy = 0. If « is on one short side and y on the other, the integral
evaluates to R?/T?, and this we can neglect. Finally, if x is on one long side
and y is on the other, we have

/ / dx d?i 72 =7T/R = 2In(T/R) =2+ O(R*/T?) . (82.20)

Adding up all these contributions, we find in the limit of large T" that

]{f e dy 4/@ 27T/R>T+O(IHT). (82.21)

Combining this with egs. (82.16) and (82.17), and setting a = g2 /47, we find

200 «

ol s (22 - 2)e]. )

Comparing this with the general expectation (0|W¢|0) o exp(—EpairT’), we
find a cutoff dependent contribution to Ep.i that represents a divergent
self-energy for each point particle, plus the Coulomb potential energy for
the pair, V(R) = —a/R.

In the nonabelian case, where there are interactions among the gluons,
we must expand everything in powers of g. Then we find

(0|We|0) = Tr [1 — %gQTaT“jé d:cujé dyy A (z—y) +O0(gh) | . (82.23)
C c

Since T°T“ equals the quadratic Casimir C'(N) for the fundamental rep-
resentation (times an identity matrix), we see that to leading order in g?
we simply reproduce the results of the abelian case, but with g — ¢g2C(N).
We can also consider a Wilson loop in a different representation by setting
Au(z) = Af(z)T. Then, at leading order, we get a factor of C(R) instead
of C(N). Perturbative corrections can be computed via standard Feynman
diagrams with gluon lines that, in position space, have at least one end on
the curve C.

Next we turn to a strong coupling analysis. We begin by constructing
a lattice action for nonabelian gauge theory. Consider a hypercubic lattice
of points in four-dimensional euclidean spacetime, with a lattice spacing a
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2
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Figure 82.1. The minimal Wilson loop on a hypercubic lattice goes around
an elementary plaquette; this one lies in the 1-2 plane.

between nearest-neighbor points. The smallest Wilson loop we can make
on this lattice goes around an elementary square or plaquette, as shown in
fig. 82.1. Let €1 and €5 be vectors of length a in the 1 and 2 directions, and
let x be the point at the center of the plaquette. Using the center of each
link as the argument of the gauge field, and using the lower-left corner as
the starting point, we have (multiplying the Wilson links from right to left
along the path)

Wplaq — Ty e—igaAg(z—el/Q)e—igaAl (a:+€2/2)e+igaA2 (z+e1/2) e+igaA1 (z—e2/2) )

(82.24)
If we now treat the gauge field as smooth and expand in a, we get
Wplaq — Ty 6—igaA2(z)+iga281A2(;B)/2+4.. e—z’gaAl(w)—iga282A1(m)/2+“.
% e+igaA2(x)+iga261A2(z)/2+‘.. €+igaA1(z)figaz(?zAl(m)/ZJr.‘. . (8225)

Next we use eleP = eA+B+AB]

/2% to combine the two exponential factors
on the first line of eq. (82.25), and also the two exponential factors on the
second line. Then we use this formula once again to combine the two results.

We get
Wplaq — T\re+i9a2(31A2—82A1—i9[1417142])+--- , (8226)

where all fields are evaluated at x. If we now take Wyjaq + W_plaq and expand
the exponentials, we find

Wolaq + Weplaq = 2N — g% TeFf, + ..., (82.27)

where Fio = 01 Ay — 02 A1 — ig[A1, Ao] is the Yang—Mills field strength. From
eq. (82.27), we conclude that an appropriate action for Yang—Mills theory
on a euclidean spacetime lattice is

1
S = “37 > Whiaq » (82.28)

plaq

where the sum includes both orientations of all plaquettes. Each Wy, is
expressed as the trace of the product of four special unitary N x N matrices,
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one for each oriented link in the plaquette. If U is the matrix associated with
one orientation of a particular link, then UT is the matrix associated with
the opposite orientation of that link. The path integral for this lattice gauge

theory is
Z = / DU e, (82.29)
where
DU = [] dUtinx . (82.30)
links

and dU is the Haar measure for a special unitary matrix. The Haar measure
is invariant under the transformation U — VU, where V is a constant special
unitary matrix, and is normalized via [ dU = 1; this fixes it uniquely. For
N > 3, it obeys

/dU Uij =0, (82.31)
/ dU U;;Up =0, (82.32)
/ dU Ui;Upy = %6651 (82.33)

which is all we will need to know.

Now consider a Wilson loop, expressed as the trace of the product of
the U’s associated with the oriented links that form a closed curve C'. For
simplicity, we take this curve to lie in a plane. We have

(0|We|0) = Zz71 /DU Wee™ . (82.34)
We will evaluate eq. (82.34) in the strong coupling limit by expanding e~
in powers of 1/g2. At zeroth order, e™¥ — 1; then eq. (82.31) tells us that
the integral over every link in C' vanishes. To get a nonzero result, we need
to have a corresponding U' from the expansion of e=%. This can only come
from a plaquette containing that link. But then the integral over the other
links of this plaquette will vanish, unless there is a compensating U' for
each of them. We conclude that a nonzero result for (0]W¢|0) requires us to
fill the interior of C' with plaquettes from the expansion of e~%. Since each
plaquette is accompanied by a factor of 1/¢2, we have

(0[Wel0) ~ (1/g%)4 (82.35)
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where A is the area of the surface bounded by C, and A/a? is the number of
plaquettes in this surface. Eq. (82.35) yields the area law for a Wilson loop,

(0|Wel0) x e ™ | (82.36)
where
7 =c(g)/a® (82.37)

is the string tension. In the strong coupling limit, c¢(g) = In(g?) + O(1).

The area law for the Wilson loop implies confinement. To see why, let us
again consider a rectangular loop with area A = RT. Comparing eq. (82.36)
with the general expectation (0|W¢|0) o< exp(—FEpair’), we see that Epaiy =
V(R) = 7R. This corresponds to a linear potential between nonabelian point
charges in the fundamental representation. It takes an infinite amount of
energy to separate these charges by an infinite distance; the charges are
therefore confined. The coefficient 7 of R in V' (R) is called the string tension
because a linear potential is what we get from two points joined by a string
with a fixed energy per unit length; the energy per unit length of a string is
its tension.

The string tension 7 is a physical quantity that should remain fixed as
we remove the cutoff by lowering a. Thus lowering a requires us to lower g.
The outstanding question is whether ¢(g) reaches zero at a finite, nonzero
value of g. If so, at this point there is a phase transition to an unconfined
phase with zero string tension. This has been proven to be the case for
abelian gauge theory (which also exhibits an area law at strong coupling,
by the identical argument). In nonabelian gauge theory, on the other hand,
analytic and numerical evidence strongly suggests that ¢(g) remains nonzero
for all nonzero values of g.

At small a and small g, the behavior of g as a function of a is governed
by the beta function, 3(g) = —adg/da. (The minus sign arises because the
ultraviolet cutoff is a=1.) Requiring 7 to be independent of a yields

d(g) = —38(9)c(9) - (82.38)
At small g, we have
Bg) = —big” + O(¢) (82.39)

where by = 11N/4872 for SU(N) gauge theory without quarks. Solving for
c(g) yields

e(g) = Cexp(1/big?) , (82.40)



P1: PJR/PJR P2: RNK/XXX QC: RNK/XXX T1: RNK
CUUKT761-Srednicki August 25, 2006 14:49

Wilson loops, lattice theory, and confinement 515

where C is an integration constant, which is nonzero if there is no phase
transition. In this case, at small g, the string tension has the form

7 = Cexp(1/b1g%)/a® . (82.41)
We then want to take the continuum limit of a — 0 and g — 0 with 7 held
fixed.

Note that eq. (82.41) shows that the string tension, at weak coupling,
is not analytic in g, and so cannot be computed via the Taylor expansion
in g that is provided by conventional weak-coupling perturbation theory.
Instead, the path integrals of egs. (82.29) and (82.34) can be performed on

a finite-size lattice via numerical integration. The limiting factor in such a
calculation is computer resources.

Reference notes

An introduction to lattice theory is given in Smit.

Problems

82.1) Let C be a circle of radius R. Evaluate the constant ¢ in eq. (82.18), where
P = 27 R is the circumference of the circle. Replace 1/(z—y)? with zero when
|z—y| < a. Assume a < R.
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Chiral symmetry breaking
Prerequisite: 76, 82

In the previous section, we discussed confinement in Yang-Mills theory
without quarks. In the real world, there are six different flavors of quark;
see Table 83.1. Each flavor has a different mass, and is represented by
a Dirac field in the fundamental or 3 representation of the color group
SU(3). Such a Dirac field is equivalent to two left-handed Weyl fields, one
in the fundamental representation, and one in the antifundamental or 3
representation.

The lightest quarks are the up and down quarks, with masses of a few
MeV. These masses are small, in the following sense. The gauge coupling ¢
of QCD becomes large at low energies. If we truncate the beta function after
some number of terms (in practice, four or fewer), and integrate it, we find
that g becomes infinite at some finite, nonzero value of the MS parameter f;
this value is called A . Measurements of the strength of the gauge coupling
at high energies imply Aqgcp ~ 0.2 GeV. The up and down quark masses are
much less than Ayc,. We can therefore begin with the approximation that
the up and down quarks are massless. The mass of the strange quark is
also somewhat less than Agcp. It is sometimes useful (though clearly less
justified) to treat the strange quark as massless as well.

If we are interested in hadron physics at energies below ~1GeV, we can
ignore the charm, bottom, and top quarks entirely; we will also ignore the
strange quark for now. Let us, then, consider QCD with n, = 2 flavors of
massless quarks. We then have left-handed Weyl fields x;, where a = 1,2, 3
is a color index for the 3 representation, and i = 1,2 is a flavor index, and
left-handed Weyl fields £, where a = 1,2, 3 is a color index for the 3 repre-
sentation, and 7 = 1, 2 is a flavor index; we distinguish this flavor index from
the one for the ys by putting a bar over it, and we write it as a superscript for
later notational convenience. We suppress the undotted spinor index carried

516
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Table 83.1. The six flavors of quark. Fach flavor is
represented by a Dirac field in the 8 representation of the
color group SU(3). Q is the electric charge in units of the

proton charge. Masses are approximate, and are MS
parameters. For the u, d, and s quarks, the MS scale  is
taken to be 2 GeV. For the ¢, b, and t quarks, u is taken to
be equal to the corresponding mass; e.g., the bottom quark

mass s 4.3 GeV when = 4.3 GeV.

Name Symbol Mass (GeV) Q

Up u 0.0017 +2/3
Down d 0.0039 -1/3
Strange s 0.076 -1/3
Charm c 1.3 +2/3
Bottom b 4.3 -1/3
Top t 178 +2/3

by both x and &. The lagrangian is

L =ix"6"(Dy)o xpi + i€l 5"(D,,)° 5 €7 — LPwEe, (83.1)

where D), = 0, — igT5 A}, and D,=09, - igTg A}, with (Tg“)ag = —(T%)p".
In addition to the SU(3) color gauge symmetry, this lagrangian has a global

U(2) x U(2) flavor symmetry: £ is invariant under
Xai = Li’Xaj » (83.2)
£ — (R*)? 7697, (83.3)

where L and R* are independent 2 x 2 constant unitary matrices. (The
complex conjugation of R is a notational convention that turns out to be
convenient.) In terms of the Dirac field

U, = (::) , (83.4)

PV, — Li’P. U, , (83.5)

egs. (83.2) and (83.3) read

PWo; — R/ PV, (83.6)
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where P, = %(1 F7v5). Thus the global flavor symmetry is often called
U(2)r, x U(2)r. A symmetry that treats the left- and right-handed parts
of a Dirac field differently is said to be chiral.

However, there is an anomaly in the axial U(1) symmetry corresponding to
L = R* = '] (which is equivalent to ¥ — e "W for the Dirac field). Thus
the nonanomalous global flavor symmetry is SU(2);, x SU(2)g x U(1)vy,
where V stands for vector. The U(1)y transformation corresponds to L =
R = e7'], or equivalently ¥ — e~“*W. The corresponding conserved charge
is quark number, the number of quarks minus the number of antiquarks; this
is one third of the baryon number, the number of baryons minus the number
of antibaryons. (Baryons are color-singlet bound states of three quarks; the
proton and neuton are baryons. Mesons are color-singlet bound states of a
quark and an antiquark; pions are mesons.)

Thus, U(1)y results in classification of hadrons by their baryon num-
ber. How is the SU(2)1, x SU(2)r symmetry realized in nature? The vector
subgroup SU(2)y, obtained by setting R = L in eq. (83.3), is known as iso-
topic spin or isospin symmetry. Hadrons clearly come in representations
of SU(2)vy: the lightest spin-one-half hadrons (the proton, mass 0.938 GeV,
and the neutron, mass 0.940 GeV) form a doublet or 2 representation, while
the lightest spin-zero hadrons (the 7°, mass 0.135 GeV, and the 7%, mass
0.140 GeV) form a triplet or 3 representation. Isospin is not an exact sym-
metry; it is violated by the small mass difference between the up and down
quarks, and by electromagnetism. Thus we see small differences in the masses
of the hadrons assigned to a particular isotopic multiplet.

The role of the axial part of the SU(2);, x SU(2)gr symmetry, obtained
by setting R = LT in eq. (83.3), is harder to identify. The hadrons do not
appear to be classified into multiplets by a second SU(2) symmetry group.
In particular, there is no evidence for a classification that distinguishes the
left- and right-handed components of spin-one-half hadrons like the proton
and neutron.

Reconciliation of these observations with the SU(2);, x SU(2)g symme-
try of the underlying lagrangian is only possible if the axial generators are
spontaneously broken. The three pions (which have spin zero, odd parity,
and are by far the lightest hadrons) are then identified as the corresponding
Goldstone bosons. They are not exactly massless (and hence are sometimes
called pseudogoldstone bosons) because the SU(2)r, x SU(2)g symmetry is,
as we just discussed, not exact.

To spontaneously break the axial part of the SU(2), x SU(2)r, some oper-
ator that transforms nontrivially under it must acquire a nonzero vacuum
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expectation value, or VEV for short. To avoid spontaneous breakdown of
Lorentz invariance, this operator must be a Lorentz scalar, and to avoid
spontaneous breakdown of the SU(3) gauge symmetry, it must be a color
singlet. Since we have no fundamental scalar fields that could acquire a
nonzero VEV, we must turn to composite fields instead. The simplest can-
didate is x5, f{‘j = UYP,V,;, where a is an undotted spinor index. (The
product of two fields is generically singular, and a renormalization scheme
must be specified to define it.) We assume that
(01x&i€e710) = —v’6,7 (83.7)
where v is a parameter with dimensions of mass. Its numerical value depends
on the renormalization scheme; for MS with = 2 GeV, v ~ 0.23 GeV.
To see that this fermion condensate does the job of breaking the axial

generators of SU(2);, x SU(2)r while preserving the vector generators, we
note that, under the transformation of egs. (83.2) and (83.3),

(Oxai€2710) — Lt (R (0lx@ue™ 0
— —03 (LR, (83.8)

where we used eq. (83.7) to get the second line. If we take R = L, corre-
sponding to an SU(2)y transformation, the right-hand side of eq. (83.8) is
unchanged from its value in eq. (83.7). This signifies that SU(2)y [and also
U(1)v] is unbroken. However, for a more general transformation with R # L,
the right-hand side of eq. (83.8) does not match that of eq. (83.7), signifying
the spontaneous breakdown of the axial generators.

Eq. (83.7) is nonperturbative: (0|x%;£57|0) vanishes at tree level. Pertur-
bative corrections then also vanish, because of the chiral flavor symmetry of
the lagrangian. Thus the value of v is not accessible in perturbation theory.
On general grounds, we expect v ~ Agep, since Ayep is the only mass scale
in the theory when the quarks are massless. Similarly, Aqcp, sets the scale for
the masses of all the hadrons that are not pseudogoldstone bosons, including
the proton and neutron.

We can construct a low-energy effective lagrangian for the three pseudo-
goldstone bosons (to be identified as the pions) in the following way. We
allow the orientation in flavor space of the VEV of Xgiéfz”_ to vary slowly as
a function of spacetime. That is, in place of eq. (83.7), we write

(0]x&i (2)€57(2)]0) = —0*U (2) (83.9)
where U(x) is a spacetime dependent unitary matrix. We can write it as

U(z) = exp[2in®(x)T/ fx] , (83.10)



P1: PJR/PJR

P2: RNK/XXX QC: RNK/XXX T1: RNK

CUUKT761-Srednicki August 25, 2006 14:49

520 Quantum Field Theory

where T% = 0 with a = 1,2, 3 are the generator matrices of SU(2), 7%(z)
are three real scalar fields to be identified with the pions, and f; is a param-
eter with dimensions of mass, the pion decay constant. We do not include a
fourth generator matrix proportional to the identity, since the correspond-
ing field would be the Goldstone boson for the U(1)s symmetry that is
eliminated by the anomaly. Equivalently, we require det U(z) = 1.

We will think of U(z) as an effective, low energy field. Its lagrangian
should be the most general one that is consistent with the underlying
SU(2)p, x SU(2)r symmetry.! Under a general SU(2), x SU(2)gr transfor-
mation, we have

U(z) — LU (z)R', (83.11)

where L and R are independent special unitary matrices. We can organize
the terms in the effective lagrangian for U(x) (also known as the chiral
lagrangian) by the number of derivatives they contain. Because U U =1,
there are no terms with no derivatives. There is one term with two (all others
being equivalent after integrations by parts),

L=-1f2Tro"U’9,U . (83.12)

If we substitute in eq. (83.10) for U, and expand in inverse powers of f, we
find

L =—30'r"0,m" + %f;Q(W“ﬂaf)“ﬂb8u7rb — b9, ) + ... . (83.13)

Thus the pion fields are conventionally normalized, and they have interac-
tions that are dictated by the general form of eq. (83.12). These interactions
lead to Feynman vertices that contain factors of momenta p divided by f.
Therefore, we can think of p/f; as an expansion parameter. Of course, we
should also add to £ all possible inequivalent terms with four or more deriva-
tives, with coefficients that include inverse powers of f;. These will lead to
more vertices, but their effects will be suppressed by additional powers of
p/ fr. Comparison with experiment then yields fr = 92.4 MeV. (In practice,
the value of f; is more readily determined from the decay rate of the pion
via the weak interaction; see section 90 and problem 48.5.)

This value for f; may seem low; it is, for example, less than the mass
of the “almost masless” pions. However, it turns out that tree and loop
diagrams contribute roughly equally to any particular process if each extra
derivative in £ is accompanied by a factor of (47 f,)~! rather that f-!, and

1 U(1)y acts trivially on U(x), and so we need not be concerned with it.
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each loop momentum is cut off at 4x f;. Thus it is 47 f; ~ 1 GeV that sets
the scale of the interactions, rather than f; ~ 100 MeV.

Now let us consider the effect of including the small masses for the up and
down quarks. The most general mass term we can add to the lagrangian is

Linass = _ﬁaijiXai + h.c.
= —M]—ixaifaj + h.c.
=—-Tr Mx.£“+h.c., (83.14)

where M is a complex 2 x 2 matrix. By making an SU(2);, x SU(2)r trans-
formation, we can bring M to the form

m, O )
M = ( )wm , (83.15)

0 mq

where m,, and my are real and positive. We cannot remove the overall phase
6, however, without making a forbidden U(1)a transformation. A nonzero
value of @ has physical consequences, as we will discuss in section 94. For
now, we note that experimental observations fix |§] < 107, and so we will
set 8 = 0 on this phenomenological basis.

Next, we replace xo&% in eq. (83.14) with its spacetime dependent VEV,
eq. (83.7). The result is a term in the chiral lagrangian that incorporates the
leading effect of the quark masses,

Lomass = v Te(MU + MUY . (83.16)

Here we continue to distinguish M and M, even though, with # = 0, they are

the same matrix. If we think of M as transforming as M — RTML, while

U transforms as U — LUR', then Tr MU is formally invariant. We then

require all terms in the chiral lagrangian to exhibit this formal invariance.
If we expand L5 in inverse powers of f, and use M t = M, we find

Linass = =43/ f2) Te(MT*T®)n%%% 4 ...
= —2(03/f2) Te(M{T, T*} )77’ + . ..
= —(3/f)(Tr M)z + ... . (83.17)

We used the SU(2) relation {T% 7%} =16% to get the last line. From
eq. (83.17), we see that all three pions have the same mass, given by the
Gell-Mann—Qakes—Renner relation,

m2 = 2(my + mg)v3/f2. (83.18)
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On the right-hand side, the quark masses and v3 depend on the renormaliza-
tion scheme, but their product does not. In the real world, electromagnetic
interactions raise the mass of the 7+ slightly above that of the 7°.

This framework is easily expanded to include the strange quark. The
three pions (71, 7, mass 0.140 GeV; 7°, mass 0.135 GeV), the four kaons
(K+, K~, mass 0.494 GeV; K°, K° mass 0.498 GeV), and the eta (1, mass
0.548 GeV) are identified as the eight expected Goldstone bosons. We can
assemble them into the hermitian matrix

Vars =+ e V2KO | (83.19)
— 70 2
V2K V2 K — 73"
The second line of eq. (83.17) still applies, but now the T%’s are the genera-
tors of SU(3), and M includes a third diagonal entry for the strange quark

1

HEW“T“/fﬂ:ﬁ

mass. We leave the details to the problems.

Next we turn to the coupling of the pions to the nucleons (the proton and
neutron). We define a Dirac field N;, where N; = p (the proton) and Ny = n
(the neutron). We assume that, under an SU(2), x SU(2)g transformation,

P.N; — L;?P,N; , (83.20)
P.N; — R;7P,N; . (83.21)

The standard Dirac kinetic term iN@N is then SU(2);, x SU(2)R invariant,
but the standard mass term myNN is not. (Here my is the value of the
nucleon mass in the limit of zero up and down quark masses.) However, we
can construct an invariant mass term by including appropriate factors of U

and UT,
Linass = _mNN(UTPL + UPR)N . (8322)

There is one other parity, time-reversal, and SU(2)1, x SU(2)g invariant term
with one derivative. Including this term, we have
L=iN@N —myN((U'P, +UP,)N
— g~ 1)iNy* (U9, U'P, + U'9,UP,)N , (83.23)
where g, = 1.27 is the axial vector coupling. Its value is determined from the
decay rate of the neutron via the weak interaction; see section 90.

The form of the lagrangian in eq. (83.23) is somewhat awkward. It can be
simplified by first defining

u(z) = explin®(x)T/ fx] , (83.24)
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so that U(x) = u?(z). Then we define a new nucleon field
N = (W'P, +uP,)N . (83.25)

(This is a field redefinition in the sense of problem 11.5.) Equivalently, using
the unitarity of u, we have

N = (uP, + u' PN . (83.26)

Using eq. (83.26) in eq. (83.23), along with the identities 9,U = (d,u)u +
u(Oyu), (Oput)u = —ul(9,u), etc., we ultimately find

L =iNIN — myNN +NpN — g NN, (83.27)

where we have defined the hermitian vector fields
v = Siful (Opu) + u(@uuh)] (83.28)
ay = iul(9uu) — u(d,ul)] . (83.29)

If we now expand u and ! in inverse powers of fr, we get
L =iNIN — mnNN + (9a/) fr)0um* N T s N+ ... . (83.30)

We can integrate by parts in the interaction term to put the derivative on
the N and N fields. Then, if we consider a process where an off-shell pion is
scattered by an on-shell nucleon, we can use the Dirac equation to replace
the derivatives of N' and N with factors of my. We then find a coupling of
the pion to an on-shell nucleon of the form

Loy = —ig T No N, (83.31)

where we have set T = %oa, and identified the pion-nucleon coupling con-
stant,

9ewn = 9amn/ fr - (83.32)

The value of g 77 can be determined from measurements of the neutron-
proton scattering cross section, assuming that it is dominated by pion
exchange; the result is g_x = 13.5. Eq. (83.32), known as the Goldberger—
Treiman relation, is then satisfied to within about 5%.

Reference notes

The chiral lagrangian is treated in Georgi, Ramond II, and Weinberg II.
Light quark masses are taken from MILC.
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Problems

Suppose that the color group is SO(3) rather than SU(3), and that each quark

flavor is represented by a Dirac field in the 3 representation of SO(3).

a) With ny flavors of massless quarks, what is the nonanomalous flavor sym-
metry group?

b) Assume the formation of a color-singlet, Lorentz scalar, fermion conden-
sate. Assume that it preserves the largest possible unbroken subgroup of
the flavor symmetry. What is this unbroken subgroup?

¢) For the case ny = 2, how many massless Goldstone bosons are there?

d) Now suppose that the color group is SU(2) rather than SU(3), and that
each quark flavor is represented by a Dirac field in the 2 representation of
SU(2). Repeat parts (a), (b), and (c) for this case. Hint: at least one of
the answers is different!

Why is there a minus sign on the right-hand side of eq. (83.7)7

Verify that eq. (83.13) follows from eq. (83.12).

Use egs. (83.12) and (83.16) to compute the tree-level contribution to the

scattering amplitude for 7%7® — w¢7?. Work in the isospin limit, m,, = mg =

m. Express your answer in terms of the Mandelstam variables and the pion

mass M.

Verify that eq. (83.27) follows from egs. (83.26) and eq. (83.23).

Consider the case of three light quark flavors, with masses m,,, mg, and ms.

a) Find the masses-squared of the eight pseudogoldstone bosons. Take the
limit m,, ¢ < ms, and drop terms that are of order mi)d/ms.

b) Assume that mfri and m%i each receive an electromagnetic contribu-
tion; to zeroth order in the quark masses, this contribution is the same
for both, but the comparatively large strange quark mass results in an
electromagnetic contribution to m%(i that is roughly twice as large as the
electromagnetic contribution Am2,, to m2.. Use the observed masses of
the 7%, 7 K*, and K° to compute m,v?/f2, mqv®/f2, msv®/f2, and
Am?2,,.

¢) Compute the quark mass ratios m, /mg and ms/mg.

d) Use your results from part (b) to predict the n mass. How good is your
prediction?

Suppose that the U(1) s symmetry is not anomalous, so that we must include

a ninth Goldstone boson. We can write

U(z) = exp| 2in®(x)T*/ fr + in” (z)/ fo] - (83.33)

The ninth Goldstone boson is given its own decay constant fg, since there
is no symmetry that forces it to be equal to f;. We write the two-derivative
terms in the lagrangian as

L=-1f2TrorU'0,U — 1F20"(det UT)9,(det U) . (83.34)
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By requiring all nine Goldstone fields to have canonical kinetic terms,
determine F' in terms of f; and fo.

To simplify the analysis, let m, = mq = m < ms. Find the masses of the
nine pseudogoldstone bosons. Identify the three lightest as the pions, and
call their mass m,. Show that another one of the nine has a mass less
than or equal to v/3m.. (The nonexistence of such a particle in nature is
the U(1) problem; the axial anomaly solves this problem.)

Write down all possible parity and time-reversal invariant terms with no
derviatives that are bilinear in the nucleon field N and that have one
factor of the quark mass matrix M.

Reexpress your result in terms of the nucleon field N.

Use the observed neutron-proton mass difference, m,, — m, = 1.293 MeV,
and the m, /my ratio you found in problem 83.6, to detemine as much as
you can about the coefficients of the terms wrote down. (Ignore the mass
difference due to electromagnetism.)
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Spontaneous breaking of gauge symmetries
Prerequisite: 32, 70

Consider scalar electrodynamics, specified by the lagrangian
L=—(D"0)'Dyp —V(p) = §F"Fu (84.1)
where ¢ is a complex scalar field, D, = 0,, — igA,, and
V(p) =mPelo+ 1A (eT0)? . (84.2)

(We call the gauge coupling constant g rather than e because we are using
this theory as a formal example rather than a physical model.) So far we
have always taken m? > 0, but now let us consider m? < 0. We analyzed
this model in the absence of the gauge field in section 32. Classically, the
field has a nonzero vacuum expectation value (VEV for short), given by

(Ole(@)|0) = Z5v, (84.3)

where we have made a global U(1) transformation to set the phase of the
VEV to zero, and

v = (4/m?| /N2 . (84.4)
We therefore write
o) = L (v + pla))e X/ (84.5)

where p(z) and x(z) are real scalar fields. The scalar potential depends only
on p, and is given by

Vi) = 320%" + Prop® + 500" (84.6)

Since x does not appear in the potential, it is massless; it is the Goldstone
boson for the spontaneously broken U(1) symmetry.

526
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The big difference in the gauge theory is that we can make a gauge trans-
formation that shifts the phase of ¢(z) by an arbitrary spacetime function.
We can use this gauge freedom to set x(x) = 0; this choice is called unitary
gauge. Using eq. (84.5) with x(z) = 0 in eq. (84.1), we have

—(D"0)' Dy = —5(0"p +ig(v + p)A*)(8up — ig(v + p)Ay)
= —3000up — 3% (v + p)? APA,, . (84.7)
Expanding out the last term, we see that the gauge field now has a mass
M =gv. (84.8)

This is the Higgs mechanism: the Goldstone boson disappears, and the gauge
field acquires a mass. Note that this leaves the counting of particle spin states
unchanged: a massless spin-one particle has two spin states, but a massive
one has three. The Goldstone boson has become the third or longitudinal
state of the now-massive gauge field. A scalar field whose VEV breaks a
gauge symmetry is generically called a Higgs field.

This generalizes in a straightforward way to a nonabelian gauge theory.
Consider a complex scalar field ¢ in a representation R of the gauge group.
The kinetic term for ¢ is —(D“go)TDucp, where the covariant derivative is
(Dup)i = Oupi — igaAZ(Tf‘j)ijgoj, and the indices ¢ and j run from 1 to d(R).
We assume that ¢ acquires a VEV

(Ofepi(2)[0) = \%Ui ; (84.9)

where the value of v; is determined (up to a global gauge transformation)
by minimizing the potential. If we replace ¢ by its VEV in —(D*p) D¢,
we find a mass term for the gauge fields,

/-:mass = _%(M2)abAaMAZ , (84.10)
where the mass-squared matrix is
(M?)® = %0 {T¢, T2} ij0; - (84.11)

The anticommutator appears because A““AZ is symmetric on a < b, and so
we replaced T9T? with 3{T%,T?}.

If the field ¢ is real rather than complex (which is possible only if R
is a real representation), then we remove the factor of root-two from the
right-hand side of eq. (84.9), but this is compensated by an extra factor of
one-half from the kinetic term for a real scalar field; thus eq. (84.11) holds
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as written. If there is more than one gauge group, then the g2 in eq. (84.11)
is replaced by g,gs, where g, is the coupling constant that goes along with
the generator 7%, and all generators of all gauge groups are included in the
mass-squared matrix.

Recall from section 32 that a generator T is spontaneously broken if
(T$)ijvj # 0. From eq. (84.11), we see that gauge fields corresponding to
broken generators get a mass, while those corresponding to unbroken gen-
erators do not. The unbroken generators (if any) form a gauge group with
massless gauge fields. The massive gauge fields (and all other fields) form
representations of this unbroken group.

Let us work out some simple examples.

Consider the gauge group SU(N), with a complex scalar field ¢ in the
fundamental representation. We can make a global SU(NN) transforma-
tion to bring the VEV entirely into the last component, and furthermore
make it real. Any generator (7%);/ that does not have a nonzero entry in
the last column will remain unbroken. These generators form an unbro-
ken SU(N—1) gauge group. There are three classes of broken generators:
those with (72);" =1 for i # N (there are N—1 of these); those with
(T*);N = —1Lifor i # N (there are also N—1 of these), and finally the single
generator TV*~1 = 2N (N—1)]"'/2 diag(1,...,1,—(N—1)). The gauge fields
corresponding to the generators in the first two classes get a mass M = % qgu;
we can group them into a complex vector field that transforms in the funda-
mental representation of the unbroken SU(N —1) subgroup. The gauge field
corresponding to TV*~1 gets a mass M = [(N—1)/2N]"/2gv; it is a singlet
of SU(N-1).

Consider the gauge group SO(N), with a real scalar field in the fun-
damental representation. We can make a global SO(N) transformation to
bring the VEV entirely into the last component. Any generator (7%);/ that
does not have a nonzero entry in the last column will remain unbroken.
These generators form an unbroken SO(N—1) subgroup. There are N—1
broken generators, those with (7%);Y = —i for i # N. The corresponding
gauge fields get a mass M = gv; they form a fundamental representation
of the unbroken SO(N—1) subgroup. In the case N = 3, this subgroup is
SO(2), which is equivalent to U(1).

Consider the gauge group SU(N), with a real scalar field ®* in the adjoint
representation. It will prove more convenient to work with the matrix-valued
field ® = T the covariant derivative of ® is D, ® = 9,® — igAjj[T?, ?],
and the VEV of ¢ is a traceless hermitian N x N matrix V. Thus the mass-
squared matrix for the gauge fields is (M?)% = —1¢2 Te{[T2, V], [T° V]}.
We can make a global SU(N) transformation to bring V' into diagonal form.
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Suppose the diagonal entries consist of Ny wvis, followed by Na wss, etc.,
where v1 <wvg < ..., and ), N;u; = 0. Then all generators whose nonzero
entries lie entirely within the i** block commute with V', and hence form an
unbroken SU(N;) subgroup. Furthermore, the linear combination of diagonal
generators that is proportional to V also commutes with V', and forms a
U(1) subgroup. Thus the unbroken gauge group is SU(NN1) x SU(Na) x ... x
U(1). The gauge coupling constants for the different groups are all the same,
and equal to the original SU(N) gauge coupling constant.

As a specific example, consider the case of SU(5), which has 24 genera-
tors. Let the diagonal entries of V' be given by (—%, —%, —%, -l—%, +%)v. The
unbroken subgroup is then SU(3) x SU(2) x U(1). The number of broken
generators is 24 — 8 —3 — 1 = 12. The generator of the U(1) subgroup is
T = diag(—%c, —%c, —%c, —1—%0, —I—%C), where ¢? = 3/5. Under the unbroken
SU(3) x SU(2) x U(1) subgroup, the 5 representation of SU(5) transforms
as

5—(3,1,-3) @ (1,2,+3) . (84.12)
Here the last entry is the value of 724 /c. The 5 of SU(5) then transforms as
5—(3,1,+3) @ (1,2,-1). (84.13)

To find out how the adjoint or 24 representation of SU(5) transforms under
the SU(3) x SU(2) x U(1) subgroup, we use the SU(5) relation

55=24@1. (84.14)
From egs. (84.12) and (84.13), we have
55— ((3,1,-3) e (1,2,+3)]®[(3,1,+3) & (1,2,—3)] . (84.15)
If we expand this out, and compare with eq. (84.14), we see that

24 — (8,1,0) @ (1,3,0) @ (1,1,0)
®(3,2,-2)®(3,2,+2). (84.16)

The first line on the right-hand side of eq.(84.16) is the adjoint repre-
sentation of SU(3) x SU(2) x U(1); the corresponding gauge fields remain
massless. The second line shows us that the gauge fields corresponding to
the twelve broken generators can be grouped into a complex vector field in
the representation (3,2, —%). Since it is an irreducible representation of the
unbroken subgroup, all twelve vectors fields must have the same mass. This
mass is most easily computed from (M?)¥ = —g¢? Tr([T4, V][T*, V]), where
we have defined (7%),7 = %(52,153‘4 + 6;4671); the result is M = 6\5&97).
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Problems

84.1) Conside a theory with gauge group SU(N), with a real scalar field ® in the

adjoint representation, and potential
V(®) =2im>Trd® + 1\ Tr ot + 10, (Tr9°)° . (84.17)

This is the most general potential consistent with SU(N) symmetry and a

Zo symmetry ® « —®. which we impose to keep things simple. We assume

m? < 0. We can work in a basis in which ® = vdiag(ay,...,ay), with the

constraints Y, a; =0 and Y, af = 1.

a) Extremize V(®) with respect to v. Solve for v, and plug your result back
into V(®). You should find

_1(m2)2
V(@)= >\1A(03(+ )\iB(a) ’ (84.18)

where A(a) and B(«) are functions of «;.
b) Show that A; A(«) + A2 B(a) must be everywhere positive in order for the
potential to be bounded below.
¢) Show that the absolute mimimum of the potential (assuming that it is
bounded below) occurs at the absolute minimum of A\ A(a) + A2 B(«).
d) Show that, at any extremum of the potential, the c; take on at most three
different values. Hint: impose the constraints with Lagrange multipliers.
e) Show that, for Ay >0 and Ay > 0, at the absolute minimum of V(@)
the unbroken symmetry group is SU(N, ) x SU(N_) x U(1), where N =

N_ = 1N if N is even, and Ny = 2(N£1) if N is odd.
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Spontaneously broken abelian gauge theory

Prerequisite: 61, 84

Consider scalar electrodynamics, specified by the lagrangian
L=—(D"0)'Dyp ~V(p) = §F*"Fu
where ¢ is a complex scalar field and D, = 9, —igA,. We choose
V(p) = §Aelp — §0%)?,
which yields a nonzero VEV for ¢. We therefore write

p(x) = L (0 + pla))e O

(85.1)

(85.2)

(85.3)

where p(x) and x(x) are real scalar fields. The scalar potential depends only

on p, and is given by
Vip) = i)\v2p2 + %)\vp?’ + 1—16/\p4 :
We can now make a gauge transformation to set
x(x)=0.
This is unitary gauge. The kinetic term for ¢ becomes
—(D*¢) Dy = —50"p0up — 39° (v + p)* AMA,,
We see that the gauge field has acquired a mass
M=gv.
The terms in £ that are quadratic in A, are
Lo=—31F"F,, — 1M°A"A,, .

531

(85.4)

(85.5)

(85.6)

(85.7)

(85.8)
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The equation of motion that follows from eq. (85.8) is
[(—0* + M?)g" + 019")A, = 0. (85.9)
If we act with 9, on this equation, we get
M?9"A, = 0. (85.10)

If we now use eq. (85.10) in eq. (85.9), we find that each component of A,
obeys the Klein—Gordon equation,

(=0% + M*)A, =0. (85.11)
The general solution of egs. (85.9) and (85.10) is

Ay = Y / 0k [ (R)ax(R)e™™ + h(kyal (e ] (85.12)
A=— 0,4+

where the polarization vectors must satisfy kel (k) = 0. In the rest frame,
where k = (M, 0,0,0), we choose the polarization vectors to correspond to
definite spin along the Z axis,

£, (0) = 1(0,1,—-i,0),

V2
e-(0) = 75(0,1,+4,0)
£0(0) = (0,0,0,1) . (85.13)

More generally, the three polarization vectors along with the timelike unit
vector k¥ /M form an orthonormal and complete set,

k-eh(k)=0, (85.14)

E)\/(k))'&?;(k) = (5)\/)\ y (8515)
P | KPR

Y (k) (k) = g™ + ST (85.16)

A=—,0,+

Since the lagrangian of eq. (85.8) has no manifest gauge invariance, quan-
tization is straightforward. The coefficients af\(k:) and a) (k) become particle
creation and annihilation operators in the usual way, and the propagator of

the A, field is given by

4 etk(z—y)
i(0|TA*(x) A" (y)|0) = / (37:34 W e ZA Eﬁ*(k)gg(k)

dt ety kP kY
= o . (85.1
/ 2m)* k2 + M2 —ie (9 HSTE > (85.17)
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The interactions of the massive vector field A, with the real scalar field
p can be read off of eq.(85.6). The self-interactions of the p field can be
read off of eq. (85.4). The resulting Feynman rules can be used for tree-level
calculations.

Loop calculations are more subtle. We have imposed the gauge condi-
tion x(z) = 0, which corresponds to inserting a functional delta function
[L, 6(x(z)) into the path integral. In order to integrate over x, we must
make a change of integration variables from Re ¢ and Im ¢ to p and y; this
is simply a transformation from cartesian to polar coordinates, analogous to
dx dy = rdr d¢. So we must include a factor analogous to r in the functional
measure; this factor is

H(v + p(m)) = det(v + p)

T

oc det(1 4+ v p)
x / DéDe e~ Min | & ellv p)e (85.18)

In the last line, we have written the functional determinant as an integral
over ghost fields. We see that they have no kinetic term, and we have chosen
the overall nomalization of their action so that their mass is mg,, where
Mgp is an arbitrary mass parameter. Thus the momentum-space propagator
for the ghosts is simply A(k2?) =1/ méh. We also see that there is a ghost-
ghost-scalar vertex, with vertex factor —iméhvfl, but there is no interaction
between the ghosts and the vector field.

This seems like a fairly convenient gauge for loop calculations, but there
is a complication. The fact that the ghost propagator is independent of the
momentum means that additional internal ghost propagators do not help
the convergence of loop-momentum integrals. The same is true of vector-
field propagators; from eq.(85.17) we see that, in momentum space, the
propagator scales like 1/M? in the limit that all components of k become
large. Thus, in unitary gauge, loop diagrams with arbitrarily many external
lines diverge. This makes it difficult to establish renormalizability.

A gauge that does not suffer from this problem is a generalization of Ry
gauge (and in fact this name has traditionally been applied only to this
generalization). We begin by using a cartesian basis for ¢,

w = %(v—i—h—kib) , (85.19)
where h and b are real scalar fields. In terms of A and b, the potential is

V(p) = IM0?h? + 2hoh(h? + 1) + £A(h* +b7)? (85.20)
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and the covariant derivative of ¢ is
Dup =5 [(aﬂh + gbA,) +i(Dub — g(v—i—h)AM)] . (85.21)
Thus the kinetic term for ¢ becomes
—(D"p) Dy = —3(3uh + gbAL)?* — 3(9ub — g(v+h)AL)? . (85.22)
Expanding this out, and rearranging, we get
—(D"¢) Dy = —10,h0,h — 10,00,b — $g*v? APA, + guAFO,b
+ gA*(hOub — bO,h)
— gohAPA, — Lg% (R + b%) AFA,, . (85.23)

The first line on the right-hand side of eq. (85.23) contains all the terms that
are quadratic in the fields. The first two are the kinetic terms for the h and
b fields. The third is the mass term for the vector field. The fourth is an
annoying cross term between the vector field and the derivative of b.

In abelian gauge theory, in the absence of spontaneous symmetry break-
ing, we fix R¢ gauge by adding to £ the gauge-fixing and ghost terms

Lot + Lgn = —2671G% - E% c, (85.24)
where G = 0"A,,, and 6(x) parameterizes an infinitesimal gauge transforma-
tion,

Ay — A, —0,0, (85.25)
¢ — @ —igbp. (85.26)

With G = 9"4,,, we have 6G /60 = —9*. Thus the ghost fields have no inter-
actions, and can be ignored.
In the presence of spontaneous symmetry breaking, we choose instead

G = 0"A, — &gub (85.27)
which reduces to 04, when v = 0. Multiplying out G?, we have
Lor = — 5671 0"A,0"A, + gubd"A,, — LegPo?p?
= 31 OPALOYA, — guALOFb — SEgPH (85.28)

where we integrated by parts in the first two terms to get the second line.
Note that the second term on the second line of eq.(85.28) cancels the
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annoying last term on the first line of eq. (85.23). Also, the last term on the
second line of eq. (85.28) gives a mass £'/2M to the b field.
We must still evaluate Lyp,. To do so, we first translate eq. (85.26) into

h — h+gbb, (85.29)
b—b—ghv+h). (85.30)

Then we have
% = -9*+¢g%v(w+h) . (85.31)

From eq. (85.24) we see that the ghost lagrangian is
Loh = —E[—02 +&g%v(v+h)|c

= —0/co,c — Eg*viec — Eg?vhec . (85.32)

We see from the second term that the ghost has acquired the same mass as
the b field, £1/2M.

Now let us examine the vector field. Including Ly, the terms in £ that
are quadratic in the vector field can be written as

Lo=-14, [g“”(—82 +M?) + (1—5—1)8“0”} A, . (85.33)
In momentum space, this reads
Lo=—L4,(~k) [(kQ + M2)gh + (1—§—1)kﬂk”} A (k) . (85.34)
The kinematic matrix is
] = 024 Mg (TR
= (k2 + M?) (P“”(k:) + k“k"/k?) (1 kAR

= (k* + M?)P* (k) + &1 (k* + M)k KV K (85.35)

where PH(k) = g — k*kY/k® projects onto the transverse subspace;
P (k) and k*kY/k? are orthogonal projection matrices. Using this fact,
it is easy to invert eq. (85.35) to get the propagator for the massive vector
field in R¢ gauge,

N ERR/ 12

R4+ M? —de K24 EM? —ie (85.36)
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We see that the transverse components of the vector field propagate with
mass M, while the longitudinal component propagates with the same mass
as the b and ghost fields, £1/2M.

Eq. (85.36) simplifies greatly if we choose £ = 1; then we have

A (k) = " €=1) (85.37)
k2 + M? — e ) ’
On the other hand, leaving £ as a free parameter allows us to check that all
¢ dependence cancels out of any physical scattering amplitude. Since their
masses depend on &, the ghosts, the b field, and the longitudinal component
of the vector field must all represent unphysical particles that do not appear
in incoming or outgoing states.

To summarize, in R¢ gauge we have the physical h field with mass-squared
mi = %)\vz and propagator 1/(k? + m?), the unphysical b field with propa-
gator 1/(k? 4 €M?), the ghost fields ¢ and ¢ with propagator 1/(k? + £M?),
and the vector field with the propagator of eq. (85.36). For external vectors,
the polarizations are still given by eq. (85.13), and obey the sum rules of
eq. (85.16). The mass parameter M is given by M = gv. The interactions of

these fields are governed by
Ly = =3 h(h? +b°) — L A(h* + b7)?
+ gA*(hOub — b0, h) — guhAFA, — %gQ(h2 + bQ)A“Au
— &g*vhec . (85.38)

It is interesting to consider the limit £ — oco. In this limit, the vector
propagator in R gauge, eq. (85.36), turns into the massive vector propagator
of eq. (85.17),

- v HLV/N2

AW (k) = WT;“Z]Z (€ = 0) . (85.39)
The b field becomes infinitely heavy, and we can drop it. (Equivalently, its
propagator goes to zero.) The ghost fields also become infinitely heavy, but
we must be more careful with them because their interaction term, the last
line of eq.(85.38), also contains a factor of {. The vertex factor for this
interaction is —i¢g?v = —i(¢M?)v~!. Note that this is the same vertex fac-
tor that we found in unitary gauge for the ineraction between the p field
and the ghost fields; see eq.(85.18) and take mgh = ¢M?. Thus we can-
not drop the ghost fields, but we can take their propagator to be 1 /mgh
rather than 1/(k? + mgh), since k? < mgh = ¢M? in the limit £ — oco. This
is the ghost propagator that we found in unitary gauge. We conclude that
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R¢ gauge in the limit { — oo is equivalent to unitary gauge. Of course,
in this limit, we reencounter the problems with divergent diagrams that
led us to consider alternative gauge choices in the first place. For prac-
tical loop calculations, R¢ gauge with { =1 is typically the most conve-
nient.

In the next section, we consider R; gauge for nonabelian theories.
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Spontaneously broken nonabelian gauge theory

Prerequisite: 85

In the previous section, we worked out the lagrangian for a U(1) gauge
theory with spontaneous symmetry breaking in R¢ gauge. In this section,
we extend this analysis to a general nonabelian gauge theory.

As in section 85, it will be convenient to work with real scalar fields. We
therefore decompose any complex scalar fields into pairs of real ones, and
organize all the real scalar fields into a big list ¢;, ¢ = 1,..., N. These real
scalar fields form a (possibly reducible) representation R of the gauge group.
Let 7% be the gauge-group generator matrices that act on ¢; they are linear
combinations of the generators of the SO(N) group that rotates all compo-
nents of ¢; into each other. Because these SO(IN) generators are hermitian
and antisymmetric, so are the 7%s. Thus i(7?);; is a real, antisymmetric
matrix.

The lagrangian for our theory can now be written as

L=—3iD"¢D,p— V(¢) — 1 F™™ s (86.1)

where
(D,Lbd))l = ,u@bi - igaAZ(Ta)ijgbj (86'2)

is the covariant derivative, and the adjoint index a runs over all generators
of all gauge groups. Because ¢; and Ay, are real fields, and i(7?);; is a real
matrix, (D,¢); is real.

Now we suppose that the potential V' (¢) is minimized when ¢ has a VEV

(0]¢i(2)[0) = v; . (86.3)
A generator 7 is unbroken if (7%);;v; = 0, and broken if (7%);;v; # 0.

538
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Each broken generator results in a massless Goldstone boson. To see this,
we note that the potential must be invariant under a global gauge transfor-
mation,

V((1—i0°T ) = V() . (86.4)

Expanding to linear order in the infinitesimal parameter 8, we find
ov

> (T9) kb =0 86.5
5 ¢j( )jk Dk (86.5)
We differentiate eq. (86.5) with respect to ¢y to get
0*V ov
(T)jedr + 5~ (T%)jr = 0. (86.6)

0¢;0¢; 0¢;

Now set ¢; = v;; then 0V/0¢; vanishes, because ¢; = v; minimizes V().
Also, we can identify

1 9V

2
m)y = = 70— 86.7
Di=v;
as the mass-squared matrix for the scalars (after spontaneous symmetry

breaking). Thus eq. (86.6) becomes
(m?);;(T); =0 . (86.8)

We see that if 7% # 0, then 7% is an eigenvector of the mass-squared
matrix with eigenvalue zero. So there is a zero eigenvalue for every linearly
independent broken generator.

Let us write

bi(z) = vi + xi(z) , (86.9)
where y; is a real scalar field. The covariant derivative of ¢ becomes
(Dp@)i = 0uxi — 19aAu(T)ij (v 4+ X); - (86.10)
It is now convenient to define a set of real antisymmetric matrices
(7%)ij = 19a(T%)ij (86.11)

and the real rectangular matrix
Fai = (Ta)ij’l)j . (86.12)
We can now write

(Dpo)i = Ouxi — AR(F* +7X)i - (86.13)
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The kinetic term for ¢ becomes
—3D"¢Dyud = — 20" xi0uxi — S(F%FY) A™AL + FO AL 0!y
+ AL X (1) 0 X — AMALF ()i
- %AWAZXi(T“Tb)inj . (86.14)
We see (from the second term on the right-hand side) that the mass-squared
matrix for the vector fields is

(M?)® = po,Fb; = (FF™)% (86.15)

A theorem of linear algebra states that every real rectangular matrix can be
written as

F = S®(M°8*))R;; (86.16)

where S and R are orthogonal matrices, and the diagonal entries M® are
real and nonnegative. From eq. (86.15) we see that these diagonal entries are
the masses of the vector fields. The vector fields of definite mass are then
given by fl/‘j = Sb“Az.
Now we are ready to fix R¢ gauge. To do so, we add to £ the gauge-fixing
and ghost terms
o 0G*

Lot + Lgn = —2¢71G*G* — & s C (86.17)

where we choose
G = O"A, — EF%ixi - (86.18)
Then we have
Lot = —3ET OALOPAT + P xRS — S i
= — L€ MALOVAL — F AL X — LE(FU P )i - (86.19)

We integrated by parts in the first two terms to get the second line. Note
that the second term on the second line of eq. (86.19) cancels the annoying
last term on the first line of eq. (86.14). Also, the last term on the second
line of eq. (86.19) makes a contribution to the mass-squared matrix for the
x fields,

E(M?);j = EF*F = E(FF);j (86.20)

Eq. (86.16) tells us that the eigenvalues of this matrix are Y2\, where
M® are the vector-boson masses. The mass-squared matrix £€M? should
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be added to the mass-squared matrix m? that we get from the poten-
tial, eq. (86.7). Note that eqgs. (86.8) and (86.12) imply that (m?);; F'*; = 0;
eq. (86.20) then yields (m?);;(€M?);;, =0. Thus these two contributions
to the mass-squared matrix of the scalar fields live in orthogonal subspaces.
The scalar fields of definite mass are x; = R;;X;, where the block of R in the
m? subspace is chosen to diagonalize m?. The m? subspace consists of the
physical, massive scalars, and the §M? subspace consists of the unphysical
Goldstone bosons; these are the fields that would be set to zero in unitary
gauge.

We must still evaluate Lgp. To do so, we recall that 6%(x) parameterizes
an infinitesimal gauge transformation,

Al — A% — DI (86.21)
xi — —0%(7%)ij(v+ x); - (86.22)
Thus we have
6G®
i = 0D+ EFY () jr(v + Xk

= "D} + EFF ) + EF (") jrxk
= —0"DW + E(M?)™ + EF5(7°) juxr (86.23)
and so the ghost lagrangian is
Lo = =MD — (M?)Pec® — EF5(r°) juxue®c . (86.24)

The ghost fields of definite mass are ¢ = S%c? and ¢* = Sbe¢b.

The complete gauge-fixed lagrangian is now given by egs. (86.1), (86.14)
(86.19), and (86.24). We can rewrite it in terms of the fields of definite mass.
This results in the replacements

F — M6% (86.25)
(7%)ij — S (R*T°R)i; , (86.26)
Fove — gadgheges pies (86.27)

throughout £. The Feynman rules then follow in the usual way.

Problems

86.1) Let ¢; be a complex scalar field in a complex representation R of
the gauge group. Under an infinitesimal gauge transformation, we have
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Sp; = —i0%(T2) ;. Let us write ¢; = %(@ +i¢it+d(r)), where ¢; is a real
scalar field with the index ¢ running from 1 to 2d(R). Then, under an infinites-
imal gauge transformation, we have é¢; = —i0%(7%);;¢;.

a) Express T} in terms of the real and imaginary parts of 7.

b) Show that the 7® matrices satisfy the appropriate commutation relations.
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The standard model: gauge and Higgs sector
Prerequisite: 84

We now turn to the construction of the Standard Model of elementary par-
ticles, also called the Glashow—Weinberg—Salam model. This is the complete
(except for gravity) quantum field theory that appears to describe our world.
It can be succinctly specified as a gauge theory with gauge group SU(3) x
SU(2) x U(1), with left-handed Weyl fields in three copies of the repre-
sentation (1,2,—3)® (1,1, +1) & (3,2,+3) & (3,1,—2) & (3,1, +2), and a
complex scalar field in the representation (1,2, —%) Here the last entry of
each triplet gives the value of the U(1) charge, known as hypercharge. The
lagrangian includes all terms of mass dimension four or less that are allowed
by the gauge symmetries and Lorentz invariance.

We will construct the Standard Model over several sections. We begin
with the electroweak part of the gauge group, SU(2) x U(1), and the complex
scalar field ¢, known as the Higgs field, in the representation (2, —%) The
Higgs field acquires a nonzero VEV that spontaneously breaks SU(2) x U(1)
to U(1); the unbroken U(1) is identified as electromagnetism.

We begin with the covariant derivative of the Higgs field ¢,

(Dup)i = Oupi — i[g2 ALT* + 1 B Y | 5 (87.1)

where T% = %a“ and Y = —%I ; Y is the hypercharge generator. It will prove
useful to write out g2 AT + g1 B,Y in matrix form,

(87.2)

1 <g2Ai - ngH gg(AL - ZAZ) >
B .

G AT + ngNY = — )
8 92(A), +iA%)  —g2A% — 1B,

543
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Now suppose that ¢ has a potential
V(p) = 1A(pTo — 30%)°. (87.3)

This potential gives ¢ a nonzero VEV. We can make a global gauge transfor-
mation to bring this VEV entirely into the first component, and furthermore
make it real, so that

(Olp(x)]0) = % (0) | (87.4)

The kinetic term for ¢ is —(D“cp)TDng. After replacing ¢ by its VEV, we
find a mass term for the gauge fields,

92A3 - ng g2 Al — iA2 2 1
Liass = _%UQ ( 1, 0) ( Ml ) 2“ ( " M) . (875)
QQ(A“ + ZAM) —ggAi - ngM 0

To diagonalize this mass-squared matrix, we first define the weak mizing
angle

O = tan”"(g1/g2) , (87.6)
and the fields
Wi = %(A}L FiAl), (87.7)
Zy = cwAl — swBy | (87.8)
A, = swAi +cwB, (87.9)

where sy, = sinfy, ¢y, = cosfy,. In terms of these fields, eq. (87.5) becomes
1
anln V2WS ) !

ﬁmass:_%ggv2(1a 0)(
\/QWM_ _ﬁAu

0
= —(921)/2)2 W*“WJ — %(ggv/ch)2 ZMz,

= -MWHW, - SMZ?Z"Z, (87.10)
where we have identified
My = g2v/2, (87.11)

M, = My, /cos by, . (87.12)
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The observed masses of the W+ and Z° particles are M,, = 80.4 GeV and
M, =91.2GeV. Eq.(87.12) then implies cosf, = 0.882, or, as it is more
usually expressed, sin?6,, = 0.223.1

Note that the A, field remains massless; this signifies that there is an
unbroken U(1) subgroup. We will identify this unbroken U(1) with the gauge
group of electromagnetism.

Before introducing leptons and quarks (which we do in sections 87 and
88), let us work out the complete lagrangian for the gauge and Higgs fields,
in unitary gauge. This is sufficient for tree-level calculations.

The two complex components of the ¢ field yield four real scalar fields;
three of these become the longitudinal components of the W+ and Z°. The
remaining scalar field must be able to account for shifts in the overall scale
of ¢. Thus we can write, in unitary gauge,

v+ H(xz
@(x)=i< +0( )>, (87.13)

where H is a real scalar field; the corresponding particle is the Higgs boson.
The potential now reads

V(p) = A0 H? + S wH? + {5 AH* . (87.14)

We see that the mass of the Higgs boson is given by m2 = %)\vQ. (As of this
writing, the Higgs boson has not been observed; the lower limit on its mass
is my > 115 GeV.) The kinetic term for H comes from the kinetic term for
v, and is the usual one for a real scalar field, —%8“]—[ Oy H. Finally, recall
that the mass term for the gauge fields, eq. (87.10), is proportional to v2.
Hence it should be multiplied by a factor of (1 +v~1H)2,

Now we have to work out the kinetic terms for the gauge fields. We have
L=—1F"FS —1B"B,,, (87.15)
where
Fi, = 0,A, — 0,A) + g2(ALAS — AZA%)
Fr, = 0,A% — 0,A7 + ga(AS A, — AJA))
Fj, = 0,A) — 0,A% + go(A A2 — ALAYY
B, =0,B, - 0,B, .

L Of course, this number is only meaningful once a renormalization scheme has been specified. We
are implicitly using an on-shell scheme in which Oy is defined by the relation cos 0w = Mw /Mg,
where Mw and My are the actual particle masses. The relation g1 = g tan Oy is then subject to
loop corrections that depend on the precise definitions adopted for g1 and go. In the MS scheme,
on the other hand, fw is defined by eq. (87.6), and for u = My, we have sin? Oy = 0.231.
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Next, form the combinations F, + iF;,. Using eq. (87.7), we find

%(FI}V —iF.,) = D,W,\ - D,W, (87.20)
1 1 - 72 — -
—5(Fy +iFR,) = DIW, — DIW,", (87.21)

where we have defined a covariant derivative that acts on Wj ,
D,=0,—- iggAi
=0y —iga(swAu +cwZy) - (87.22)
If we identify A, as the electromagnetic vector potential, and assign electric

charge @Q = +1 (in units of the proton charge) to the W™, then we see from
eq. (87.22) that we must identify the electromagnetic coupling constant e as

e = gosinby, . (87.23)

Here we are adopting the convention that e is positive. (In our treatment
of quantum electrodynamics, we used the convention that e is negative, but
that is less convenient in the present context.)

We also have

F3, = 0,43 — 0,A3 —igoy(W,FW, —W,iW,)
= swhlu + ey — igg(W/jWV_ — W;“Wﬂ_) , (87.24)
By = cwFu — $SwZyuw (87.25)
where F),, = d,A, — 0, A, is the usual electromagnetic field strength, and
Zyw = 0uZy — 0,7, (87.26)

is the abelian field strength associated with the Z,, field.

Now we can assemble all of this into the complete lagrangian for the
electroweak gauge fields and the Higgs boson in unitary gauge. We will
express go in terms of e and 6, via go = e/sinf,,, and A in terms of my and
v via A = 2m?2 /v%. We ultimately get

L=-YFMF,, — Y77, — DW= D,W;} + DWW =D, W}
+ie(F" + cot 0, ZM )W, T W,
— L(e¥/sin0y ) (W W, WHW,” — WHW,W W)
— (MWW, + IMZZPZ,) (1 + v H)?

— L0MHOH — ImiH? — tm2o T H? — Im2oT?HY, (87.27)
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where
D, =0, —ie(A, +cotb0wZ,) . (87.28)

With the W,j‘ field assigned electric charge () = +1, this lagrangian exhibits
manifest electromagnetic gauge invariance. The full underlying SU(2) x U(1)
gauge invariance is not manifest, however, because we have fixed unitary
gauge.

Reference notes

Discussions of the Standard Model in R¢ gauge can be found in Cheng &
Li, and Ramond IL

Problems

87.1) Find the generator @ of the unbroken U(1) subroup as a linear combination
of the T%s and Y.
87.2) a) Ignoring loop corrections, find the numerical values of v, g1, and go. Take
e? /4 = a = 1/137.036.
b) The Fermi constant is defined (at tree level) as

62

Grp= —— .
" 44/2sin?60y M2

(87.29)
Find its numerical value in GeV~2.
c¢) Express G in terms of v.
87.3) In this problem we will work out the generator matrices introduced in section
86 for the case of the Standard Model.
a) Write the Higgs field as

1 <¢>1 + i<753> (87.30)
7 V2 \ ¢2 + iy
where ¢; is a real scalar field. Express the SU(2) generators 7% and the
hypercharge generator Y as 4 x 4 matrices 7% and ) that act on ¢;. Hint:
see problem 86.1.
b) Compute the matrix F'*;, defined in eq (86.12).
¢) Compute the mass-squared matrix for the vector fields, (M?)® = F%,F?,,
and find its eigenvalues.
87.4) Work out the Feynman rules for the lagrangian of eq. (87.27).
87.5) Assume that my > 2M,, and compute (at tree level) the decay rate of the
Higgs boson into WHW = and Z°Z° pairs. Express your answer in GeV for
my = 200 GeV.
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The standard model: lepton sector
Prerequisite: 75, 87

Leptons are spin-one-half particles that are singlets of the color group. There
are six different flavors of lepton; see Table 2. The six flavors are natu-
rally grouped into three families or generations: e and ve, p and v,, T
and v;.

Let us begin by describing a single lepton family, the electron and its
neutrino. We introduce left-handed Weyl fields ¢ and € in the representations
(2,—1) and (1,+1) of SU(2) x U(1). Here the bar over the e in the field é is
part of the name of the field, and does not denote any sort of conjugation.
The covariant derivatives of these fields are

(Dul)i = Ouls — ig2 AL(T)i? 4 — igi(—3) Byl , (88.1)
D,e = 0,e—igi(+1)B,e, (88.2)

and their kinetic terms are
Lyin = il1'6"(D,0); +ie'a"D,é . (88.3)

The representation (2, —3) @ (1,+1) for the left-handed Weyl fields is com-
plex; hence the gauge theory is chiral, and therefore parity violating.

We cannot write down a mass term involving ¢ and/or € because there is
no gauge-group singlet contained in any of the products

(27 _%) ® (Qa _%) )
(2,—3) @ (1,+1)
(1,41) ® (1,+1) . (88.4)

However, we are able to write down a Yukawa coupling of the form

Lok = —yEij(pifjé + h.c., (88.5)

548
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Table 88.2. The six flavors of lepton. Q) is the electric
charge in units of the proton charge. Each charged
flavor is represented by a Dirac field, each neutral

flavor by a Majorana field (or, equivalently, a
left-haned Weyl field). Neutrino masses are exactly
zero in the Standard Model.

Name Symbol Mass (MeV) Q
Electron e 0.511 -1
Electron neutrino Ve 0 0
Muon " 105.7 -1
Muon neutrino vy 0 0
Tau T 1777 -1
Tau neutrino vy 0 0

where ¢ is the Higgs field in the (2, —1) representation that we introduced
in the last section, and y is the Yukawa coupling constant. A gauge-invariant
Yukawa coupling is possible because there is a singlet on the right-hand side
of

(2,-3)®(2,-3) ® (1,+1) = (1,0) & (3,0) . (88.6)

There are no other gauge-invariant terms involving ¢ or € that have mass
dimension four or less. Hence there are no other terms that we could add to
L while preserving renormalizability.

We add egs. (88.3) and (88.5) to the lagrangian for ¢ and the gauge fields
that we worked out in the last section. In unitary gauge, we replace ¢; with
\/ii(v + H), where H is the real scalar field representing the physical Higgs
boson, and @2 with zero. The Yukawa term becomes

Ly = —\%y(v + H)(f2e + h.c.) . (88.7)

It is now convenient to assign new names to the SU(2) components of ¢,

(= (V> . (88.8)

(We will rely on context to distinguish the fielde from the electromagnetic
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coupling constant e.) Then eq. (88.7) becomes
Lyuk = —\%y(v + H)(ee + éTeT)

= —\/%y(v + H)EE , (88.9)

where we have defined a Dirac field for the electron,

E= <:T> . (88.10)

We see that the electron has acquired a mass
_ v

7 (88.11)

Mme

The neutrino has remained massless.
We can describe the neutrino with a Majorana field

N = ( VT) : (88.12)

However, it is often more convenient to work with

N, = PN = <g> (88.13)

where P, = %(1—75). We can think of NV, as a Dirac field; for example, the
neutrino kinetic term il/T&“aMV can be written as iNL@NL.

Now we return to egs. (88.1) and (88.2), and express the covariant deriva-
tives in the terms of the Wlfc, Z,, and A, fields. From our results in section
87, we have

G ALT! 4 9o A2T% = 2 ( oW > (88.14)

M [ _ :
V2\w,; 0

and

RAT? + 1BY = £ (s Ay + ew Z)T? + & (cw Ay — 5w 2,)Y

Sw
= e(A, +cot 0y Z,)T3 + e(A, —tan 6y, Z,)Y
=e(T* +Y)A, + e(cot 0, T3 —tan6,,Y)Z, . (88.15)

Since we identify A, as the electromagnetic field and e as the electromagnetic
coupling constant (with the convention that e is positive), we identify

Q=T3+Y (88.16)
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as the generator of electric charge. Then, since

TPv=+iv, Te=-%e, Te=0, (88.17)

Yv=-1v, Ye=-le, Ye=-+e, (88.18)
we see from eq. (88.16) that

Qu=0, Qe = —e, Qe = +e . (88.19)

This is just the set of electric charge assignments that we expect for the
electron and the neutrino. Then (since the action of @ on the fields is more
familiar than the action of Y') it is convenient to replace Y in eq.(88.15)
with Q — T3. We find

G AST® + g1 B,Y = eQA, + e[(cot fy, + tan 6,)T° — tan 0,Q] Z,

= QA + 55 (T° = 53,Q)Z,, . (88.20)

In terms of the four-component fields, we have
(A T° + 1 BY)E = |—eAy+ 5.5 (=3P + sfv)zu]g ., (88.21)
(g A0T% + 1 BLY )N, = 55— (+3) 2, N, (88.22)

Using egs. (88.14) and (88.21)—(88.22) in eqgs. (88.1)—(88.3), we find the coup-
ings of the gauge fields to the leptons,

SwClw

Ling = J592W, T+ GouW T 4 oG 2, J0 e Ay Tl (88.23)

where we have defined the currents

JTH = EAMN, (88.24)
JH = NA*E, (88.25)
Jh= T4 — s2 Tk (88.26)
Ji = SN AN, = SEAE, (88.27)
Jh = —ENHE . (88.28)

In many cases, we are interested in scattering amplitudes for leptons whose
momenta are all well below the W+ and Z° masses. In this case, we can
integrate the let and Z, fields out of the path integral, as discussed in
section 29. We get the leading term (in a double expansion in powers of
the gauge couplings and inverse powers of M, and M,) by ignoring the
kinetic energy and other interactions of the Wlf and Z, fields, solving the
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equations of motion for them that follow from Liass + Lint, where Ly i
given by eq. (88.23) and

Liass = _MVQVWJ’_“WM_ - %MZQZ“ZH s (8829)

and finally substituting the solutions back into Lyass + Lint- This is equiv-
alent to evaluating tree-level Feynman diagrams with a single W+ or Z°
exchanged, with the propagator g/ /M2 ,. The result is

2

2
_ 9 gtpy-
Sy e e

e2

- 252 M2

(J+“J/; +J5 )

=2V2Gw(J T, + J1T,,) - (88.30)

We used e = gosinfy, and My, = M, cos Oy, to get the second line, and we
defined the Fermi constant

62

Gp=—0©O
"7 42 sin?0, M2

(88.31)
in the third line. We can use Lqg to compute the tree-level scattering ampli-
tude for processes like v.e™ — re.e™; we leave this to the problems.

Having worked out the interactions of a single lepton generation, we now
examine what happens when there is more than one of them. Let us consider
the fields ¢;; and é;, where I = 1,2, 3 is a generation index. The kinetic term
for all these fields is

Lyin = ill'6H" (D) ¢, +iela"D,é, (88.32)

where the repeated generation index is summed. The most general Yukawa
term we can write down now reads

EYuk = _5ij90i£j1yIJéJ + h.c. 5 (8833)

where vy, , is a complex 3 x 3 matrix, and the generation indices are summed.
We can make unitary transformations in generation space on the fields: ¢, —
L, ¢, and €, — FE,,e,, where L and E are independent unitary matrices.
The kinetic terms are unchanged, and the Yukawa matrix y is replaced with
L™yE. We can choose L and E so that L™yFE is diagonal with positive real
entries y,. The charged leptons £, then have masses m., = y,v/v/2, and the
neutrinos remain massless. In the currents, eqs. (88.24)—(88.28), we simply
add a generation index I to each field, and sum over it.
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" P p/l v,
_p/2 .
P}

Figure 88.1. Feynman diagram for muon decay. The wavy line is a W
propagator.

Let us work out the details for one process of particular importance: muon
decay, u~ — e~ V.. Let the four-component fields be & for the electron, M
for the muon, N, for the electron neutrino, and N, for the muon neutrino.
Only the charged currents Jf are relevant; the neutral current Ji' and the
electromagnetic current Jk,; do not contribute. Ignoring the 7 terms in the
charged currents, we have

JHH = E ANy, + MA* N, (88.34)
JH = Nu"E + Ny * M., . (88.35)
The relevant term in the effective interaction is
Lot = 2V2 Gp(E A" Now) (N ML) - (88.36)
This can be simplified by means of a Fierz identity (see problem 36.3),
Lo = —4V2Gp(MCP,N)(EP.NS) . (88.37)

Assigning momenta as shown in fig. 88.1, and using the usual Feynman rules
for incoming and outgoing particles and antiparticles, the scattering ampli-
tude is

T = —4V2 Gp(ufCPVY) (s P.CTY")
= —4V2 Gp(v1 Pvh) (h Pavy) (88.38)
Taking the complex conjugate, and using P, = P,, we find
T* = —4V2 Gp(Th Pavy ) (T Pub) (88.39)

Multiplying egs. (88.38) and (88.39), summing over final spins and averaging
over the initial spin, we get
(IT) = 5(4v2)°GE Te[(—of, —1mu) P (1) P
X Te[(—pytme) P(—pDP] . (88.40)
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The traces are easily evaluated, with the result

(IT1%) = 64GT (p105) (P P5) - (88.41)

We get the decay rate I' by multiplying (|7|?) by dLIPS3(p;) and integrating

over p’17273. We worked out the result (in the limit m. < m,,) in problem 11.3,
_ G%mi

19273

(88.42)

After including one-loop corrections from electromagnetism, and accounting
for the nonzero electron mass, the measured muon decay rate is used to
determine the value of Gy, with the result Gp = 1.166 x 1075 GeV 2.

Reference notes

Lepton phenomonology is covered in more detail in in Cheng & Li, Georgi,
Peskin € Schroeder, Quigg, and Ramond I1.

Problems

88.1) Verify the claim made immediately after eq. (88.6).

88.2) Show that a neutrino always has negative helicity, and that an antineutrino
always has positive helicity. Hint: see section 75.

88.3) Show that the sum of eqs. (88.32) and (88.33), when rewritten in terms of
fields of definite mass, has a global symmetry U(1) x U(1) x U(1). The corre-
sponding charges are called electron number, muon number, and tau number;
the sum of the charges is the lepton number. List the value of each charge for
each Dirac field £ and N,,.

88.4) Compute (|7]?) for muon decay using eq. (88.36), without making the Fierz
transformation to eq. (88.37), and verify eq. (88.41).

88.5) a) Write down the term in Leg that is relevant for and v,e~ — v,e™. Express

your answer in the form

chf = %GF N’yu(1*75)N37#(CV*CA’Y5)€ ) (8843)

where N is the muon neutrino field, and determine the values of C and
Ch.
b) Repeat part (a) for vee™ — vee™.
¢) Compute (|7]?) as a function of the Mandelstam variables, and C\ and
Ch.
88.6) Compute the rates for the decay processes W+ — etv,, 20 — ¢
Z°% — U,v,. Neglect the electron mass. Express your results in GeV.

*e~, and



P1: PJR/PJR

P2: RNK/XXX QC: RNK/XXX T1: RNK

CUUKT761-Srednicki August 25, 2006 14:51

The standard model: lepton sector 555

88.7) Anomalous dimension of the Fermi constant. The coefficient of the effective

interaction for muon decay, eq. (88.36), is subject to renormalization by quan-
tum electrodynamic processes. In particular, we can compute its anomalous
dimension v¢g, defined via

M%GF(N) — () Cr(i) | (88.44)

where o = €2 /4r is the fine-structure constant in the MS scheme with renor-
malization scale pu.
a) Argue that it is Gp(M,y) that is given by eq. (88.31).
b) Multiply eq. (88.36) by a renormalzing factor Zg, and define
In(Za/Z2) = Gnl) , (88.45)

en
n=1

where Z5 is the renormalizing factor for a field of unit charge in spinor
electrodynamics. Show that

Va(@) = agi(a). (88.46)
) If yg(a) = cia+ O(a?) and B(a) = bja® + O(a?), show that

o c1/b1
Gr(p) = LU(\Z)VJ Gr(My) (88.47)

for p < My,. (For i > My, we should not be using an effective interaction.)
d) If a(p) In(My /1) < 1, show that eq. (88.47) becomes

Gr(p) = [1 — cra(p) ln(Mw/,u)}GF(Mw) . (88.48)
e) Use a Fierz identity to rewrite eq. (88.36) in charge retention form,
Lot = 2V2 ZaGr(EA" ML) (N yuNor) - (88.49)

f) Consider the process of muon decay with an extra photon connecting the
p and e lines. Work in Lorenz gauge, and with the four-fermion vertex
provided by eq. (88.49). Use your results from problem 62.2 to show that,
in this gauge, there is no O(a) contribution to Z¢g in the MS scheme.

g) Use your result from part (d), and your result for Z5 in Lorenz gauge from
problem 62.2, to show that ¢; = 0, and hence that Gr(u) = Grp(My) at
the one-loop level.
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The standard model: quark sector

Prerequisite: 88

Quarks are spin-one-half particles that are triplets of the color group. There
are six different flavors of quark; see Table 1 in section 83. The six flavors
are naturally grouped into three families or generations: v and d, ¢ and s,
t and b.

Let us begin by describing a single quark family, the up and down quarks.
We introduce left-handed Weyl fields ¢, @, and d in the representations
(3,2,4%), (3,1,—2), and (3,1,43) of SU(3) x SU(2) x U(1). Here the bar
over the letter in the fields w and d is part of the name of the field, and does
not denote any sort of conjugation. The covariant derivatives of these fields
are

(Dp@)ai = Ouai — igsAL(T5)a qpi — ig2 AL (TS)i qg;

— igl(—i—%)Buqm , (89.1)
(D)™ = 0,u* — igs A%(TS) " su” —igi(—%)B.u® (89.2)
(Dpd)® = 9,d™ — igs A%(T&)* pd” — igy (+3) Bpd™ . (89.3)

We rely on context to distinguish the SU(3) gauge fields from the SU(2)

gauge fields. The kinetic terms for ¢, @, and d are
Liin = iq' 5" (Dyq) ai + i}, 6" (D,a)™ + id,o* (D,ud)® . (89.4)

The representation (3,2,+3)® (3,1,—2) @ (3,1,+3) for the left-handed
Weyl fields is complex; hence the gauge theory is chiral, and therefore parity
violating.

We cannot write down a mass term involving ¢, %, and/or d because
there is no gauge-group singlet contained in any of the products of their
representations. But we are able to write down Yukawa couplings of the

556
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form
Lyuk = —Y'€70iqajd™ — ¢ qait® + hoc. | (89.5)

where ¢ is the Higgs field in the (1,2, —3%) representation that we introduced
in section 87, and 3’ and 3" are the Yukawa coupling constants. These gauge-
invariant Yukawa couplings are possible because there are singlets on the
right-hand sides of

(1,2,-3) @ (3,2,48) ® 3,1, +3) = (L,LO) @ ..., (89.6)
(1L,2,+43)®(3,2,+5) ® (3,1,-2) = (1,1,0) & ... . (89.7)

There are no other gauge-invariant terms involving ¢, @, or d that have mass
dimension four or less. Hence there are no other terms that we could add to
L while preserving renormalizability.

In unitary gauge, we replace ¢; with %(v + H), where H is the real
scalar field representing the physical Higgs boson, and ¢y with zero. The
Yukawa term becomes

Lyvuk = —%y’(v + H)QQQJQ — %y"(v + H)qalﬂa + h.c. . (89.8)

It is now convenient to assign new names to the SU(2) components of g,

q= <d> . (89.9)

Ly = =y (v + H)(dad® + dfd™) — Loy (v + H)(uai® + u’)

Then eq. (89.8) becomes

— 5y (v + H)DD, — 7Y (v + H)U U, , (89.10)

where we have defined Dirac fields for the down and up quarks,

D dq U
= = . 11
o ) Ua at (89.11)

We see from eq. (89.10) that the up and down quarks have acquired masses

y/U y//,U
—, My = —= .
V2 V2

Now we return to eqgs. (89.1)—(89.3), and express the covariant derivatives

My = (89.12)

in the terms of the W;F, Z,, and A, fields. From our results in section 88,
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we have
0o Wi
1l 22 92 ©
G AT + gpAZT = == , (89.13)
: g V2\w,; 0
R AT + 1BY = eQA, + 55 (T° = 52.Q) 2, (89.14)
where
Q=T+Y (89.15)

is the generator of electric charge. Then, since

T3u = —|—%u , T3d = —%d , T37 =0, T3J: 0 s (8916)
we see from eq. (89.15) that

Qu=+2u Qd=-%1d, Qu=-%u, Qd=+id. (89.18)

This is just the set of electric charge assignments that we expect for the up
and down quarks. In terms of the four-component fields, we have

(92A3T3 + g B,Y)U = [+§6AM + 58 (+5P. - gsfv)zu} U, (89.19)

(924373 + ¢, B,Y)D = [—%eAu + 55 (-4R + %s’@)zﬂ}p . (89.20)

Using egs. (89.13) and (89.19)—(89.20) in egs. (89.1)—(89.4), we find the coup-
ings of the electroweak gauge fields to the quarks,

Lint = —592W, T+ + W T+ g -2, eA L, (89.21)
where we have defined the currents

JtH =Dy U, , (89.22)

JH=UAND,, (89.23)

Jh =gt — 2 gk (89.24)

JY=iU A U, — LD AD, (89.25)

JE, = +2UAU — iDYD . (89.26)

Having worked out the interactions of a single quark generation, we now
examine what happens when there is more than one of them. Let us consider
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the fields quis, @,, and d,, where I = 1,2, 3 is a generation index. The kinetic
term for all these fields is

Lign = iq" " 0" (Dy)ai™ qpj; + tl,6*(Dy)* g} +idl,,6*(Dy)* sy
(89.27)
where the repeated generation index is summed. The most general Yukawa
term we can write down now reads

Lyux = —€0iajry;,d5 — ¢ uiny],u5 + e, (89.28)

where ¢/, and y”, are complex 3 x 3 matrices, and the generation indices
are summed. In unitary gauge, this becomes

Ly = —\%(v + H)da,y,,d% — \%(v + H)ua,y! a% + hee. . (89.29)

We can make unitary transformations in generation space on the fields: d, —
D,,d,,d, — D,,d,, u, — U,u,, and @, — U,,4,, where U, D, U and D are
independent unitary matrices. The kinetic terms are unchanged (except for
the couplings to the W, as we will discuss momentarily), and the Yukawa
matrices v’ and y" are replaced with D"y'D and U"y”U. We can choose
D, D, U, and U so that D"y'D and U"y"U are diagonal with positive real
entries y' and y”. The down quarks D, then have masses mg, = y'v/V/2,
and the up quarks U, have masses m,, = y”v/+v/2. In the neutral currents
J4 and Jf,, we simply add a generation index I to each field, and sum over
it. The charged currents are more complicated, however; they become

JTH =D, (V) U, (89.30)
JH = HLI‘/IJ,Y#DLK ; (8931)

where V' = U'D is the Cabibbo—Kobayashi-Maskawa matriz (or CKM matriz
for short). Note that we did not have this complication in the lepton sector,
because there we had only one Yukawa term.

A 3 x 3 unitary matrix has nine real parameters. However, we are still free
to make the independent phase rotations D, — e’ D, and U, — P U,, as
these leave the kinetic and mass terms invariant. These phase changes allow
us to make the first row and column of V,, real, eliminating five of the nine
parameters. The remaining four can be chosen as 61 (the Cabibbo angle), 02,
A3, and 6, where

C1 +s1c3 +8183

8 creosg + sacse® || (89.32)
P

V =| —sica creacs3 — s953€

6

—S8182 (C182C3 + 6283€i C158283 — CQCgei
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and ¢; = cos6; and s; =sinf;. The measured values of these angles are
s1 = 0.224, so = 0.041, s3 = 0.016, and 6 = 40°. Note that the charged cur-
rents now have some terms with a phase factor ?, and some without. Since
the time-reversal operator T is antiunitary (71T = —i), the charged cur-
rents do not transform in a simple way under time reversal. This implies that
the charged current terms in Ly are is not time-reversal invariant; hence
the electroweak interactions violate time-reversal symmetry. Since CPT is
always a good symmetry, time-reversal violation is equivalent to C'P viola-
tion; ¢ is therefore sometimes called the C'P wviolating phase.

At high energies, we can use our results to compute electroweak con-
tributions to scattering amplitudes involving quarks. This is because, at
high energies, the SU(3) coupling g3 is weak; we can, for example, reli-
ably compute the decay rates of the W+ and Z° into quarks, because
az(M,) = g3(M,)/4m = 0.12 is small enough to make QCD loop corrections
a few-percent effect.

To understand low-energy processes such as neutron decay, we must first
write the currents in terms of hadron fields. We take this up in the next
section. For now, we simply note that the terms in the charged currents
that involve only up and down quarks are

Jt =Dy U, (89.33)
T = e U D, | (89.34)

where ¢; is the cosine of the Cabibbo angle.

Reference notes

Electroweak interactions of quarks are discussed in more detail in Cheng &
Li, Georgi, Peskin € Schroeder, Quigg, and Ramond II.

Problems

89.1) Verify the claims made immediately after egs. (89.4) and (89.7).

89.2) Compute the rates for the decay processes W+ — ud, Z° — wu, and Z° — dd.
Neglect the quark masses. Express your results in GeV. Combine your answers
with those of problem 88.6, and sum over generations to get the total decay
rates for the W+ and Z°. You can neglect the masses of all quarks and leptons
except the top quark, and take 65 = 63 = 0.

89.3) Show that the Standard Model is anomaly free. Hint: you must consider 3—
3-3, 2-2-2, 3-3-1, 2-2-1, and 1-1-1 anomalies, where the number denotes
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the gauge group of one of the external gauge fields in the triangle diagram.
Why do we not need to worry about the unlisted combinations?

Compute the leading term in the beta function for each of the three gauge
couplings of the Standard Model.

After integrating out the W+ fields, we get an effective interaction between
the hadron and lepton currents that includes

Leg = 2V2 ZcC(EANNoL)(UAD,) | (89.35)

where we have defined C' = ¢; G at a renormalization scale u = My, and Z¢
is a renormalizing factor. This interaction contributes to neutron decay; see
section 90. In this problem, following the analysis of problem 88.7, we will
compute the anomalous dimension ¢ of C' due to one-loop photon and gluon
exchange.

a) Use Fierz identities to show that eq. (89.35) can be rewritten as

Leg = 2V2 ZcC(E A" D) (UA* Ny ) (89.36)
and also as
Leg = —4V2 ZoC(DC P, N,)(EPLUC) . (89.37)

b) Working in Lorenz gauge and using the results of problem 88.7, show that
gluon exchange does not make a one-loop contribution to Z¢.

¢) Show that only a photon connecting the e and u lines makes a one-loop
contribution to Z.

d) Note that EP,U° = eful, and compare this with £ = efé + h.c.. Argue
that the photon-exchange contribution to Zg is given by the one-loop
contribution to Z,, in spinor electrodynamics in Lorenz gauge, with the
replacement (—1)(+1)e* — (=1)(+3)e?.

e) Let yo(a) = cia+ ..., where a = €2 /47, and find ¢;. (This ¢; should not
be confused with the cosine of the Cabibbo angle.)
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Electroweak interactions of hadrons
Prerequisite: 83, 89

Now that we know how quarks couple to the electroweak gauge fields,
we can use this information to obtain amplitudes for various processes
involving hadrons. We will focus on three of the most important: neutron
decay, n — pe~ v; charged pion decay, 7~ — u~ v,; and neutral pion decay,
70— yq.

Recall from section 83 the chiral lagrangian for pions and nucleons,

L£=-12Tvoru’,U + v Te(MU + MTUT)
+iNJN — myN(U'P, + UP,)N
— Yg.—1)iNy" (U, UP, + U9, UP,)N , (90.1)

where U(z) = exp[2in®(z)T%/f=], 7 is the pion field, N is the nucleon field,
fr is the pion decay constant, M is the quark mass matrix, v3 is the value
of the quark condensate, my is the nucleon mass, and g, is the axial vector
coupling. The electroweak gauge group SU(2) x U(1) is a subgroup of the
SU(2)1, x SU(2)r x U(1)y flavor group that we have in the limit of zero
quark mass. It will prove convenient to go through the formal procedure
of gauging the full flavor group, and only later identifying the electroweak
subgroup. We therefore define matrix-valued gauge fields I,(x) and r,(z)
that transform as

l, — LU, LT +iLo, LT, (90.2)
ry — Rry,R' +iRO,R' . (90.3)
Here L(x) and R(x) are 2 x 2 unitary matrices that correspond to a general

SU(2)r, x SU(2)gr x U(1)y gauge transformation; we restrict the U(1) part
of the transformation to the vector subgroup by requiring det . = det R and

562
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Trl, = Trr,. The transformation rules for the pion and nucleon fields are

U — LUR', (90.4)
N, — LN, , (90.5)
NR - RNR bl (906)

where N, = PN and N; = P; N are the left- and right-handed parts of the
nucleon field.

We can make the chiral lagrangian gauge invariant (except for terms
involving the quark masses) by replacing ordinary derivatives with appropri-
ate covariant derivatives. We determine the covariant derivative of each field
by requiring it to transform in the same way as the field itself; for example,
DU — L(D,U)R'. We thus find

DU =9,U —il,U +iUr, , (90.7)
DU =9,U" +iU"l, —ir,UT, (90.8)
D,N, = (9, —il,)N, , (90.9)
DNy = (8, — iry) Ny . (90.10)

Making the substitution @ — D in L, we learn how the pions and nucleons
couple to these gauge fields.

As in section 83, it is more convenient to work with the nucleon field N,
defined via

N = (uP, +u'PON , (90.11)
where u? = U. Making this transformation, we ultimately find
L=—-12Te(0"Uta,U — i Ud, Ut — irtUto,U
+ 11, + vy, — 204U, UT)
+ 03 Te(MU 4+ MUY +iNJN — myNN
F NP+ 5f + 5FIN = g N (¢ + 5f — 57 )N (90.12)

where
vy = %i[uT(BMu) +u(@,uh)], (90.13)
ay = gilul (Ouu) — u(9u)] | (90.14)
I, =ull,u, (90.15)
= uryul (90.16)
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It is now convenient to set
lM:lZTa%—bu , (90.17)
Ty = r/‘jT"“ + b, . (90.18)

We have normalized b, so that the corresponding charge is baryon num-
ber. The SU(2) gauge fields of the Standard Model can now be identified
as

GA, =1, (90.19)
and the electromagnetic gauge field as
eAy =15 +7d + 3by . (90.20)

Eq. (90.20) follows from reconciling eqs.(90.9) and (90.10) with the
requirement that the electromagnetic covariant derivatives of the pro-
ton field p = N; and the neutron field n = Ny be given by (9, —ieA,)p
and dyn.

We can now find the hadronic parts of the currents that couple to the
gauge fields by differentiating £ with respect to them, and then setting
them to zero. We find

Jer = (oL /olg)|

=r=0

= L2 T TV U + SN ul T (1 g5 Jul'

_ +%fﬂ—8’uﬂ'a _ %gabcﬂ_bauﬂ.c + %NTa,yu(l_gAfYB)N_i_ e (9021)

Jor = oL /org)|

— Lif2 Te TU TR + SN uT (149,75 )ul N

= — Lot — 1e®enboint + ANTH (14g,75)N +..., (90.22)

T = (0L/0b,)],

=r=0

= NN . (90.23)

In the third lines of egs. (90.21) and (90.22), we have expanded in inverse
powers of fr. We can now identify the currents thatcouple to the physical
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Wlfc, Z,, and A, fields as

T = e (JHF — i)

= %Cl(f,ra“w'F + im0, ) + Ty (l—gos)p+... ., (90.24)
7 =i (JHF i)
= %cl(fﬂ(?“ﬂ_ —imOMTT) + e py*(1—gays)n+...,  (90.25)
Jh =4 — 2Tk (90.26)
JE = g3
= %(fwauﬂo + i7r+(j3_’:7r_)
+ 107" (1=g:75)p — 3V (l=gays)n + ... (90.27)
JE = T I 4 L
— int i +pp+. .., (90.28)
where c¢; is the cosine of the Cabibbo angle, and the interactions are specified
by
Line = G502 WiT ™ + Z5oWiTH + o -7, 00 + eAJl, . (90.29)

For low-energy processes involving W+ or Z° exchange, we can use the
effective current-current interaction that we derived in section 88,

Lo = 2V2Gp(J I, + J1T,,) - (90.30)

We should include both hadronic and leptonic contributions to the currents.
Consider charged pion decay, 7~ — u~7,. The relevant terms in the
charged currents (neutral currents do not contribute) are

JH = %clfﬂ(‘?“w_ , (90.31)
T = LMy (1—5) N (90.32)

where M is the muon field and N, is the muon neutrino field. The relevant
term in the effective interaction is then

Log = Gpclfwauﬂfﬂ’yu(l—’%)/\[m . (90.33)
The corresponding decay amplitude is

T = GFclfﬂk‘u 51’7“(1—’75)1)2 , (90.34)
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where the four-momenta of the pion, muon, and antineutrino are k, p1, and
p2. Eq.(90.34) can be simplified by using § = p, + g, along with u1p, =
—myy and p,vy = 0; we get

T = —Gpclfﬂmﬂﬂl(l—’)%)vg . (90.35)

We see that 7 is proportional to the muon mass; since m, > me, decay to
p~ v, is preferred over decay to e~ 7.
Squaring 7 and summing over final spins, we find

(IT?) = (Gre frmu)*(—8p1-p2)
= 4(Grey femy)?(m2 —m?) . (90.36)

We used —2p;-py = p% +p§ — (p1+p2)? = —mi + 0+ m2 to get the second
line. We now have

1
r= LIP T|?
s [ LIPS0 (TP
P
= 87T7;L3r (171%)
2
G%cfﬂmimﬁ m?
_= —ﬂ' ]. - _M *
y= mt ] (90.37)

where we used |p1| = (m2 — mi) /2m to get the last line. Since we deter-

mine the value of G from the decay rate of the muon (see section 88), the
charged pion decay rate allows us to fix the value of ¢ fr.

The value of ¢; can be determined from the rate for the decay process
Y¢~ 0., which we will calculate in problem 90.6. The relevant hadronic
term in the charged current is

T — T

JH = — Loy 0k (90.38)

which depends on ¢y but not f,. Comparison with experiment then yields
c1 = 0.974. We note that the key feature of eq.(90.38) is that it involves
spin-zero hadrons that are members of an isospin triplet; eq. (90.38) applies
to any such hadrons, including nuclei. Thus c¢; can also be measured
in superallowed Fermi decays, which take a nucleus from one spin-zero
state to another spin-zero state with the same parity in the same isospin
multiplet.
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Next we consider neutron decay, n — pe” U.. The relevant terms in the
charged currents (neutral currents do not contribute) are

JH = sy (1—gays)n (90.39)
JtH = LEyM(1—5)Ne | (90.40)

where &£ is the electron field and N, is the electron neutrino field. The rele-
vant term in the effective interaction is then

Lo = %GFCIﬁ'}’ﬂ(l_gA’Y5)nszu(l_75)Ne : (90.41)

Consider a neutron with four-momentum p,, = (my,0), and spin up along
the z axis; the decay amplitude is

T = %GFcl [@py" (1=ga75)un] [ﬂe’}’u(l_’%)vﬁ] ) (90.42)

where u, U, = 5(1—75#)(—pn+my). We take the absolute square of 7 and
sum over the final spins. Since the maximum available kinetic energy is
my, —my —me = 0.782 MeV < m,,, the proton is nonrelativistic, and we can
use the approximations p,-pe ~ —m,F. and p,-py ~ —m,FE; in addition to
the exact formulae p,-p. = —mpE. and p,-py = —m,Ey. After a tedious
but straightforward calculation, we find

(IT|?) = 16 G35 (1 + 3¢2)mpmyE.Ey

Pe Py z-pe Z' Py
1 A B 90.43
X [1+a L5, + B +B——1, ( )
where the correlation coefficients are given by
1—g? 2. (1 — 2g.(1
a= 179 4 _20.0-9) g’*) . p=20l+9) +§A) . (90.44)
1+ 3932 1+ 3gz2 1+ 39z

When we integrate over the final momenta to get the total decay rate, the
correlation terms vanish, and so the rate is proportional to Gaci(1 + 3¢2).
Since we get the value of Gac? from the rate for 7~ — 7e™ . the neutron
decay rate allows us to determine 1+ 3g2. To get the sign of g,, we need
a measurement of either A or B. (The antineutrino three-momentum can
be determined from the electron and proton three-momenta.) The result is
that g, = +1.27. The measured values of the three correlation coefficients
are all consistent with eq. (90.44).

Finally, we consider the decay of the neutral pion into two photons, 70 —
~7. None of the terms in our chiral lagrangian, eq. (90.12), couple a single
70 to two photons. Therefore, without adding more terms, this process does
not occur at tree level. However, at the one-loop level, we have the diagrams
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u
I-k I+k,
k k] k kl
->- ! + ->- !
v v
I+k, k I—k, r,

Figure 90.1. One-loop diagrams contributing to 7° — ~v. The solid line is
a proton.

of fig. 90.1; a proton circulates in the loop. Let us evaluate these diagrams.
In section 83, we found that the coupling of the 7° to the nucleons is given
by

Loy = —5(gu/ f2)0um° BV v5p — Ay y50) - (90.45)

This leads to a 7%pp vertex factor of %(gA/ fr)kpy?ys. The diagrams in
fig. 90.1 are then identical to the diagrams we evaluated in section 76, and
so the one-loop decay amplitude is

Ti-toop = 5(9a/ fr)(i€)*€1uE20ky O (k1 Ko, k) | (90.46)
where
ki, CHP (ky, ko, k) = —;?5“”0%1@/% . (90.47)

Here we have chosen to renormalize so as to have k1,C*?(ky, k2, k) = 0 and
ko, CHYP(ky, ko, k) = 0; this is required by electromagnetic gauge invariance.
Combining egs. (90.46) and (90.47), we get

gA€2

TAZ_ gonbry, k . 4
47F2f7r€ 10651M gﬁ&‘zy (90 8)

/Tl—loop = -
This result is subject to higher-loop corrections. Note that diagrams with
extra internal pion lines attached to the nucleon loop are not suppressed by
any small expansion parameter. Thus we cannot trust the overall coefficient
in eq. (90.48).

Note that this amplitude would arise at tree level from an interaction
of the form Lo, o WOEO‘“BVFWFM. If we integrate out the nucleon fields
to get an effective lagrangian for the pions and photons alone, such a term
should appear.

There is a problem, however. The SU(2);, x SU(2)r x U(1)y symmetry
of the effective lagrangian implies that a pion field that has no derivatives
acting on it must be accompanied by at least one factor of a quark mass.
For example, we could have Lo, iTr(MU—MTUT)saWVFWFVg. The
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problem is that there are no quark-mass factors in eq. (90.48). So we have an
apparent contradiction between our explicit one-loop result, and a general
argument based on symmetry.

This contradiction is resolved by noting that the electromagnetic gauge
field results in an anomaly in the axial current f“ = JE“ - Jf:“ . In terms

of the quark doublet
u
Q= ; (90.49)
D

T = QT34 ~5Q

= %177“752/1 — %57“7517 , (90.50)

this current is

where we have suppressed the color indices. Using our results in sections 76
and 77, the anomalous divergence of this current is given by

2
€ Vpo
Ol = — 1o T Q)P Fyuy Fr (90.51)
where

+2 0
Q= (90.52)

o -1

3

is the electric charge matrix acting on the quark fields, and the trace includes
a factor of three for color; we thus have

T(T%Q%) = 3(3(+3)2 = 3(=)%) = +} (90.53)
and so
3 62 uvpo
8MJA = —ch FNVFPU . (9054)

This formula is exact in the limit of zero quark mass.
Now using eqs. (90.21) and (90.22), we can write the axial current in terms
of the pion fields as

T = g — g
= frotmd . (90.55)

(We do not include the nucleon contribution because we are considering the
effective lagrangian for pions and photons after integrating out the nucle-
ons.) From eq. (90.55) we have aqu“ = fz0%?7Y + .. .; Combining this with



P1: PJR/PJR

P2: RNK/XXX QC: RNK/XXX T1: RNK

CUUKT761-Srednicki August 25, 2006 14:52

570 Quantum Field Theory

eq. (90.54), we get

2
e - _
This equation of motion would follow from an effective lagrangian that
included an interaction term of the form

62

0
Loy = 35 T PP, Foo . (90.57)
This interaction leads to a 7° — v decay amplitude of
62 v po
T = _47I‘2f 3 klu€1yk2p€20 . (90.58)

This amplitude receives no higher-order corrections in e?, but is subject
to quark-mass corrections; these are suppressed by powers of m?r /(47 fr)2.
Comparing eq. (90.58) with eq. (90.48), we see the one-loop result (which
receives unsuppressed corrections) is too large by a factor of g, = 1.27.
Squaring 7, summing over final spins, integrating over dLIPSq(k), and
multiplying by a symmetry factor of one half (because there are two identical
particles in the final state), we ultimately find that the decay rate is

2,3
a‘m;

T 64m3f2

(90.59)

This prediction is in agreement with the experimental result, which has an
uncertainty of about 7%.

Reference notes

Electoweak interactions of hadrons are treated in Georgi and Ramond I1.

Problems

90.1) Verify that the covariant derivatives in egs. (90.7)—(90.10) transform appro-
priately.
90.2) Verify that substituting eq. (90.11) into eq. (90.1) yields eq. (90.12).
90.3) Compute the rate for the decay process 7= — 7~ v,. Look up the measured
value and compare with your result.
90.4) a) Verify eq. (90.43).
b) Compute the total neutron decay rate. Given the measured neutron life-
time 7 = 8865, and using Gy = 1.166 x 107 GeV~2 and ¢; = 0.974, com-
pute g.. Your answer is about 4% too high, because we neglected loop
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corrections, and the Coulomb interaction between the outgoing electron
and proton.

90.5) Use your results from problems 88.7 and 89.5 to show that the neutron decay
rate is enhanced by a factor of 1+ 2aIn(M,/m,). How much of the 4%
discrepancy is accounted for by this effect?

90.6) Compute the rate for the decay process 7~ — me~ .. Note that, since m+ —
Mo = 4.594MeV < m o, the outgoing 7° is nonrelativistic. Compare your
calculated rate with the measured value of 0.397s~! to determine ¢;. Your
answer is about 1% too low, due to neglect of loop corrections.

90.7) Verify eq. (90.59). Express I in eV.
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Neutrino masses

Prerequisite: 89

Recall from sections 88 and 89 that a single generation of quarks and leptons
consists of left-handed Weyl fields qq;, a®, d*, ¢;, and € in the representa-
tions (3,2,—1—%), (3,1,—%), (3,1,4—%), (1,2,—3), and (1,1,+1) of the gauge
group SU(3) x SU(2) x U(1). The Higgs field is a complex scalar ¢; in the
representation (1,2, —%) The Yukawa couplings among these fields that are
allowed by the gauge symmetry are

Lvuk = —yeijcpiﬁjé — y’sijgoiqajcza — y”cp“qmﬁa +h.c.. (91.1)

After the Higgs field acquires its VEV, these three terms give masses to
the electron, down quark, and up quark, respectively. The neutrino remains
massless. Thus, massless neutrinos are a prediction of the Standard Model.

However, there is now good experimental evidence that the three neutri-
nos actually have small masses. The data implies that mass of the heaviest
neutrino is in the range from 0.04 to 0.5eV. To account for this, we must
extend the Standard Model.

Let us continue to consider a single generation. We introduce a new left-
handed Weyl field # in the representation (1,1, 0); this field does not couple
to the gauge fields at all, and its kinetic term is simply Z'DT&“(?MD. (The
bar over the v in the field v is part of the name of the field, and does not
denote any sort of conjugation.) With this new field, we can introduce a
new Yukawa coupling of the form

Lyvak = —J¢''tiv + hee. . (91.2)
In unitary gauge, this becomes
Lovak = =550+ H) (v + 710l . (91.3)

We see that the neutrino mass is m = gv/v/2.

572
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If this was the end of the story, we would have no understanding of why
the neutrino mass is so much less than the other first-generation quark and
lepton masses; we would simply have to take ¢ much less than y, ¢/, and y”.

However, because 7 is in a real representation of the gauge group, we are
allowed by the gauge symmetry to add a mass term of the form

Lomass = —3M (o0 + 0'57) . (91.4)

Here M is an arbitrary mass parameter. In particular, it could be quite
large.
Adding egs. (91.3) and (91.4), we find a mass matrix of the form

Lopmass = — 1 (v D)C; Z) (Z)—f—h.c.. (91.5)

If we take M > m, then the eigenvalues of this mass matrix are M and
—m?2/M. (The sign of the smaller eigenvalue can be absorbed into the phase
of the corresponding eigenfield.) Thus, if m is of the order of the electron
mass, then m2/M is less than 1eV if M is greater than 103GeV. So §
can be of the same order as the other Yukawa couplings, provided M is
large. This is called the seesaw mechanism for getting small neutrino masses.
The eigenfield corresponding to the smaller eigenvalue is mostly v, and the
eigenfield corresponding to the larger eigenvalue is mostly ».

Another way to get this result is to integrate out the heavy v field at
the beginning of our analysis. We get the leading term (in an expansion in
inverse powers of M) by ignoring the kinetic energy of the v field, solving
the equation of motion for it that follows from L5 mass + £, vuk, and finally
substituting the solution back into Lzmass + Lo vuk- The result is

2 . .
[:yYuk—i—mass = y— (SOTZEZ)(SOUEJ) + h.c.

2M
= —%m,,(uu+VTVT)(1+H/U)2 ; (91.6)
where
mQ :lj2?}2
=_" _—_Z - 1.
M =" OM (O1.7)

Again, we can absorb the minus sign in eq. (91.7) by making the field redef-
inition v — .

The seesaw mechanism has a straightforward extension to three genera-
tions. Let us consider the fields ¢;;, €,, and v,, where I = 1,2, 3 is a gener-
ation index. The most general Yukawa and mass terms we can write down
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now read
£Yuk+mass = —5ij¢i€jzyz.zéJ - 90“51151.717.1 - %MI.IDIDJ +h.c s (918)

where y,, and ¥,, are complex 3 x 3 matrices, M,, is a complex symmetric
3 x 3 matrix, and the generation indices are summed. In unitary gauge, this
becomes

»cYuk—l-mass = _\/L?(U"i_H)eruéJ - %(U—i_H)VIgIJDJ - %MIJDIDJ +h.ec..
(91.9)
We can now integrate out the v, fields; eq. (91.9) is then replaced with

ﬁYukerass = _\/LE(U""H)erIJéJ - %(mu)IJ(VIVJ + V}LV}L)(1+H/U)2 ’
(91.10)

where we have defined the complex symmetric neutrino mass matrix
(mu)r, = =503 (GTM )., - (91.11)

We can make unitary transformations in generation space on the fields: e, —
E,e,, &, — F,,e,, and v, — N,,v,, where E, E, and N are independent
unitary matrices. The kinetic terms are unchanged (except for the couplings
to the W+, as we will discuss momentarily), and the matrices y and m,, are
replaced with E™yE and N"m, N. We can choose the unitary matrices F, F,
and N so that E"yE and N™m, N are diagonal with positive real entries v,
and m,,. The neutrinos N, then have masses m,,, and the charged leptons
&, have masses m., = y,v/ v/2. In the neutral currents Jéf and Jky,, we simply
add a generation index I to each field, and sum over it. The charged currents
are more complicated, however; they become

JH =€ (X AN, (91.12)
JH = /T/'LIXIJ,‘Y“ELK ) (9113)

where X = N'F is the analog in the lepton sector of the CKM matrix V in
the quark sector.

One difference, though, between X and V is that the phases of the Majo-
rana N, fields are fixed by the requirement that the neutrino masses are real
and positive. Thus we cannot change these phases to make the first column
of X real, as we did with V. We are allowed to change the phases of the
Dirac &, fields, so we can make the first row of X real. Thus X has9 —3 =16
parameters, two more than the CKM matrix V.

The presence of X in the charged currents leads to the phenomenon of
neutrino oscillations. A neutrino thatis produced by scattering an electron
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off a target will be a linear combination X,,v, of the neutrinos of definite
mass. The different mass eigenstates propagate at different speeds, and then
(in a subsequent scattering) may become (if there is enough energy) muons
or taus rather than electrons. It is the observation of neutrino oscillations
that leads us to believe that neutrinos do, in fact, have mass.

Reference notes

Neutrino masses are discussed in detail in Ramond II.

Problems

91.1) Show that introducing neutrino masses via the seesaw mechanism results in
lepton number no longer being conserved.
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Solitons and monopoles

Prerequisite: 84

Consider a real scalar field ¢ with lagrangian
L= —%5’%08#90 —Vip), (92.1)
with
V(e) = %/\(@2 — 112)2 . (92.2)

As we discussed in section 30, this potential yields two ground states or
vacua, corresponding to the classical field configurations ¢(z) = +v and
o(x) = —v. After shifting the field by its VEV (either +v or —v), we find
that the particle mass is m = A\/20.

Let us consider this theory in two spacetime dimensions (one space dimen-
sion x and time t). In this case, ¢ and v are dimensionless, and A\ has
dimensions of mass squared. In the quantum theory, the coupling is weak if
A < m?.

The case of one space dimension is interesting for the following reason.
The boundary of one-dimensional space consists of two points, x = —oo and
x = 4o00. This topology of the spatial boundary is mirrored by the topol-
ogy of the space of vacuum field configurations, which also consists of two
points, ¢(x) = —v and ¢(z) = +v. In each vacuum, both spatial boundary
points (z = —oo and x = +00) are mapped to the same field value (either
—v or +v). This is a trivial map. More interesting is the identity map, where
x = —oo is mapped to p = —v, and x = +o0 is mapped to ¢ = +wv. This
map does not correspond to a vacuum; the field must smoothly interpo-
late between ¢ = —v at * = —o0 and ¢ = +v at x = +00, and this requires
energy. The interesting question is whether it can be done at the cost of a
finite amount of energy.

576



P1: PJR/PJR P2: RNK/XXX QC: RNK/XXX T1: RNK
CUUKT761-Srednicki August 25, 2006 14:52

Solitons and monopoles 577

To make these notions more precise, we will look for a minimum energy,
time-independent solution of the classical field equations, with the boundary

conditions
lirf o(z) = tv. (92.3)
The total energy is given by
+oo
E= / dz [%cp? +1074 V(go)} . (92.4)

The solution of interest is time independent, so we can set ¢ = 0. We can
also rewrite the remaining terms in E as

E = /+OO dx [% ((p' — V2V (p) )2 + V2V (p) gp’}

7—10-000 2 v
:/_Oo d:v%(go’—\/m) + | VAR de

+00 2
_ / dr (¢ = VIV(R) ) + 3/ N)m (92.5)
—00

Since the first term in eq. (92.5) is positive, the minimum possible energy is
M = %(m?/A)m; this is much larger than the particle mass m if the theory
is weakly coupled (A < m?). Requiring the first term in eq. (92.5) to vanish
yields ¢’ = v/2V (), which is easily integrated to get

o(z) = vtanh(%m(m - x0)> , (92.6)

where zq is a constant of integration. The energy density is localized near
x = x0, and goes to zero exponentially fast for |x — xg| > 1/m.

This solution is a soliton, a solution of the classical field equations with
an energy density that is localized in space, and that does not dissipate or
change its shape with time. In this case (and in all cases of interest to us),
its existence is related to the topology of the boundary of space and the
topology of the set of vacua, and the existence of a nontrivial map from the
boundary of space to the set of vacua.

Given eq. (92.6), we can get other soliton solutions by making a Lorentz
boost; these solutions take the form

o(x,t) = vtanh(%'ym(ac —xy— ﬁt)) , (92.7)

where v = (1 — $2)~Y2; their energy is E =~yM = (p? + M?)'/2, where

M = %(mZ/)\)m is the energy of the soliton at rest, and p = y8M is the
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momentum of the soliton, found by integrating the momentum density
TOI — S0/ 80(,0.

We see that the soliton behaves very much like a particle. We may expect
that, in the quantum theory, the soliton will correspond to a new species
of particle with mass M, in addition to the elementary field excitation with
mass m.

The soliton solution is still interesting if there is more than one spatial
dimension. In that case, eq. (92.6) describes a domain wall, a structure that
is localized in one particular spatial direction, but extended in the others.
The wall has a surface tension (energy per unit transverse area) given by
o=2m3/\

Having found a theory that has a soliton that is localized in one spatial
direction, let us try to find a theory that has a soliton that is localized in
two spatial directions. In two space dimensions, the spatial boundary has
the topology of a circle, denoted by the symbol S'. There is no smooth
nontrivial map from a circle to two points; continuity of the map requires
the entire circle to be mapped into one of the two points. But there do exist
smooth nontrivial maps from one circle to another circle, as we will discuss
momentarily.

So, we would like to find a theory whose vacua have the topology of a
circle. To this end, let us consider a complex scalar field ¢(x), with lagrangian

L= —8“90T8u<,0 —Vip), (92.8)
where

V(p) = 1Mple —v?)?. (92.9)
The vacuum field configurations are

(z) = ve'™ | (92.10)

)

where « is an arbitrary angle. This angle specifies a point on a circle, and
so the space of vacua does indeed have the topology of S.

Let us write x = r(cos ¢, sin ¢); then the angle ¢ specifies a point on the
spatial circle at infinity. We can specify a map from the spatial circle to the
vacuum circle by giving « as a function of ¢. In order for ¢(x) to be single
valued, this function must obey a(¢ + 27) = a(¢) + 2mn, where the integer
n is the winding number of the map: we wind around the vacuum circle
n times for every one time that we wind around the spatial circle. (If n is
negative, the vacuum winding is opposite in direction to the spatial winding.)
An example of a map with winding number n is U(¢) = €"?. Setting n = 0
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then yields the trival map, n = 1 the identity map, and n = —1 the inverse
of the identity map.
Given a smooth map U(¢), its winding number can be written as

i 2

n=o ) dp Ud,UT (92.11)
where UT is the complex conjugate of U. To verify that eq. (92.11) agrees
with our previous definition, we first check that plugging in our example map
indeed yields the correct value of the winding number. We then show that
the right-hand side of eq. (92.11) is invariant under smooth deformations of
U(¢); see problem 92.2. Thus any U(¢) that can be smoothly deformed to
e has winding number n.

Next, we want to look for a finite-energy solution of the classical field
equations for the theory specified by egs. (92.8) and (92.9), with the bound-
ary condition

lim ¢(r, ¢) =vU(9) , (92.12)

T—00

with U(¢) corresponding to a map with nonzero winding number. We there-
fore make the ansatz

o(r,¢) = vf(r)eimj) , (92.13)

where f(r) is a real function that obeys f(0co) = 1. We must also have f(0) =
0 so that V(r, ¢) is well defined at r = 0.

Alas, it is easy to see that there is no finite-energy solution of this form.
The gradient of the field is

Vep=v [f’(r)f + inr_lf(r)ng} emno (92.14)
and the gradient energy density is
Vel* =0° [f’(T)2 + n2r‘2f(r)2} : (92.15)

At large r, f(r) must approach one; then the integral over the second term
in eq. (92.15) diverges logarithmically,

2 2 2 0 [T dr
d*x |Vp|* ~ 2mnv —. (92.16)

r
So the energy is infinite. This is, in fact, a very general result, known as
Derrick’s theorem: with scalar fields only, there are no finite-energy, time-
independent solitons that are localized in more than one dimension. The
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problem is that the gradient energy always diverges at large distances from
the putative soliton’s core.

To get solitons that are localized in more than one dimension, we must
introduce gauge fields. Note that the lagrangian of eq. (92.8) has a global
U(1) symmetry. Let us gauge this U(1) symmetry, so that the lagrangian
becomes

L=—(D"0)'Dyp = V(p) = 1F*"F , (92.17)
where
Dyp = 0up —ieAup, (92.18)

and V() still given by eq. (92.9). The gauge symmetry is therefore sponta-
neously broken, and the mass of the vector particle is m, = ev. The mass
of the scalar particle is ms = AY/2v.

The gradient energy density of the scalar field is now

|Dy|? = |(V —ieA)p|? . (92.19)

Thus we have the opportunity to choose A so as to partially cancel the
badly behaved second term in eq. (92.14). To see how to do this, recall that
a gauge transformation in this theory takes the form

¢ —=Ugp, (92.20)
A, — UAUT + Lug,ut (92.21)

where U is a 1 x 1 unitary matrix that is a function of spacetime. As r — oo,
our ansatz for ¢, eq.(92.13), corresponds to a gauge transformation of a
vacuum, ¢ = v, by U = €. The corresponding transformation of A, =0
is

lim A(r,¢) = LUVUT

7—00
n -~

=—0¢. 92.22

ey (92.22)

Before making the gauge transformation, we have ¢ = v and A, = 0, and so
D, = 0; by gauge invariance, this must be true after the transformation as
well. Indeed, it is easy to check that, with A given by eq. (92.22), we have
(V —ieA)ve® = 0.

For n # 0, the gauge transformation U = e® is large: it cannot be
smoothly deformed to U = 1. This implies that we cannot extend it from
r = 0o into the interior of space without meeting an obstruction, a point
where U(r, ¢) is ill defined. For example, the simplest attempt at such an
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extension, U(r,¢) = ¢™?, is ill defined at 7 = 0. Near the obstruction, the
fields ¢ and A must deviate from a gauge transformation of a vacuum. This
deviation costs energy, and results in a soliton.

Our ansatz for a soliton in the theory specified by eq. (92.17) is then

o(r,d) = vf(r)U () , (92.23)
A(r,¢) = La(r)U(9)VU (9) , (92.24)

where U(¢) = €™, and we require f(oco) = a(co) = 1 (so that the solution
approaches a large gauge transformation of a vacuum as r — oo) and f(0) =
a(0) = 0 (so that A and V¢ are well defined at » = 0). For n = 1, this soliton
is a Nielsen—Olesen vortex.

The nonzero vector potential results in a perpendicular magnetic field

B=VxA
1/0 0 .
/
_nar) (92.25)
e T

The corresponding magnetic flux is
o = / dS-B
=lim [dé-A
i 2w
= — lim a(r) / de UdyUT
0
== (92.26)
Here the second line follows from Stokes’ theorem, the third from eq. (92.24),

and the fourth from eq. (92.11).
The energy of the soliton is

E= /d2x [\(v —ieA)p|* + V(p) + %Bﬂ . (92.27)

Substituting in our ansatz, egs. (92.23) and (92.24), we get

E = 27rv2/oodr7" [f/2 + n—g(a — D224 I (2P - 1) + " a’ﬂ
- r2 1 020272 .
0
(92.28)
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It is convenient to define a dimensionless radial coordinate p = evr = mr.
Let us also define 32 = \/e? = m2/m2. Then eq. (92.28) becomes

o] 2 2
E= 27rv2/0 dpp{fa - %(a — 1224+ 18%(f7 - 1) + %aa . (92.29)

where a prime now denotes a derivative with respect to p. We can find the
equations obeyed by f(p) and a(p) either by substituting the ansatz into
the equations of motion, or by applying the variational principle directly to
eq. (92.29). Either way, the result is

/ 2
i f; - 7;—;“(1 —a) 4 48201 A =0, (92.30)

/
a’ — % t(1-a)f2=0, (92.31)
with the boundary conditions a(0) = f(0) = 0 and a(oo) = f(c0) = 1.

Egs. (92.30) and (92.31) have no closed-form solution. However, for p < 1,
we can show that a(p) ~ p? and f(p) ~ p"; and for p > 1, that 1 —a(p) ~
e Pand 1 — f(p) ~ e %, where ¢ = min([3, 2); see problem 92.4. For n and 3
of order one, the integral in eq. (92.29) also results in a number of order one,
and so we have F ~ 27v?. For 8 > 1, it is possible to prove a Bogomolny
bound, E > 2rv?|n|. In this case, a soliton with winding number n is unstable
against breaking up into |n| solitons, each with winding number one (or
minus one, if n is negative).

Once we have our soliton solution, we can translate and/or boost it; thus
we expect the soliton to behave like a particle in two space dimensions. In
three space dimensions, the soliton becomes a Nielsen—Olesen string (also
called a gauge string), a structure that is localized in two directions, but
extended in the third. Such strings can bend, and even form closed loops.
In certain unified theories (see section 97), gauge strings may have formed
in the early universe; they are then called cosmic strings.

Now let us try to find a soliton that is localized in three spatial directions.
In three space dimensions, the spatial boundary has the topology of a two-
dimensional sphere S2. There are smooth nontrivial maps from S? to S?, as
we will discuss momentarily, so let us look for a theory whose vacua have
the topology of S2.

Consider three real scalar fields ¢%, a = 1,2, 3, with lagrangian

L=—20"p"0,9" — V(p), (92.32)
where

Vi) = é)\(goacpa —v?)?. (92.33)
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The vacuum field configurations are
o (x) = ve" (92.34)

where ¢ is an arbitrary unit vector. This unit vector specifies a point on a
two-sphere, and so the space of vacua does indeed have the topology of S2.
Let us write x = r(sinfcos¢,sinfsin¢,cosf); then the polar and
azimuthal angles 6 and ¢ specify a point on the spatial two-sphere at infinity.
We can specify a map from the spatial two-sphere to the vacuum two-sphere
by giving ¢ as an (appropriately periodic) function of # and ¢. We can define
a winding number n that counts the number of times the vacuum two-sphere
covers the spatial two-sphere, with n negative if the orientation is reversed.
An example of a map with winding number n can be constructed by taking
the polar angle of ¢ to be 6, and the azimuthal angle to be n¢. Setting n = 1
then yields the identity map, and n = —1 the inverse of the identity map.
Given a smooth map ¢4 (0, @), its winding number can be written as

1 .
n=o- / A0 e 00,520, 4° (92.35)

where d?0 = df d¢p, 01 = 8/00, By = 0/9¢, and €12 = —2! = 41. To verify
that eq. (92.35) agrees with our previous definition, we first check that plug-
ging in our example map indeed yields the correct value of the winding num-
ber; see problem 92.5. We then show that the right-hand side of eq. (92.35) is
invariant under smooth deformations of ¢, (0, ¢); see problem 92.6. It is also
worthwhile to note that the right-hand side of eq. (92.35) is invariant under
a change of coordinates, because the jacobian for d?@ is canceled by the
jacobian for 9102. This is of course closely related to the invariance under
smooth deformations, since one way to make such a deformation is via a
coordinate change.

Next, we want to look for a finite-energy solution of the classical field
equations with nonzero winding number, but we already know that these
will not exist unless we introduce gauge fields. We therefore take ¢* to be in
the adjoint representation of an SU(2) gauge group. The lagrangian is now

L=—5(D"o)"(Dup)* = V(p) — $F*™F,, (92.36)

where
(Dup)® = 0™ + e Al 0", (92.37)
Ff, = 0,A% — 0,A% + e Ab AL (92.38)

and V() is given by eq.(92.33). We have called the gauge coupling e for
reasons that will become clear in a moment.
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The gauge symmetry is spontaneously broken to U(1). If we take the vac-
uum field configuration to be ¢® = v6®3, then the Ai field remains massless;
we will think of it as the electromagnetic field. The complex vector fields
Wiﬁ = (A;l; F zAi)/\/ﬁ get a mass my, = ev, and have electric charge +e.
(This is the reason for calling the gauge coupling e.) This theory, known
as the Georgi—Glashow model, was once considered as an alternative to the
Standard Model of electroweak interactions (but is now ruled out, because
it does not have a Z° boson).

When the vacuum field configuration is ¢® = v§%3, the electromagnetic
field strength is F),, = 8MA§ — GVA/%. We can write down a gauge-invariant
expression that reduces to F),, when we set ¢ = v6®3; this expression is

Fu = ¢“F, — e &% (D) (Dy@)° . (92.39)

Here $% = ¢/|¢|, where |¢| = (¢%p®*)/2. We can, in fact, use eq. (92.39) as
the definition of the electromagnetic field strength at any spacetime point
where || # 0. (If |¢| = 0, the SU(2) symmetry is unbroken, and there is no
gauge-invariant way to pick out a particular component of the nonabelian
field strength Fy,.) If we substitute in eqgs. (92.37) and (92.38), and make
repeated use of ¢?¢® =1 and the identity %°gede = gbdgee — gbeged it is

possible to rewrite eq. (92.39) as
Fuy = 0,(¢°A%) — 9,($"A%) — e 1e™3°0,¢°0,¢° . (92.40)
In particular, the magnetic field is
B = Leiitp,
= Eijk(‘)j(gbaAg) — (26)*1Eijk€“bcg5“8jg5b8kgéc ) (92.41)

Let us consider the magnetic flux through a sphere at spatial infinity;
this is given by ® = [dS-B, where dSy = r?sinfdf dp iy, and & =x/r
is a radially outward unit vector. The first term in eq.(92.41) for B is
V X (¢®A%); since this is a curl, it has zero divergence, and therefore zero
surface integral. From eq. (92.35), we see that the second term in eq. (92.41)
results in

L (92.42)
e

This flux implies that any soliton with nonzero winding number is a magnetic
monopole with magnetic charge Qy = ®. (In Heaviside-Lorentz units, the
Coulomb field of an electric point charge Qg is E; = Qg#;/47r?, and so the
total electric flux is Q. We adopt the same convention for magnetic charge.)
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If we add a field in the fundamental representation of SU(2), then the
component fields have electric charges j:%e. This is the smallest electric
charge we can get, and all possible electric charges are integer multiples of it.
Eq. (92.42) tells us that all possible magnetic charges are integer multiples of
47 [e. Thus the possible electric and magnetic charges obey the Dirac charge
quantization condition, which is

QeQwm = 27k, (92.43)

where k is an integer. This condition can be derived from general consider-
ations of the quantum properties of monopoles.

Now let us turn to the explicit construction of a soliton solution. This
simplest case to consider is provided by the identity map (which has winding
number n = 1); the soliton we will find is the 't Hooft—Polyakov monopole.

The boundary condition on the scalar field is

lim ¢%(x) = va¥r . (92.44)
r—00
We can find the appropriate boundary condition on the gauge field by requir-
ing (D,p)® = 0 in the limit of large r. This condition yields

i (xYr) + ec®Abz/r = 0. (92.45)

We have 0;(2%/r) = (1264 — xqx;)/r3. Next we multiply by rz;e/4?, and use
the identity e/degabe = §ibgde _ §icgdb to get

ebp; 4 e(ada; Al —r2Ad) =0, (92.46)

If we ingore the first term in the parentheses, we find Agl = g xj/ er?. But
then digl =0, and so the first term in the parentheses vanishes. Thus we
have found the needed asymptotic behavior of Af. Our ansatz is therefore

e (x) = vf(r)z®/r, (92.47)

A (x

We require f(oc0) = a(oo0) =1
totic limits) and f(0) = a(0)
r=0).

The total energy of the soliton (which we will call M, because it is the
mass of the monopole) is given by

a(r)e™x;/er? . (92.48)

) =
(so that A and ¢® have the desired asymp-
=0 (so that A? and ¢ are well defined at

M = / dx 1B“B“ 1(Dip)* (Dicp)“+V(<p)] : (92.49)
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The nonabelian magnetic field is
B} = zeijn k)
= cijk0j A} + jecijreAS A . (92.50)

If we write eq. (92.48) as A? = %/ K, then after some manipulation we find
that eq. (92.50) becomes B{' = 0, K; — (5m~8jKj + K,K;. Plugging in K; =
a(r)z;/er? then yields

1 / 2 _ 2
B = —— [a_ <5m’ - 56(1561‘> + 22 iﬁa@z‘] : (92.51)

The magnetic field energy then becomes

BB = 57 [2r%a® + (2a — a?)?] . (92.52)
The covariant derivative of the scalar field is
1
(Disp)a =0 [ﬂ (6(12' - i%aii) + f/ .’i’ai‘i:| . (9253)
T

The scalar gradient energy density then becomes
2
v
L(Dip)(Dip)* = >3 [2(1 —a)*f2 +72f7]. (92.54)

The scalar potential energy density is
Vip) = s\t (f2—1)%. (92.55)

We can plug egs. (92.52), (92.54), and (92.55) into eq. (92.49), and then use
the variational principle to get the second-order differential equations obeyed
by f(r) and a(r).

We can get a lower bound on M by performing a trick analogous to the
one we used in eq. (92.5). We write

3B B + 3(Dig)*(Di)® = 3B + (Digp)*]> = Bf(Dip)* . (92.56)

We can apply the distribution rule for covariant derivatives (see
problem 70.5) to rewrite the last term as Bf(D;p)* = 0;(Bf¢p®) —
(D;B;)*¢*. Then we note that the Bianchi identity (see problem 70.6)
implies (D;B;)* = 0. Thus B{(D;p)®* = 0;(Bf¢®), and this is a total diver-
gence. Then Gauss’s theorem yields

/ d*z 9;(Blo®) = / dS; Bo® | (92.57)
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where the integral is over the surface at spatial infinity. On this surface, we
have % = vz®.

Next we use eq. (92.39). At spatial infinity, the covariant derivatives of ¢
vanish; thus we have B{'¢® = vB;, where B; is the magnetic field of electro-
magnetism. We can now see that the right-hand side of eq. (92.57) evaluates
to v®, where ® = Qu = —47n/e is the magnetic charge of the monopole.

In our case, n =1 and Q) is negative; thus the last term in eq. (92.56)
integrates to v|@Qum|. (For the case of positive @y, we can swap the plus
and minus signs in eq. (92.56) to get the same result.) Thus the mass of the
monopole, eq. (92.49), can be written as

M 4m|n|v

. + /d3ZL‘ [%[Bf + (signn) (D) + V()| , (92.58)

Both terms in the integrand of eq.(92.58) are positive, and so we have a
Bogomolny bound on the mass of the monopole. For A > 0, a monopole with
winding number n is unstable against breaking up into |n| monopoles, each
with winding number one (or minus one, if n is negative).

Using m,, = ev and a = €% /4w, we can write the Bogomolny bound as

M > (92.59)
(6

Since a < 1, the monopole is much heavier than the W boson.

Alas, the Georgi—Glashow model, which has monopole solutions, is not
in accord with nature, while the Standard Model, which is in accord with
nature, does not have monopole solutions. This is because, in the Standard
Model, electric charge is a linear combination of an SU(2) generator and the
U(1) hypercharge generator. Nothing prevents us from introducing an SU(2)
singlet field with an arbitrarily small hypercharge. Such a field would have
an arbitrarily small electric charge (in units of ), and then the Dirac charge
quantization condition would preclude the existence of magnetic monopoles.

This disappointing situation is remedied in unified theories (see
section 97), where the gauge group has a single nonabelian factor like SU(5).
In unified theories, the monopole mass is of order my/a, where my is the
mass of a superheavy vector boson; typically my ~ 10 GeV.

Returning to the Georgi—Glashow model, we can saturate the Bogomolny
bound if we consider the formal limit of A\ — 0; then V' (¢) vanishes. (This
limit is formal because we need a nonzero potential to fix the magnitude of
¢ at infinity.) Then we saturate the bound if B = —(signn)(D;¢)®. In the
case of the 't Hooft-Polyakov monopole, we have n = 1, and B{ and (D;p)*
are given by egs. (92.51) and (92.53). Matching the coefficients of 64; — Z42;
and Z,%; yields a pair of first-order differential equations. These look nicer
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if we introduce the dimensionless radial coordinate p = evr = my,r; then we

find
ad=>0-a)f, (92.60)
= (2a —a®)/p*, (92.61)

where a prime now denotes a derivative with respect to p. These equations
have a closed-form solution,

p

a(p) =1-— by (92.62)
f(p) = cothp — % . (92.63)

This is the Bogomolny—Prasad—Sommerfeld (or BPS for short) solution. A
soliton that saturates a Bogomolny bound is generically called a BPS soliton.

Reference notes

Discussions of solitons, and their relation to the theory of homotopy groups,
can be found in Coleman and Weinberg I1.

Problems

92.1) Derrick’s theorem says that, in a theory with scalar fields only, there are no
solitons localized in more than one dimension. To prove this, consider a theory
in D space dimensions with a set of real scalar fields ;; any complex scalar
fields are written as a pair of real ones. The lagrangian is £ = —%8“@1-8#301- -
V(pi), with V(¢;) > 0. Suppose we have a soliton solution ¢;(x); its energy
is E=T+U, where T = 1 [dPx (Vy;)? and U = [ dPz V (g;).

a) Now consider ¢;(x/a), where « is a positive real number. Show that, for
this field configuration, the energy is E(a) = o 72T + oPU.

b) Argue that we must have E'(1) = 0.

c¢) Use this to prove the theorem.

92.2) The winding number n for a map from S! — S! is given by eq. (92.11), where
UTU = 1. We will prove that n is invariant under an infinitesimal deformation
of U. Since any smooth deformation can be made by compounding infinitesi-
mal ones, this will prove that n is invariant under any smooth deformation.
a) Consider an infinitesimal deformation of U, U — U + éU. Show that

U = —UT26U.
b) Use this result to show that §(Ud,UT) = —04(UTU).
¢) Use this to show that én = 0.
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92.4)
92.5)

92.6)
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Show that if U, (¢) and Ux(¢) are maps from S! — S! with winding numbers

n and k, then U, (¢)Uy(¢) is a map with winding number n + k. Hint: consider

smoothly deforming U, (¢) to equal one for 0 < ¢ < . How should Uy(¢) be

deformed?

Verify the statements made about the solutions to egs. (92.30) and (92.31) in

the limit of large and small p.

Use eq. (92.35) to compute the winding number for the map specified by

@ = (sin 0 cos ng, sin O sin neg, cos ).

The winding number n for a map from S? — S? is given by eq. (92.35), where

P*p* =1. We will prove that n is invariant under an infinitesimal defor-

mation of ¢. Since any smooth deformation can be made by compounding

infinitesimal ones, this will prove that n is invariant under any smooth defor-

mation.

a) Consider an infinitesimal deformation of ¢, ¢ — @ + 6@. Show that ¢-
6@ =0 and that ¢-0;¢ = 0.

b) Use these results to show that €2%¢6(29;3°9;4¢ = 0.

¢) Use this to show that én = 0.
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93

Instantons and theta vacua

Prerequisite: 92

Consider SU(2) gauge theory, with gauge fields only. The classical field con-
figuration corresponding to the ground state is Fy, = 0. This implies that
the vector potential Aj is a gauge transformation of zero, A, = AJT* =
%U 0,UT.

Let us restrict our attention to gauge transformations that are time inde-
pendent, U = U(x). This fixes temporal gauge, Ag = 0. We will also impose
the boundary condition that U(x) approaches a particular constant matrix
as |x| — oo, independent of direction. This is equivalent to adding a spatial
“point at infinity” where U has a definite value; space then has the topology
of a three-dimensional sphere S3.

Can every U(x) be smoothly deformed into every other U(x)? If the
answer is yes, then all these field configurations are gauge equivalent, and
they correspond to a single quantum vacuum state. If the answer is no, then
there must be more than one quantum vacuum state. To see why, suppose
that U(x) and U (x) cannot be smoothly deformed into each other. The asso-
ciated vector potentials, A, = %lUE)uUT and flu = %U@MUT, are both gauge
transformations of zero, and so both F},, and F, uv vanish. However, if we try
to smoothly deform A, into flﬂ, we must pass through vector potentials that
are not gauge transformations of zero, and whose field strengths therefore
do not vanish. These nonzero field strengths imply nonzero energy: there
is an energy barrier between the field configurations A, and flu. There-
fore, they represent two different minima of the hamiltonian in the space
of classical field configurations. Different minima in the space of classical
field configurations correspond to different vacuum states in the quantum
theory.

It turns out that every U(x) can not be smoothly deformed into every
other U(x); the field configurations specified by U(x) are classified by a

590
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winding number. To see this, we first note that any 2 x 2 special unitary
matrix U can be written in the form

U=ay4+1id 7, (93.1)
where a4 and the three-vector @ are real, and
a+aj=1; (93.2)

see problem 93.1. Thus a, = (d, a4) specifies a euclidean four-vector of unit
length, a,a, = 1, and hence a point on a three-sphere. We will call this the
vacuum three-sphere. Since our boundary conditions give space the topology
of a three-sphere, U(x) provides a map from the spatial three-sphere to the
vacuum three-sphere. We can define a winding number n that counts the
number of times the vacuum three-sphere covers the spatial three-sphere,
with n negative if the orientation is reversed.

It is convenient to specify the spatial three-sphere by a euclidean four-
vector z, = (7, z4) of unit length, 2,2, = 1. An explicit relation between
2z, and x can be constructed by (for example) stereographic projection: we
take 2 = Z/|Z| = 2, and |Z| = 2r/(14+72?), 24 = (1—72)/(1+r?), where r =
x|. Then we can construct an example of a map from the spatial S® to the
vacuum S? with winding number n by taking the two polar angles of ay to
be equal to the two polar angles of z,, and the azimuthal angle of a, to be
equal to n times the azimuthal angle of z,. (The polar angles run from 0 to
7, and the azimuthal angle from 0 to 27.)

Given a smooth map U(x), its winding number can be written as

n =

s [ oS HUAUDUOUN U] (933)
Here we have used the original x coordinates, but we could also use the
angles that specify z,: the integral in eq. (93.3) is invariant under a change
of coordinates, because the jacobian for d®r is canceled by the jacobian for
010203. To verify that eq. (93.3) agrees with our previous definition, we first
check that plugging in our example map indeed yields the correct value of the
winding number; see problem 93.5. We then show that the right-hand side
of eq. (93.3) is invariant under smooth deformations of U(x); see problem
93.3.

So, we have concluded that SU(2) gauge theory has an infinite number
of classical field configurations of zero energy, distinguished by an integer n,
and separated by energy barriers. This is analogous to a scalar field theory
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with a potential
V(p) = M1 — cos(2mp/v)] . (93.4)

This potential has minima at ¢ = nv, where n is an integer. Let |n) be
the quantum state corresponding to the minimum at ¢ = nv. Generically,
between two quantum states |n) and |n’) that are separated by an energy
barrier, there is a tunneling amplitude of the form

(n'|Hn) ~ e, (93.5)

where H is the hamltonian, and S is the euclidean action for a classical
solution of the euclidean field equations that mediates between the field
configuration corresponding to n at t = —oo, and the field configuration
corresponding to n’ at t = +oco. In the scalar field theory, this solution is
independent of x. Thus, S scales like the volume of space V', and so (n/|H |n)
vanishes in the infinite volume limit. The minima of eq.(93.4) therefore
remain exactly degenerate in the quantum theory.

Things are different in the SU(2) gauge theory. In this case, there is a
classical solution of the euclidean field equations that mediates between
states with winding numbers n and n’, and that has an action that stays
fixed and finite in the infinite-volume limit. The value of this action is S =
|n'—n|S1, where S; = 87%/¢?, and ¢ is the Yang-Mills coupling constant.
For n’ =n + 1, this solution is the instanton. The instanton is localized
in all four euclidean directions. For n’ = n — 1, the solution is the anti-
instanton. For |n' — n| > 1, the solution is a dilute gas of |n’ — n| instantons
(or antiinstantons, if n’ —n is negative) distributed throughout euclidean
spacetime.

We will shortly construct the instanton and examine its properties, but
first we study the consequences of its existence. For SU(2) gauge theory,
eq. (93.5) reads

(W'|H|n) ~ e~ "' =nlS (93.6)

These matrix elements depend only on n’ — n, and so H can be diagonalized
by theta vacua of the form

+oo
0)= > ) (93.7)

n=—oo

see problem 93.2. For weak coupling, S; > 1, and so we can neglect all
matrix elements of H except those with n’ = n & 1. Then we find that the
energy of a theta vacuum is proportional to — cosf. (We are of course free
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to add a constant to H so that the lowest lying state, the theta vacuum with
6 = 0, has energy zero.)

We have derived these results in the weak-coupling regime. However,
we are discussing properties of low-energy states, and the gauge coupling
becomes large at low energies. Therefore we must consider the theory to be
in the strong-coupling regime. How does this affect our conclusions?

The topological properties of the gauge fields are independent of the value
of the coupling constant, so we still expect vacuum states labeled by the
winding number n to exist. We also expect that (n’|H|n) will depend only
on |n’ — n|. To see this, consider making a gauge transformation by Uj(x),
where Ug(x) has winding number k. The product of two maps with winding
numbers n and k is a map with winding number n + k; see problem 93.4.
Thus, making a gauge transformation by U (x) converts a field configuration
with winding number n to one with winding number n + k. In the quantum
theory, the gauge transformation is implemented by a unitary operator Uy,
and we should have

Uln) = |n+k) . (93.8)

On the other hand, the hamiltonian, which is built out of field strengths,
must be invariant under time-independent gauge transformations:

UHU = H . (93.9)

Inserting factors of I = Z/lgl/lk on either side of H in (n'|H|n), and using
egs. (93.8) and (93.9), we find

(n'|H|n) = (n'+k|H|n+k) . (93.10)

We conclude that (n'|H|n) depends only on n’ —n. We can also note that
winding number is reversed by parity, P|n) = |—n), and that the Yang—
Mills hamiltonian is parity invariant, PHP~! = H, to conclude similarly
that (n'|H|n) = (—n/|H|—n). Thus (n’|H|n) depends only on |n’ — n|.

The fact that (n’|H|n) depends only on |n’ — n| tells us that the theta
vacua are still eigenstates of H. Furthermore, their energies must be a peri-
odic, even function of #. Of course, the eigenvalues of H should scale with
the volume of space V. Then, on dimensional grounds, we have

H|0) = VAL f(0)]0) (93.11)

where Ay, is the scale where the gauge coupling becomes strong. The func-
tion f(#) must obey f(0+27)= f(0) and f(—6) = f(0). We expect the
minimum of f(6) to be at § = 0.
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N\ +T
N
-

N _p
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R

Figure 93.1. The boundary in euclidean spacetime. We have a field con-
figuration with winding number n_ on the cap at x4 = —T', and one with
winding number n, on the cap at x4 = +7. On the cylindrical surface at
|x| = R, the field vanishes.

We turn now to the solutions of the euclidean field equations. At euclidean
time x4 = —T, we set A,(x) = %U,(X)auUj(x), where U_(x) has wind-
ing number n_. Similarly, at euclidean time x4 = +T, we set A,(x) =
éU+(x)8uUl(x), where U4 (x) has winding number ny. At |x| = R, for
—T < x4 <T, we set the boundary condition A, = 0. This is equivalent
to A, = éU@“UJr with (ZLUJr = 0; we therefore set U(x) to a constant matrix
at |x| = R. We want to take 7" and R to infinity at the end of the calculation.

We have now specified U(x,z4) on the cylindrical boundary of four-
dimensional spacetime shown in fig.93.1. This boundary is topologically
a three-sphere. The winding number of the map on this three-sphere is
ny —n_. We see this by using eq. (93.3), and noting that the cylindrical
wall makes no contribution (because 0,U T =0 there), the upper cap con-
tributes n, and the lower cap contributes —n_; the sign is negative because
the orientation of the cap as part of the boundary is reversed from its original
orientation.

Since we are interested in large R and T, and since the shape of the
boundary should not matter in this limit, we instead consider the boundary
to be a three-sphere at p = (xuxu)1/2 = 00. On this boundary, we have a
map U(Z), where &, = x,,/p; this map has winding number n = ny —n_.

Our first task will be to construct a Bogomolny bound on the euclidean
action

S=1 / d*r Tr(F*F,,) (93.12)

of a field that obeys the boundary condition

lim A,(x) = LU(2)0,U1 (), (93.13)
p—00
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where U(Z) is a map with winding number n. The field strength is given in
terms of the vector potential by

Fu = 0,A, —0,A, —ig[A,, A . (93.14)

We begin by defining the polar angles x and %, and the azimuthal angle
o, via

&, = (sin x sin ) cos ¢, sin x sin 1 sin ¢, sin x cos v, cos x) . (93.15)

(We use 1 rather than 6 in order to avoid any possible confusion with the
vaccum angle.) Next we write the winding number in terms of these angles,

24772 dx/ dz/J/ de e*PY Te[(Ud U (UU) (U, UT)], (93.16)

where o, 3, run over x, 1, ¢; 0y = 0/0¢, etc.; and eX¥? = +1. Now we write
eq. (93.16) as a surface integral over a surface at infinity in four-dimensional
euclidean space,

n = 2417T / ds, o To{(Ua, Uty o, U U, U] (93.17)

where 9, = 9/0z#, and €'?3* = +1. (This implies that e’X¥¢ = —1, as can
be checked by computing the jacobian for this change of coordinates; that
is why the overall minus sign disappeared.) Now we use eq. (93.13) to write
the winding number in terms of the vector potential,

g’ / dS, "7 Tr(A, Ag A) | (93.18)
247r

Next, we will write this surface integral as a volume integral.
To do so, we first define the Chern—Simons current,

T = 2T Tr(A, Fpr + 2igA, AgA;) . (93.19)

This current is not gauge invariant, but the relative coefficient of its two
terms has been chosen so that its divergence is gauge invariant,

OpJb, = "7 Tr(F,, Fyr)
= 2Tr(F"F,,), (93.20)
where
Frv = Letvorp (93.21)

is the dual field strength.
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On the surface at infinity, the vector potential is a gauge transformation of
zero, and so the field strength F},, vanishes there. Thus we can use eq. (93.19)
to write eq. (93.18) as

2
n= # /dSN Jr (93.22)

Using Gauss’s theorem, this becomes

2

n= 3;2 / 'z 0, J" . (93.23)

Finally, we use eq. (93.20) to get

2

_ g 4 a4
n= 163 /d x Tr(FMF,) . (93.24)

Thus we have expressed the winding number as a (four-dimensional) volume
integral of a gauge-invariant expression.

Now it is easy to construct a Bogomolny bound. We first note that
FHE w = F*F,,, and hence

STe(F,, £ Fl)? = Te(FME,,) £ Te(FPE,,) . (93.25)

The left-hand side of eq. (93.25) is nonnegative, and so we have

/ d*r Tr(FMF,,) > ' / d*c Te(FI'F,,)| . (93.26)

The left-hand side of eq.(93.26) is twice the euclidean action, while the
right-hand side is, according to eq. (93.24), 1672|n|/g?. Thus we have

S > 8n?|n|/g* . (93.27)

Eq. (93.27) gives us the minimum value of the euclidean action for a solution
of the euclidean field equations that mediates between a vacuum configura-
tion with winding number n_ at 4 = —oo and a vacuum configuration with
winding number ny = n_ +n at x4 = +00.

From eq. (93.25) we see that we can saturate the bound in eq. (93.27) if
and only if

F, = (signn)F, . (93.28)

We can find an explicit solution of eq. (93.28) for a map with winding number
n = 1; this solution is the instanton.
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We take the map on the boundary to be the identity map,
R T4+ 1%
Us)= 21212
P

cos x + ¢sin x cos isinysin1 e @
=( ST cosy xsin e ) (93.29)
isin ysinty et  cosy —isinycosv
which has n = 1. We then make the ansatz
Au(z) = § (U @)9,U7(2) (93.30)

where f(oco) =1 (so that the solution obeys the boundary condition) and
f(0) =0 (so that A, is well defined at p = 0). Using eq. (93.14), we find that
the field strength is

Fl = %[(% HUaUT + fo,U8,Ut + f2(Ud,UNUS,UT)

- (/u—w)] . (93.31)

Using (0,UT)U = —U'9,U in the third term, eq.(93.31) can be simplified
to

F = 5[@ HUBUY + - OUB,U — (nev)] . (93.32)

In three-spherical coordinates, we have
d=p0,+Xp 10+ Y (psin x) " '0y + ¢ (psin y sin Y) 10y, (93.33)

where 0y = 0/0¢, etc., and p is the same radial unit vector as &. Note that f
is a function of p only, while U is a function of the angles only. We therefore
have

Fp = 5 fp 00, U", (93.34)
Fys = LF(1=F)(p*sin?xsiny) " (0uU0UT — 0,U0,UT) . (93.35)

Next we note that that eq. (93.21) implies F,, = —Fy, (since ePX¥¢ = —1),
and since F w = F,,, for the instanton solution, we have F,, = —Fy,.
Thus the right-hand side of eq.(93.34) equals minus the right-hand side
of eq. (93.35). We then use separation of variables to conclude that

pf' = cf(1-f), (93.36)

U UT = —c(sin®x sin ) (9, U0,UT — ,U0,UT) | (93.37)
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where c is the separation constant. If we plug eq. (93.29) into eq. (93.37), we
find that it is satisfied if ¢ = 2. The solution of eq. (93.36) is then

2

1o)== (93.38)
where a, the size of the instanton, is a constant of integration. The instanton
solution is also parameterized by the location of its center; we have used the
spacetime origin, but translation invariance allows us to displace it.

If we consider initial and final states whose winding numbers differ by
more than one, we can construct a mediating solution by patching together
instantons (or anti-instantons) whose centers are widely separated on the
scale set by their sizes. Each instanton (or anti-instanton) contributes S; =
8m%/g? to the action, and so the minimum total action is |n—n_|S;.

To better understand the role of the 6 parameter, let us consider the
euclidean path integral, with the boundary condition that we start with a
state of winding number n_ at x4 = —o0, and end with a state with winding
number n; at x4 = +00. The only field configurations that contribute are
those with winding number n4 —n_. We can therefore write

Zpyn (J) = / DAy, —y e 5T (93.39)

where JA is short for [ d*r Tr(J#A,), and the subscript on the field differen-
tial means that we integrate only over fields with that winding number. We
see that Z, , (J) depends only on ny —n_, and not separately on n.
and n_. This in accord with our previous conclusion that (n'|H|n) depends
only on n’ — n.

Suppose now that we are interested in starting with a particular theta
vacuum |6), and ending with a (possibly different) theta vacuum |#’). Then,
we see from eq. (93.7) that the corresponding path integral is

Zy—g(J)= Y lmb=nbz . (J]). (93.40)

n_,ny

Let ny =n_ +n, so that ny ¢ —n_0 =n_(¢' — 6) +nd'. Since Z,, —, (J)
depends only on n, n_ appears in eq.(93.40) only through a factor of
e~ ("=0)  Summing over n_ then generates §(f’ — ), which implies that
the value of 6 is time indpendent. (Of course, we already knew this, because

6 labels energy eigenstates.) We now have

Zy—o(J) =060 —0)) ™ / DA, e 54 (93.41)

n
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We can drop the delta function, and just define
J) = Zemo/DAn e SHA (93.42)

Next, we combine the sum over n and the integral over A,, into an integral
over all A. To account for the factor of e’ we use eq. (93.24); we get

g0

T2 EFa + JMA, | L (93.43)

Zy( /DA exp/d JETI“|:—%F‘“VFM,/+
The vacuum angle 6 now appears as the coefficient of an extra term in the
Yang-Mills lagrangian.

We can write the path integral in Minkowski space by setting x4 = it. The
extra term contains one derivative with respect to x4, and thus picks up a
factor of —i. Also, €'23* = +1 but £'230 = —1. Putting all this together, we
get

2

/DA exp z/d4:z:Tr[ FME,, — 196:2 FMWE,, + J'A,| (93.44)
in Minkowski space. We see that the extra term is gauge invariant, Lorentz
invariant, hermitian, and has a dimensionless coefficient. We therefore could
have included it when we first considered Yang—Mills theory. We did not do
so because this term is a total divergence; see eq.(93.20). We have always
dropped total divergences from the lagrangian, because they do not affect
the equations of motion or the Feynman rules. In this case, however, the new
term does change the quantum physics, as we have seen. We will explore this
in more detail in the next section.

So far, we have only discussed SU(2) gauge theory, without scalar or
fermion fields. What can we say more generally?

Adding scalar fields has no effect on our analysis. Changing from SU(2)
to another simple nonabelian group also has no effect; instanton solutions
always reside in an SU(2) subgroup. If the gauge group is U(1), there are no
instantons, and hence no vacuum angle. If the gauge group includes more
than one nonabelian factor, then there is an independent vacuum angle for
each of these factors.

On the other hand, adding fermions can significantly change the physics.
We take this up in the next section.

Reference notes

Instantons are treated in more detail in Coleman and Weinberg I1.
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Problems

Show that any 2 x 2 special unitary matrix U can be written in the form
U = a4 +id-&, where ay and the three-vector @ are real, and @2 + a2 = 1.
Verify that a state of the form of eq. (93.7) is an eigenstate of any hamiltonian
with matrix elements of the form (n'|H|n) = f(n' —n).
The winding number n for a map from S* — S3 is given by eq. (93.3), where
UTU = 1. We will prove that n is invariant under an infinitesimal deformation
of U. Since any smooth deformation can be made by compounding infinites-
imal ones, this will prove that n is invariant under any smooth deformation.
a) Consider an infinitesimal deformation of U, U — U + éU. Show that
SUT = —~UTsUUT, and hence that §(U9,UT) = —Ud,(UTSU)UT.
b) Show that

on = ;32 /d?m gtk TT[(UBiUT)(U@jUT)é(UakUT)] ) (93.45)
7r

2
Plug in your result from part (a), and integrate dy by parts. Show that
the resulting integrand vanishes. Hint: make repeated use of UQ;Ut =
—0;UUT, and the antisymmetry of /%,
Show that if U, (x) and Uy (x) are maps from S* — S? with winding numbers n
and k, then U, (x)Uk(x) is a map with winding number n + k. Hint: consider
smoothly deforming U, (x) to equal one for z3 < 0. How should Ug(x) be
deformed?
Use eq.(93.16) to compute the winding number for the map given in
eq. (93.29), and for a generalization where ¢ is replaced by n¢.
Use eq. (93.16) to compute the winding number for U™, where U is the map
given in eq. (93.29). Hint: first show that U can be written in the form U =
explix-d], where Y is a three-vector that you should specify. Is your result in
accord with the theorem of problem 93.47
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Quarks and theta vacua
Prerequisite: 77, 83, 93

Consider quantum chromodynamics with one flavor of massless quark, rep-
resented by a Dirac field ¥ in the fundamental representation of the gauge
group SU(3). The path integral is

— 1 y %0 - y
WPV — L FPES, — S FE, |

(94.1)

Z = /DAD\I/DT exp i/d%

for the sake of brevity, we have not written the source terms explicitly.

In addition to the SU(3) gauge symmetry, there is a U(1)y x U(1)a global
symmetry of the quark action. However, the U(1)s symmetry is anomalous.
As we saw in section 77, under a U(1)a transformation

U — e By (94.2)
U — e % (94.3)

the integration measure picks up a phase factor,
— g2a ~ —
DYDY — exp|—i [ dz =— F*F® | DV DV . (94.4)
1672 H

Using this in eq. (94.1), we see that the effect of a U(1) transformation is to
change the value of the theta angle from 6 to 6 + 2«. Since the value of 6 can
be changed by making a U(1)a transformation (which is simply a change of
the dummy integration variable in the path integral), we must conclude that
Z does not depend on . Apparently (and surprisingly), adding a massless
quark has turned the theta angle into a physically irrelevant, unobservable
parameter.

601
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How do we reconcile this with our analysis in the previous section, where
we concluded that instanton-mediated tunneling amplitudes make the vac-
uum energy density depend on 67 The answer is that when we perform the
integral over the quark field in eq. (94.1), we get a functional determinant;
the path integral becomes

7= / DA det(ilp)e'Sen? | (94.5)

where S'is the Yang—Mills action and n is the winding number. We see from
eq. (94.5) that Z would be independent of 6 if gauge fields with nonzero
winding number did not contribute. This will be the case if det(i])) vanishes
for gauge fields with n # 0. We conclude that i]) must have a zero eigen-
value or zero mode whenever the gauge field has nonzero winding number.
This renders Z independent of 8. Now consider adding a mass term for the
quark. If we write the Dirac field ¥ in terms of two left-handed Weyl fields

x and &,
X
U= (5) , (94.6)

Lnass = _mX£ - m*é.TXT . (947)

the mass term reads

We have allowed m to be complex: m = |m|e’®. In terms of ¥, eq. (94.7) can
be written as

Linass = _|m|§€7i¢75\1} . (948)

A U(1)4 transformation changes ¢ to ¢ + 2a. Since 6 simultaneously changes
to 0 + 2a, we see that ¢ — 6, or equivalently me =%
the path integral can (and does) depend on me™*, but not on m and 6
separately.

With more quark fields, the mass term is £ = —M;;x;&; + h.c.; a U(1)a
transformation changes the phase of every y; and & by €!®, and so every
matrix element of M picks up a factor of e?*®. Simultaneously, # changes
to § + 2Na, where N is the number of quark fields. Thus (det M)e™% is
invariant under a U(1), transformation.

, is unchanged. Thus,

To understand the effects of the theta angle on hadronic physics, we
turn to the ef- fective lagranagian (for the case of twolight flavors) that
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we developed in section 83,
L£=-12Troruto,U + o Te(MU + MTUT)
+iNJN — myN(U'P, + UP,)N
— (g —1)iNy* (U, U'P, + U9, UP,)N
—eeN(MP, + MTP)N — eoN(U'MUTP, + UMUP,)N
—e3Te(MU + MTUNYNUTP, + UP,)N
— ey Te(MU — MTUN)YN(U'P, —UP,)N , (94.9)

where U is a 2 x 2 special unitary matrix field representing the pions, N is
the field for the nucleon doublet,

my, O )
M = e~0/2 (94.10)
0 mqy

is the quark mass matrix, v® is the value of the quark condensate, and ¢, and
¢; are numerical constants. (The terms in the last three lines were introduced
in problem 83.8.)

For the case of § = 0, the potential

V(U) = —v*Tr MU + h.c. (94.11)

is minimized by U = I, and we can expand about this point in powers of the
pion fields, as we did in section 83. However, for nonzero ¢, the minimum
of V(U) occurs at U = Uy, where Uy is diagonal (because M is) and has
unit determinant (because U is required to have unit determinant). We can

therefore write
etio 0
Uy = ) 94.12
’ < 0 e_i‘b) ( )

We determine ¢ by minimizing
V(Uy) = —20° [mu cos(¢ — 10) + mgcos(¢ + %e)] : (94.13)
the result is

My, + My

9) . (94.14)

N[

As we will see shortly, experimental results require the value of |6| to be less
than 107%; therefore, we can work to first order in an expansion in powers
of . For § < 1, egs. (94.12) and (94.14) can be written in the elegant form

MUy = My — i0ml + O(6?) , (94.15)
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where
m, 0O
My = (94.16)
0 mq
is the quark mass matrix with 0 set to zero, I is the identity matrix, and
= i (94.17)
My, + Mg

is the reduced mass of the up and down quarks.

We can now expand in powers of the pion fields. Though it is not at all
obvious, it turns out that the most convenient way to define the pion fields
is by writing

U(x) = upu®(x)ug , (94.18)
where u2 = Uy and u(z) = exp[in®(2)T%/fx]. We also define U(z) = u?(z),
and a new nucleon field A via

N = (uwpuP, + uguTPR)./\/'. (94.19)
Substituting eqgs. (94.18) and (94.19) into eq.(94.9), and using ugMug =

MU, (which follows because ug and M are both diagonal, and hence com-
mute), we ultimately get
L=-12Tvor010,U + v* Tr[(MUy)U + (MUy) U]

+iNIN — myNN + NYN — g Ndys N

— Ley N u(MUgp)u + ul (MUp) tul |V

+ Lo N [uw(MUp)u — u! (MUp) Tul]ys N

— 3 Te[(MU)U + (MU)TUN VNN

+ e Te[(MU)U — (MU U Nys NV, (94.20)
where v, = Li[ul(9,u) + u(ul)], ay = Fi[ul(9u) — u(duul)], and cx =
c1 £ ca. Eq. (94.20) is exactly what we found in section 83, except that the
quark mass matrix M has been replaced everywhere by MUj.

We can now use eq. (94.15) to get the O(¢) contributions to £. Using the
fact that Tr(U — UT) vanishes in the case of two light flavors, we find

Lo = —ifm|—e N (U - UHN + e N(U + TN
+es To(U + U Ny N (94.21)
Expanding in powers of the pion fields yields
Lo = —i0m(c_+4c)) NysN — (Ocam/ fr)m No"N + ..., (94.22)
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Figure 94.1. Diagrams contributing to the electric dipole moment of the
neutron that are enhanced by a chiral log. The C'P violating vertex is
denoted with a cross.

where we used T% = %a“. We can eliminate the first term with a field
redefinition of the form A" — e~*»N. This generates some new terms in
eq. (94.20), but all have at least two factors of quark masses, and hence can
be neglected. The second term in eq. (94.22) provides a pion-nucleon cou-
pling that violates both parity P and time-reversal T (equivalently, C'P).

The value of ¢4 can be fixed by baryon mass differences. The ¢4 term in
eq. (94.20) makes a contribution of ¢4 (m, — my) to the proton-neutron mass
difference, my, — m, = —1.3MeV. Using m, = 1.7MeV and mg = 3.9 MeV
yields c; = 0.6. However, there is a comparable electromagnetic contri-
bution to the proton-neutron mass difference. We get a better estimate
from the masses of baryons with strange quarks, c4(ms — %mu — %md) =
mzo — myo = 122 MeV; using ms = 76 MeV yields ¢y = 1.7. (All these val-
ues assume the MS renormalization scheme with p = 2 GeV.)

For comparison with the interaction of eq. (94.22), the dominant (P and
CP conserving) pion-nucleon interaction comes from the last term in the
second line of eq. (94.20), and is

L.y = (95 [)Oum N Ty N (94.23)
where g, = 1.27. As we did in section 83, we can integrate by parts to put

the derivative on the nucleon fields, and then (for on-shell nucleons) use the
Dirac equation to get

L.y = —ilgamn/ fr) " No s N . (94.24)
The strongest limit on a C'P violating pion-nucleon coupling comes from

measurements of the electric dipole moment of the neutron. The Feynman
diagrams of fig. 94.1 contribute to an ampitude of the form

T = —2iD(q°)e};(q)Ts (p') S"quivsus(p) (94.25)
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where ¢ = p’ — p. In the ¢ — 0 limit, this corresponds to a term in the effec-
tive lagrangian of

L = D(0)F,,nS"iysn , (94.26)

where n is the neutron field; see section 64. If the factor of iy was absent,
this would represent a contribution of D(0) to the magnetic dipole moment
of the neutron. To account for the factor of ivys, we use

SH iy = —3eMP0S g (94.27)
to see that eq. (94.26) is equivalent to
L =—D(0)E,, nS"n , (94.28)

where 1*:'/“, = %E“VP"FPU is the dual field strength. Since B = —E, eq. (94.26)
represents a contribution of D(0) to the electric dipole moment of the neu-
tron d,,.

The salient feature of the diagrams shown in fig. 94.1 is that the pho-
ton line attaches to the pion line. These diagrams are enhanced by a chiral
log In(A%?/m2) ~ 4.2, where A ~ 47 f, is the ultraviolet cutoff in the effec-
tive theory. No other contributing diagrams have this enhancement; it is an
infrared effect, due to the light pion. Of course, 4.2 is not an impressively
large number, and so we cannot be certain that the remaining contributions
are not significant. These contributions depend on coefficients in the effective
lagrangian that are not well determined by other experimental results.

Using

0
1% — (\/;r_ fj) 7 (94.29)
we can write the charged-pion terms in egs. (94.24) and (94.21) as
L.y = —iV2(gamn/ fr)(xF Pysn + 7~ ysp) (94.30)
Ly wn = —V2(0ci) fr)(nt P+ 7 7p) . (94.31)

From these we read off the pion-nucleon vertex factors. We label the internal
momenta as shown in fig.94.2; for small g, ¢ is a pion momentum that
should be cut off at A ~ 4x f;. Because the terms of interest have a chiral
log produced by an infrared divergence at small ¢, we can treat £ as much
less than p and p’. Thus the internal proton is nearly on-shell, which justifies
the use of eq. (94.24) for the C'P conserving interaction.
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14
l+4{2)<‘—"“~~‘!—q/2

> 3 > 5 >
p Hepty2 P
Figure 94.2. Momentum flow in the diagrams of fig. 94.1.

The diagrams of fig. 94.1 yield an amplitude of

A g4
iT = (1) (VB 1) VB )¢5 | s
(200) W' [(~f=p +mn)vs +v5(—f—F +mny)|u

((+9)? +m3)(¢+59)* + m2) ((—39)? +m3)

. (94.32)

where p = %(p’ + p). Using {v#,75} = 0, the spinor factors in the numerator
simplify to

'l Ju=2myu'y5u . (94.33)
From the spinor properties established in section 38, it is easy to check that
u'ys5u vanishes when p’ = p; thus @'y5u must be O(g), and so we can set
q = 0 everywhere else. Also, taking ¢ < p, we can set ((+p)? +m3, = 2p-{
in the denominator of eq. (94.32). We now have

Aay (20M) W' ysu
(2m)* (2p-0)(£2 +m3)?

T = 4(69gAc+mm?V/f72)6Z /0 (94.34)

Integrating over the direction of ¢ results in
iz 1 1
— - (94.35)
pt  p* my
Next we use the Gordon identity (see problem 38.4)
PP’ ysu =1’ S ivsu + O(¢%) (94.36)

which verifies that u’ysu is linear in . We now have

Aate 1
T = —4(699Ac+rh/f72r)€; ﬂ'S“”q,,z"yg,u/ (94.37)

o (2m)* (2 +m3)? "
In the limit m, — 0, the integral diverges at small ¢, generating a chiral
log. This infrared divergence can only arise from diagrams with two pion
propagators, which is why it appears only if the photon is attached to the
pion.
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After a Wick rotation, the integral evaluates to (i/1672) In(A%/m?2). Com-
paring with eq.(94.25), we see that the electric dipole moment of the
neutron is

efg.cem
8m2f2

Putting in numbers (g, = 1.27, ¢ = 1.7, m = 1.2MeV), we find

dy = [m(A?/mi) +o@)]. (94.38)

dp=32x10"%9ecm . (94.39)

The experimental upper limit is |d,| < 6.3 x 1072% ecm, and so we must
have || < 2 x 10710,

Such a small value for a fundamental parameter cries out for an explana-
tion; this is the strong CP problem. Several solutions have been proposed. (1)
The up quark mass may actually be zero, since a massless quark renders 6
unobservable (and effectively zero). This requires higher-order corrections in
the quark masses to account for the masses of the pseudogoldstone bosons.
(2) The fundamental lagrangian may be C'P invariant, and the observed C'P
violation in weak interactions due to spontaneous breaking of C'P symme-
try. (3) The theta parameter may be promoted to a field, the azion, which
would minimize its energy by rolling to 8 = 0; see problem 94.2. All of these
solutions have interesting physical consequences.

Reference notes

Quarks and theta vacua are discussed in Coleman, Ramond II, and
Weinberg 11.

Problems

94.1) Carry out the field redefinition discussed after eq. (94.22), and verify that all
new terms generated in the lagrangian are suppressed by at least two powers
of quark masses.

94.2) Consider adding to the Standard Model a massless quark, represented by a
pair of Weyl fermions x and £ in the 3 and 3 representations of SU(3). Also
add a complex scalar @ in the singlet representation. Assume that these fields
have a Yukawa interaction of the form Ly = y®Px€ + h.c., where y is the
Yukawa coupling constant. Assume that the scalar potential V(®) depends
only on ®T®.

a) Show that the lagrangian is invariant under a Peccei-Quinn transforma-
tion x — ey, € — "¢, & — e~ 22, all other fields unchanged.

b) Show that this global U(1)pq symmetry is anomalous, and that 6 — 6 +
2a under a U(1)pq transformation.
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Suppose that V(®) has its minimum at |®| = f/v/2, with f # 0. Show
that this gives a mass to the quark we introduced.

Write ® = 2-Y2(f + p)e’®/f | where p and a are fields. Argue that, in
eq. (94.10), we should replace 6 with 6 4+ a/f, and add to eq. (94.9) a kinetic
term féaﬂaﬁua for the a field.

Show that the minimum of V(U), defined in eq. (94.11), is at U = I and
a = —f6. Show that P and C'P are conserved at this minimum.

The particle corresponding to the a field is the azion; compute its mass,
assuming f > fr.

Note that if f is large, the extra quark becomes very heavy, and the axion
becomes very light. Show that couplings of the axion to the hadrons are
all suppressed by a factor of 1/f.
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Supersymmetry

Prerequisite: 69

Supersymmetry is a continuous symmetry that mixes up bosonic and fermi-
onic degrees of freedom. A supersymmetric theory (in four spacetime dimen-
sions) has a set of supercharges Qq4, where a is a left-handed spinor index,
and A is an internal index that runs from 1 to A/, where the allowed values
of N are 1, 2, and 4. The supercharges can be obtained as integrals over
d?c of the time component of a supercurrent. The supercurrent is found via
the Noether procedure, once we have identified the set of supersymmetry
transformations that leaves the action invariant.

The supercharges (), 4 and their hermitian conjugates Ql; 4> together with
the generators of the Poincare group P* and M"Y, obey a supersymmetry
algebra

[Qaa, P'] =0, (95.1)
QLA P =0, (95.2)
[Qaa, M| = (SI")a“Qea , (95.3)
QL4 M™] = (S1")a°Ql (95.4)
{Qaa, Qup} = Zapea , (95.5)
{Qan, Qlp} = —26450%, P, . (95.6)

Egs. (95.1) and (95.2) simply say that the supercharges are conserved, and
egs. (95.3) and (95.4) simply say that their spinor indices are indeed spinor
indices. In eq. (95.5), Zap = —Zp4 must commute with Qq4, P*, and M,
and so represents a central charge in the supersymmetry algebra. We will
be concerned only with the case of N' = 1 supersymmetry: the index A then
takes on only one value (and so can be dropped), and Zyp = 0.

610
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N = 1 supersymmetric theories are most easily formulated in superspace,
where we augment the usual spacetime coordinate z* with an anticommuting
left-handed spinor coordinate 6, and its right-handed complex conjugate 6.
We define superfields ®(z,0,0*) that are functions of all these coordinates.

The energy-momentum vector generates translations of the usual space-
time coordinate z* in the usual way,

[®(x,0,0%), P'] = —iol®(x,0,0") . (95.7)
By analogy, we would expect

[®(x,0,0%),Q4] = —1Q,P(x,0,0%) (95.8)

[®(x,0,0"),QL] = —iQ;®(,0,0%) (95.9)

where Q, and Q} are appropriate differential operators. To figure out what
they should be, we first introduce the anticommuting derivatives 9, = 9/06
and 9F = 0/00*%, which obey 9,0° = 6,¢ and 9:0*¢ = §,°. Note, however,
that complex conjugation should reverse the order of a product of Grass-
mann variables, in order to maintain consistency with hermitian conjugation.

Then we have §,¢ = (0,0°)* = 0*¢(0,)* = —(0,)*0*¢, which implies
(0a)" = —0; - (95.10)

Thus, our first guess for the differential operators in egs.(95.8) and
(95.9) is Q4 = 0, and Qf = —0%. However, this choice is inconsistent with

{Qa, Q1) = —20". .
An alternative that avoids this pitfall is

Qq = +0, +i0".0%0, (95.11)
Q= —0; — i0°0".0, . (95.12)

These obey the anticommutation relations

{Qu, Q) = —2i0),0, - (95.14)

It is straightforward to check that egs. (95.5)—(95.12) are now mutually com-
patible. In particular, the Jacobi identity

is satisfied.
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Next we introduce the supercovariant derivatives

D, = +0, — 01,00, , (95.16)
D; = -0, + i6°",0, . (95.17)
These obey
{Da, Dy} ={D;,D;} =0, (95.18)
{Da, D3} = 2i0},,0, (95.19)
{Da, @} = {Da, O} = {D5, Q} ={D;,Q;} = 0. (95.20)

Because of eq. (95.20), we could impose the condition D,® =0 or D;® =0
on a superfield, and this condition would be preserved by the supersymmetry
transformations of egs. (95.8) and (95.9). A superfield that obeys

D:®(x,0,0) =0 (95.21)
is a left-handed chiral superfield. Tts hermitian conjugate ®f(z, 6, #*) obeys
D,®(2,60,0") =0, (95.22)

and is a right-handed chiral superfield.
We can solve eq. (95.21) by introducing

yt =zt —ifch 0 (95.23)
and noting that
D:0, =0 and Di;y*=0. (95.24)

(When verifying Dy* = 0, remember that there is a minus sign from pulling
the 0} through 6°.) Thus, any superfield ®(y, ) that is a function of y and
0 only is a left-handed chiral superfield.

We can expand ®(y,0) in powers of 6; because # is an anticommuting
variable with a two-valued index, we have 6,0,6. = 0, and so the expansion
terminates after the quadratic term. We thus have

D(y,0) = A(y) + V200 (y) + 00F () , (95.25)

where A(y) and F(y) are complex scalar fields, 9, (y) is a left-handed Weyl
field, and we have used our standard index-suppression conventions: 6 =
0%y, and 00 = 0*0,. The factor of root-two is conventional.
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We can now substitute in eq. (95.23), and continue to expand in powers
of 8 and 6*. Making use of the spinor identities

040 = +500e4p , 00" = — 100" (95.26)
00: = —16°0%c,; . 070" = 1 Lggreit (95.27)

where 06 = 0%, and 6*0* = (00)* = 0;0**, along with the Fierz identity

(00"0*) (057 0*) = —1006*0* g™ (95.28)
we find
D(z,0,0%) = A(x) + V20)(x) + 00F (z) — i(0o+0%)9, A(x)
— 551000°5" 0, (x) + 1000*0*0°A(x) . (95.29)

Let us investigate the properties of a left-handed chiral superfield under a
supersymmetry transformation, given by egs. (95.8) and (95.9). It is easiest
to use the y and 6 coordinates, since

b’ =6.",  Quyt =0,
Qi =0, Qiyt = —2i0°". . (95.30)
We thus have
Qu®(y,0) = 0.2 (y,0)

= V2a(y) +20.F(y) . (95.31)
Qi d(y,0) = —2i0°". 0,2 (y,0)
= —2i0°0". 0, A(y) + V2000, (y) ok, | (95.32)

where 0,, is with respect to y; we used eq.(95.26) to get the last line. We
can now find the supersymmetry transformations of the component fields
A, 1, and F by matching powers of 6 on each side of egs. (95.8) and (95.9).
Remembering that the Q and Qf operators anticommute with 6 and 6*, we

get
(4, Qa] = —iV2¥q [4,Ql1=0, (95.33)
(Yo, Qa} = —iV2eacF . {10, QL} = —V20%,0,4 | (95.34)
[F,Qd] =0, [F,Ql] = vV20,4°", (95.35)

where all component fields have spacetime argument y. However, y is arbi-
trary, and so we are free to replace it with x.
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Eq. (95.35) is the most important: it tells us that the supersymmetry
transformation of the F field is a total derivative. Therefore, [ d*c F(z) is
invariant under a supersymmetry transformation, and hence could be a term
in the action of a supersymmetric theory.

The product of two left-handed chiral superfields is another left-handed
chiral superfield; this is obvious from eq.(95.25), and the fact that the 6
expansion always terminates with the quadratic term. For two chiral super-
fields ®4(y,0) and P2(y, d), we have

D10y = Ay A + V20(A1ths + Asthr) + 00(A1Fa + AsFy — h1aba) . (95.36)

More generally, given a set of left-handed chiral superfields ®;, we can con-
sider a function of them W (®); this function is itself a left-handed chiral
superfield. Its F' term (the coefficient of 60) is

_ W), 1 0PW(A)

W), 0A; ' 2 9A04,

Y, (95.37)
where repeated indices are summed. The spacetime integral of this term (like
the spacetime integral of any F' term) is invariant under supersymmetry, and
hence could be a term in the action of a supersymmetric theory. In this case,
the function W (®) is called the superpotential.

We still need kinetic terms. To get them, we first investigate the properties
of a vector superfield. A vector superfield V' (x, 6, 0*) is hermitian,

[V (z,0,6%)]" = V(z,0,6%), (95.38)
but is not subject to any other constraint. Its component expansion is
V(x,0,0%) = C(z) + Ox(x) + 0" (z) + 00M (x) + 0*0* M ()
+ 05" 0% v, () + 000"\ () + 0°0* O (z)
+ 2000%0*D(x) , (95.39)
where C' and D are real scalar fields, M is a complex scalar field, x and A

are left-handed Weyl fields, and v, is a real vector field.
Following the analysis that led to eq. (95.35), we find

[D,Q.) = —c"9,A¢,  [D,Ql] = +8,1", . (95.40)

We see that the supersymmetry transformation of the D component of a vec-
tor superfield is a total derivative. Therefore, [ d* D(z) is invariant under
a supersymmetry transformation, and hence could be a term in the action
of a supersymmetric theory.
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Consider the product of a left-handed chiral superfield ®(z, 6, 6*), as given
by eq. (95.29), and its hermitian conjugate

D (2,0,0%) = A(x) + V20*¢1 (x) + 0°0* F(2) 4 i(00"6*)9, Al (z)

- %i@*@*@uwm)&“@ + 1000797 9%A' (z) . (95.41)

The product ®f® is obviously hermitian, and so is a vector superfield. After
considerable use of egs. (95.26)—(95.28), we find that the D term (the coef-
ficient of 06*60) of this vector superfield is

o' = 10rAT0, A + L A0PAT 4+ L AT5%A
+ LipTar oy — Sioptary
+ FiF . (95.42)

The spacetime integral of this term (like the spacetime integral of any D
term) is invariant under supersymmetry, and hence could be a term in the
action of a supersymmetric theory. After some integrations by parts, and
dropping total divergences, we find

oT o o= —'ATO, A+ ipiaH D, + FTF . (95.43)

We see that we have standard kinetic terms for the complex scalar field A
and the left-handed Weyl field 1. We also have a term with no derivatives
for the complex scalar field F'. The F field is therefore called an auxiliary
field.

If we consider a set of left-handed chiral superfields ®;, we get a hermitian,
supersymmetric action if we take as the lagrangian

L=olo,

o+ (W(@)‘F +he) (95.44)

where the index in the first term is summed. Since F; appears only quadrat-

ically and without derivatives, we can easily perform the path integral over

it. The result is equivalent to solving the classical equation of motion for Fj,
oL OW (A)

= _pf 2
5F =5t ga =0 (95.45)

and substituting the solution back into the lagrangian; the result is
L= —0"ATD, A + i) 70,
- ‘8W(A) 1 [82W(A)

DA, 2| o404, Vi + hee.|, (95.46)

where the indices are summed in each term.
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As an example, let us consider a single left-handed chiral superfield, with
superpotential

W(A) = tmA? + tgA® . (95.47)
This is the Wess—Zumino model. The scalar potential is
V(A) = |OW/0A?
= m?ATA + Lgm(ATA? + AT2A) + 1g2(ATA)? . (95.48)
We see that the scalar has mass m. The last term in eq. (95.46) becomes

Lumass+yuk = —3maph — 2g Ay + hee. . (95.49)

We see that the fermion also has mass m, and a Yukawa interaction with
the scalar. The Yukawa couping is related (by supersymmetry) to the cubic
and quartic self-interactions of the scalar.

Next we would like to introduce gauge fields. Recall that the vector super-
field V' (z, 6, 6*) has among its components a real vector field v, (z) that could
be identified as an abelian gauge field. (Later we will add an adjoint index
to the superfield in order to get a nonabelian gauge field.)

We need to generalize the notion of a gauge transformation to superfields.
We begin by noting that if Z is a left-handed chiral superfield, then i(ZT — Z)
is a vector superfield. We then define a supergauge transformation

V- V4+iE -g5). (95.50)
We will attempt to construct actions that are invariant under eq. (95.50).
Following the pattern of egs. (95.29) and (95.41), we write

E(x,0,0") = B(z) + 0¢(x) + 00G ()

—i(00"0%)9,B(x) + ... , (95.51)
=(x,0,0%) = Bl (z) + 6*¢' (x) + 07°0*GT ()
+i(0o"0*)8, BT (z) + ... . (95.52)

If we set B = %(b + ia), where a and b are real scalar fields, we find
i(Z — 2) = a —i0¢ +i0*¢" —i00G +i0%0*GT — (00"0*)Iub+ ... .
(95.53)

From eq. (95.39), we see that the supergauge transformation of eq. (95.50)
results in

C—-C+a,
X — X — i,
M —- M -G,

vy — v, — Oub . (95.54)
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The last of these is the usual abelian gauge transformation. The first three
allow us to gauge away the C', x, and M components of a vector superfield.
That is, we can make a supergauge transformation with a = —C, £ = —ix
and G = —iM; in this gauge, known as Wess—Zumino gauge, the vector
superfield becomes

V = (000" )v, + 000*\T + 0*0*0) + 1600*0*D (95.55)

Note that we still have the freedom to make the supergauge transformation
of eq. (95.50) with B(z) = 1b(z), and that this still implements the ordinary
abelian gauge transformation of eq. (95.54).

Now consider a left-handed chiral superfield ® that has charge +1 under
a U(1) gauge group. We take the kinetic term for ® to be

Lyin = ®Te 29V ® o (95.56)

where ¢ is the gauge coupling. The vector superfield ®Te=29V® is clearly
invariant under the supergauge transformation

P — e 2ED (95.57)
ot — plet?io=" (95.58)
V-V4iE -g). (95.59)

Let us evaluate eq. (95.56) in Wess-Zumino gauge, where we have
V2= —1000"0" "0, (95.60)
Vi=0. (95.61)
The exponential factor in eq. (95.56) becomes

e 29V =1 —29(05"0" v, — 29000°\T — 29070 O
— 00070 (gD + g*vt'v,,) . (95.62)

The relevant terms in ®T® are

DD = ATA 4+ V20" 1A + V20 AT
+ (00"0") (15 ,0p — iATD, A +iAD,AT)
...+ 000" (dTD)p (95.63)

where we used 2(6*y1)(0y) = (046*) (115 ,1)) to get the first term in the
second line, and (®T®)p is given by eq. (95.42).
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Combining egs. (95.62) and (95.63), taking the D term, and performing
the same integrations by parts that led to eq. (95.43), we find
dle™Vd| = —(D"A)'D,A+iy'e" D,y + FIF
D
+ V290 ATA + V2gATAY — gATDA | (95.64)
where D, = 0, — igv,, is the usual gauge covariant derivative acting on field
of charge +1.

We still need a kinetic term for the vector superfield. To get it, we first
introduce a superfield that carries a left-handed spinor index,

W, = iD:D*D,V . (95.65)

Since the two components of D* anticommute, we have DZDZD;'k = 0.
Thus W, obeys D:W, =0, and is therefore a left-handed chiral super-
field. Furthermore, W, is invariant under the supergauge transformation of
eq. (95.50). To see this, we first note that D;D*¥D, annihilates =7 (because
D, does). Then, we use eq. (95.19) to write

DiD*'D, = —(DiD, + 2ic".9,)D* . (95.66)

Thus, D;D**D, also annihilates = (because D*¢ does). Therefore, W, is
invariant under eq. (95.50).

Since W, is a left-handed chiral superfield, it has an expansion in the form
of eq. (95.25). To find the component fields of W,, we set x = y + i#c*0* in
eq. (95.55), and expand in 6 and 6*. The result is

V = (00"0")v,, + 000*AT + 0°0°0X + 1000*0*(D — io*v,) . (95.67)

where all component fields have spacetime argument y. From eq. (95.24), we
see that D} = —0 when it acts on a function of y, §, and 6*. We also have

Dy = (Dab)0c + (Da*) 0% + (Day*)0y, = 9a + 0 — 2ic". 0740, ,  (95.68)
where 0, is with respect to y. Using eq. (95.68), we find
D,V = 09" [/\a +04(D — i0-v) — (015" 0) 4,0, + i00(P AN,
+.... (95.69)

When we act on D,V with DiD*® = 9:9*¢ to get W, only the coefficient
of 0*9* survives. Since 9:9%4(6*0*) = 4, we find

Wo = g+ 0a(D — i0-v) —i(0"5"0)a0,v, +i00(a" D\ . (95.70)
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We can simplify eq. (95.70) by using the identity

(0H5Y) " = —g" 6, — 2i(SH),0 . (95.71)
Remembering that SE” is antisymmetric on p < v, and defining the field
strength
Fu = 0yvy — 0yvy, (95.72)
we get
Wo = A+ 0aD — (S")°0.F,,, + i000™. 9N . (95.73)

We see that W, involves the vector field v, only through its gauge-invariant
field strength F},,. Since W, is supergauge invariant, this is to be expected.

Next, consider the F term of W?W,. This term is Lorentz invariant,
and its spacetime integral (like the spacetime integral of any F' term) is
invariant under supersymmetry, and hence could be a term in the action of
a supersymmetric theory. Working out the components, we find

WW,| = 20\ 9N — LTr(SHSPO)F,, Fpy + D? (95.74)

where Tr(SE7SE7) = (S17)a¢(SE7) 2. To get the spin matrices into this form,
we used the fact that (S£”),c is symmetric on a <+ ¢. Now we use the identity

Tr(SHSP7) = L(g"g" — ¢"7g"") — LiehP (95.75)
to get

WW,| = 2ot 0N — L, — LiFWE,, + D? | (95.76)
where FH = %5/‘” P9F,s. We can now identify the kinetic term for the vector
superfield as

Lyin = %WGWQ » + h.c.

= iXlgro N\ — LFWE,, + 1D? . (95.77)

We integrated by parts and dropped total divergences to get the second line.
We see that we have the standard kinetic terms for the gauge field v, and
the gaugino field A\, while D is an auxiliary field.

All of this generalizes in a straightforward way to the nonabelian case.
We define a matrix-valued vector superfield V' = VT, and a matrix-valued
chiral superfield = = Z*T?, where a is an adjoint group index. A chiral
superfield @ in the representation R still transforms according to egs. (95.57)
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and (95.58), but for the vector field we have

— —2ig=t — ia=
e 2gV_>6 2ig= e 2gVe+22g_; (9578)

this reduces to eq. (95.59) in the abelian case.
The field-strength superfield is now

W, = =g DiD* etV Dye 2V (95.79)
Under a supergauge transformation,
W, — e 2951, e T219= (95.80)

Eq. (95.73) still holds, but the derivative that acts on AT is now the gauge
covariant derivative for the adjoint representation, and F*¥ now includes the
usual nonabelian commutator term. These changes also apply to eq. (95.77),

where we must also trace over the group indices and (for proper normaliza-
tion) divide by the index T'(R).

Reference notes

Introductions to supersymmetry can be found in Martin, Siegel, Weinberg
111, and Wess & Bagger.

Problems

95.1) Use eq. (95.6) to show that the hamiltonian is positive semidefinite, and that
a state with zero energy must be annihilated by all the supercharges.

95.2) Supersymmetry is spontaneously broken if the ground state |0) is not anni-
hilated by all the supercharges.

a) Use the first of egs. (95.34) to show that supersymmetry is spontaneously
broken if (0| F|0) # 0.

b) Compute {\,, Qp}. Use the result to show that supersymmetry is sponta-
neously broken if (0| D|0) # 0.

95.3) Consider a supersymmetric theory with three chiral superfields A, B, and C,
and a superpotential W = mBC + kA(C? — v?), where m and v are param-
eters with dimensions of mass, and « is a dimensionless coupling constant.
This is the O’Raifeartaigh model.

a) Show that one or more F' components is nonzero at the minimum of the
potential, and hence that supersymmetry is spontaneously broken.

b) Show that the potential is minimized along a line in field space, and find
the masses of the particles at an arbitrary point on this line. You should
find that there is a massless Goldstone fermion or goldstino that is related
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by supersymmetry to the linear combination of F' fields that gets a nonzero
vacuum expectation value.

Supersymmetric Quantum Electrodynamics. Consider a supersymmetric U(1)

gauge theory with chiral superfields ® and ® with charges +1 and —1, respec-

tively. Here the bar over the ® in the field ® is part of the name of the field,
and does not denote any sort of conjugation. We include a gauge invariant
superpotential W = m®®.

a) Work out the lagrangian in terms of the component fields.

b) Eliminate the auxilliary fields F', F, and D.

In a supersymmetric gauge theory with a U(1) factor, we can add a Fayet—

Hlliopoulos term Ly = e£D to the lagrangian, where D is the auxilliary field

for the U(1) gauge field, and £ is a parameter with dimensions of mass-

squared.

a) Explain why adding this term preserves supersymmetry. Explain why the
corresponding gauge field cannot be nonabelian.

b) Add this term to the SQED lagrangian that you found in problem 94.4,
and eliminate the auxilliary fields.

¢) Minimize the resulting potential. Show that supersymmetry is sponta-
neously broken if £ is in a certain range.

R symmetry. Given a supersymmetric gauge theory (abelian or nonabelian),

consider a global U(1) transformation that changes the phase of the gaugino

fields, A\, — e~ )\,; we say that the gauginos have R charge +1.

a) If R symmetry is to be a good symmetry of the lagrangian, what relation
must hold between the R charges of the scalar and fermion components
of a chiral superfield that couples to the gauge fields?

b) In additon, what conditions must be placed on the superpotential?
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The minimal supersymmetric standard model
Prerequisite: 89, 95

Having seen how to construct a general supersymmetric gauge theory in
section 95, we can now write down a supersymmetric version of the Standard
Model.

To do so, we introduce vector superfields for the gauge group SU(3) x
SU(2) x U(1), which include the usual gauge bosons along with their fer-
mionic partners, the gauginos; chiral superfields L;,, E,, Qqai;, U%, and D¢
that include three generations of quarks and leptons along with their scalar
partners, the squarks and sleptons; and chiral superfields H; and H; in the
representations (1,2, —%) and (1,2,4—%), which include two copies of the
usual Higgs field along with their fermionic partners, the higgsinos. We give
all these fields supersymmetric, gauge invariant kinetic terms, and a super-
potential

W = —y”é‘inl‘LﬁEJ — yﬁJHiQaj,Df‘ - y;ljﬁiQomUJa - uEijﬁiHj s (961)
where p is a mass parameter. This superpotential generates the usual
Yukawa couplings, among others, and gives a positive mass-squared to both
Higgs fields. We forbid terms of the form H*L;, (which are allowed by the
gauge symmetry) by invoking a discrete symmetry, R parity. Under R par-
ity, all Standard Model fields (including both Higgs scalars) are taken to be
even, and all superpartner fields (gauginos, higgsinos, squarks, sleptons) are
taken to be odd.

Supersymmetry is clearly not an exact symmetry of the real world, and so
if present must be spontaneously broken. Correct phenomenology requires
supersymmetry breaking to be triggered by fields other than those listed
above. There are many possibilities for the dynamics of the fields in this
hidden sector, and an exploration of them is beyond our scope. However, we
can parameterize the effects of the hidden sector via a spurion field. This is

622
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a constant chiral superfield of the form
S =m% 00, (96.2)

where mg is the supersymmetry breaking scale. We couple S to the quark,
lepton, and Higgs superfields via D terms of the form

ﬁspur,D = m]T/f STS {C(H)HTH —+ C(H)E’TH
+ 2|0 LlL, + P BIE, +CiPqlQ,

+$¢W%+d?ﬂa”

(96.3)
D

Here we have suppressed all but generation indices; each Cf?) is a dimen-

sionless hermitian matrix in generation space. The parameter mp; is the
messenger scale. Eq. (96.3) gives masses of order m%/mys to the scalars.

We also couple S to the chiral gauge superfields Wéz) via F' terms of the
form

Lspurygauge:mﬁs Z oDy e éi)
i=1,2,3

+he., (96.4)
F

where the sum is over the three gauge-group factors; a is a spinor index.
Eq. (96.4) gives masses of order m%/my; to the gauginos.
Finally, we couple S to the chiral superfields via F' terms of the form

28

Espur,F = mX/}S Z CaW 4
A=1

+he., (96.5)
F

where Wy is one of the 28 gauge-invariant terms in the superpotential. In
particular, eq. (96.5) includes a mass term of the form HH + h.c. for the
Higgs scalars.

Egs. (96.1) and (96.3)—(96.5) specify the Minimal Supersymmetric Stan-
dard Model, or MSSM for short. Obviously, it has a complicated phenomenol-
ogy that is beyond our scope to explore in detail. One point worth noting is
that R parity implies that the lightest superpartner, or LSP, is absolutely
stable.

Reference notes

Supersymmetric versions of the Standard Model are discussed in Martin,
Ramond 1I, and Weinberg II1.
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Problems

96.1) Explain why we need two Higgs doublets.
96.2) a) Write the mass terms for the Higgs scalars as

Liiggsmass = — MIHH —m3H'H — m3e" (H;H; + h.c.) (96.6)

and compute the quartic terms in H and H that arise from eliminating
the auxilliary SU(2) and U(1) D fields.

b) Find the conditions on the mass parameters in eq. (96.6) in order for the
potential to be bounded below.

c¢) Find the conditions on the mass parameters in eq. (96.6) in order to have
spontaneous breaking of the SU(2) x U(1) symmetry.

d) Show that there are five physical Higgs particles, two charged and three
neutral.

e) Let tan 8 = ©/v be the ratio of the two Higgs VEVs. Show that

m2

2
mj —ms3
t = -~ . 96.7
anf3 %,mg ( )
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Grand unification

Prerequisite: 89

The Standard Model is based on the gauge group SU(3) x SU(2) x U(1),
with left-handed Weyl fields in three copies of the representation (1,2, — %) &)
(1,1,+1) & (3,2, +%) @ (3,1, —%) @ (3,1, —1—%), and a complex scalar field in
the representation (1,2,—%). The lagrangian includes all terms of mass
dimension four or less that are allowed by the gauge symmetries and Lorentz
invariance.

To complete the specification of the Standard Model, we need twenty real
numbers: the three gauge couplings; the three diagonal entries of each of the
three diagonalized Yukawa coupling matrices (for the up quarks, the down
quarks, and the charged leptons); the four angles in the CKM mixing matrix
for the quarks; the vacuum angles for the SU(3) and SU(2) gauge groups;
the scalar quartic coupling; and the scalar mass-squared.

The goal of grand unification is to construct a more compact model
with fewer parameters by supposing that the Standard Model is the result
of the spontaneous breaking of a larger gauge symmetry. The simplest
model along these lines is the Georgi-Glashow SU(5) model. Its start-
ing point is the grand unified gauge group SU(5). We include a scalar
field ® = ®*T* in the adjoint or 24 representation, and assume that
the scalar potential for this field results in a vacuum expectation value
(VEV) of the form (0|®[0) = diag(—3,—%,—1,43,+3)V. As we saw in
section 84, this VEV spontaneously breaks the gauge symmetry down to
SU(3) x SU(2) x U(1). The generator of the unbroken U(1) subgroup is
T4 = cdiag(—%, —%, —%, —i—%, -l—%), where ¢? = 3/5. It will prove convenient
to write

T =iy, (97.1)

625
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and express the U(1) charge as the value of Y rather than the value of T24.
We also note that the SU(5) breaking scale V' must be considerably larger
than the SU(2) x U(1) breaking scale v ~ 250 GeV in order to suppress the
observable effects of the extra gauge fields.

Under the SU(3) x SU(2) x U(1) subgroup, the fundamental and antifun-
damental representations of SU(5) transform as

5—(3,1,-) @ (1,2,+1), (97.2)
5—(3,1,+3) @ (1,2,-1) . (97.3)
Next we use eq. (97.2) to find that the product 5 ® 5 transforms as
5@5— (6,1, —2)s® (3,2, +1)s ® (3,1, - 2)s
(3,1, -3a® (3,2, +4)a @ (1,3,+1)a, (97.4)

where the subscripts indicate the symmetric and antisymmetric parts of the
product. In terms of SU(5), we have

5®5=155® 104 . (97.5)
Comparing egs. (97.4) and (97.5), we find
10— (3,1,-2) @ (3,2,+4) & (1,3,+1) . (97.6)

From egs. (97.2) and (97.6), we see that one generation of quark and lepton
fields fits exactly into the representation 5 ® 10 of SU(5).

We therefore define a left-handed Weyl field 1/ in the 5 representation
of SU(5), and a left-handed Weyl field Xij = —Xj; in the 10 representation.
The gauge covariant derivatives of these fields are

(D) = 0" — igs AL (T3 07

= O AT (97.7)
(Dux)is = Duxi = ig5 AL (T )ig™ xon

= 0 — igs AL e + (T ), (97:8)

where g5 is the SU(5) gauge coupling and 7' is the generator matrix in the
fundamental representation. The kinetic terms for these fields are

Lign = i) o" (D))" + Lix'a#(Dyx)ij (97.9)

where the implicit sum over ¢ and j is unrestricted; this necessitates the
prefactor of one-half in the second term to avoid double counting. The
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interaction terms with the gauge fields then work out to be
Lint = —gs [Tﬁg(AfL)ij&”W + X (AL)iF e x| (97.10)

where A, = A7T" is the matrix-valued gauge field, and A} is its transpose.
Note that we have written the factors in matrix-multiplication order (with
a trace for the second term).

We can identify the components of 4" and Xij as

Y= d d®* d7 e —v), (97.11)
0o @ —-a* u, d
—ud 0 u” Up dp

Xiy=| @ w0 u  dy |, (97.12)
—Up  —Up —Ug 0 e

—~d, —dy —d, —& 0

where r, b, and g stand for the three colors (red, blue, and green). We can
also write the gauge fields as

G,"—icB G, G,9 X} X7
Gbr be—%CB Gbg %X; %Xg
AT — Gy" Ggb Gy—3cB X, 7Xs
1yt Tb 1yt 1 1 1
X1 \/%Xl HX17 Wi+tgeB FWT
Lxir Bx o Lxlr Lwe —iwsalen
(97.13)

where the Lorentz index has been omitted. Here B is the hypercharge gauge
field, and W3 and v2W* = W! +iW? are the SU(2) gauge fields. The
gluon fields G;7 are subject to the constraint G,” + G}° + G,9 = 0. The X},
fields correspond to the broken generators of SU(5), and hence become mas-
sive; here ¢ is an SU(2) index and « is an SU(3) index. As we saw in
section 84, the X7, fields transform as (3,2,—2) under SU(3) x SU(2) x
U(1), and their mass is My = 6%95‘/.

If we substitute egs. (97.11)—(97.13) into eq.(97.10), we find the usual
interactions of the SU(3) x SU(2) x U(1) gauge fields with the quarks and
leptons, but with

\/ggl =g2=93=0s5 . (97.14)
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These relations among the gauge couplings hold in the MS renormalization
scheme; later we will discuss a modified scheme that is more appropriate at
energies well below My.

We also find the couplings of the X field to quarks and leptons; these
work out to be

LxXint = — 7595 [XIZ‘(J;E&“(B — &'t dg + ulPeHu e ng,)

+ X;i(—ggﬁ'“y + éTﬁMua + dTﬁ&Mﬂ’ygaﬁv)] +h.c.

= —ig5Xj§(aijJ§l6“€j — eVelalqj0 + ¢"P5 W enp,) + hic.

R
= -~ Lo XN +hee. (97.15)

where the last line defines the current J# that couples to the X, field.
(To include more than one generation, we add a generation index I to
each quark and lepton field, and sum over it.) The most interesting fea-
ture of eq.(97.15) is that the first two terms in the current have baryon
number B = —i—% and lepton number L = 41, while the third term has
B = —% and L =0. Thus exchange of an X boson can violate baryon
and lepton number conservation, leading to phenomena such as proton
decay. Proton decay has not been observed; the limit on the rate 1/7
for p — et is 7> 103 yr. A rough estimate of 1/7 from eq.(97.15)
is ggmg/&er. Taking g5 ~ go ~ 0.6, we find that we must have My >
3 x 10 GeV.

We still need a scalar field in the representation (1,2, —%) The smallest
complete representation of SU(5) that includes this piece is the 5. Call the
corresponding field H?; we can identify its components as

H =(¢" ¢ ¢7 ¢ —¢°). (97.16)
The possible gauge-invariant Yukawa couplings with the ¢° and Xi; fields
are
Lyuk = — yHi@ZJinj — %y”eijklmHJXjkxlm +h.c.; (97.17)
with three generations, y and y” become matrices in generation space. We
can write out Lyyx using egs. (97.11), (97.12), and (97.16); the result is

1" _Ti

Lyuk = — yelpilie — ye piga;d® — v o quiti™
— ye P dPu — ye ¢ quil; — y" ¢l a“e + hee. . (97.18)
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The terms on the first line are those of the Standard Model, except that
the down-quark Yukawa coupling matrix (called 3’ in section 89) is the
same as the charged-lepton Yukawa coupling matrix (called y in section 88).
Since the quark and lepton masses are directly proportional to the Yukawa
couplings, eq. (97.18) predicts

my=m;,, ms =my , mg = Me . (97.19)

These relations hold in the MS renormalization scheme; later we will discuss
a modified scheme that is more appropriate at energies well below M. The
terms on the second line of eq. (97.18) are the couplings of the colored scalar
field ¢ to the quarks and leptons; we see that these couplings, like those
of the X, field, violate baryon and lepton number conservation. Since first-
generation Yukawa couplings are smaller than gauge couplings by a factor
of 10°, the limit on My from proton decay is roughly My > 1010 GeV.

To compute My, we need the complete scalar potential. For simplicity, we
assume a Zg symmetry under ¢ < —®. Then the most general renormaliz-
able potential is

V(®,H) = — im3 Tr &% + I\ Tr & + 10o(Tr #%)?
+myH H + Loy (H'H)? — ko HTO?H . (97.20)

We take all the parameters (m%, m%, A, A2, K1, k2) to be positive. We
found in problem 84.1 that in this case the first line of eq. (97.20) is mini-
mized by ® = diag(—1, -3, —%,+3,+3)V, with V2 =36m3/(7A1 + 30X2).
From the first and third terms on the second line of eq.(97.20), we find

that the masses-squared of the ¢ ~ (1,2, —%) and ¢ ~ (3,1, —i—%) scalar fields

are
mi =m¥ — %KQV2 , (97.21)
Mj =m¥ — &raV? . (97.22)

We want mZ, ~ —(100 GeV)? and M; > +(10' GeV)?2. This requires m?% to
be equal to %:‘QQVQ to at least sixteen significant digits (but not exactly).
There is no obvious reason for the parameters in eq. (97.20) to satisfy this
3, and M; to have the same
order of magnitude (and furthermore to have kg ~ gg and hence My ~ M, >
10 GeV). This is the fine tuning problem of grand unified theories. More
generally, we can ask why the breaking scale of thegrand unified group is

odd relation; we would more naturally expect m
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so much larger than the breaking scale of the electroweak subgroup; this is
gauge hierarchy problem.

Since the X, and ¢ fields are so heavy, we can integrate them out, gen-
erating effective interactions among the quarks and leptons.! For the X "
field, we get the leading term (in a double expansion in powers of g5 and
inverse powers of M) by ignoring the kinetic energy and other interactions
of the X, field, solving the equations of motion for X, that follow from
Lx mass + Lx int, Where Ly ing is given by eq. (97.15) and

EX,mass = _MEX;&?XQM 5 (97.23)

and finally substituting the solutions back into L£x mass + Lx,int- This is
equivalent to evaluating tree-level Feynman diagrams with a single X
exchanged. The result is

1 .

Lxet = 5303 T T (97.24)
Keeping only fields from the first generation, we find that the baryon- and
lepton-number violating terms in Lx (g are

2
AB|=1 g i 7 T+ — _t_ Tt _
[’lX,ef} = —2]\?[2 <€”€aﬁ'y(dla“& — eTU“qm)uLauqm +h.c.

2 .. -
= —%EUEOﬁ7 (&qﬂ)(d;ag) + (éTﬁL)(QiQQjB) + h.c. 9 (97'25)

X
where the second line follows from a Fierz identity and a relabeling of the
color indices in the second term. We can treat the ¢ field similarly; see
problem 97.2. We will compute the decay rate for p — et from eq. (97.25)
in problem 97.4.

Once the heavy fields have been integrated out, we can apply the MS
renormalization scheme to the theory with the remaining light fields. This
is not the same as MS for the original theory, because now only light fields
circulate in loops. (Loops of heavy fields contribute to corrections to the
effective interactions.) With the usual fields of the Standard Model, we find
from our results in sections 66 and 73 that the one-loop beta functions for
the three gauge couplings are given by

d b;

H—=g; =

3 5
: : 2
an 629 T O(g7) , (97.26)

1 We should also integrate out the heavy components of ®, which transform as (8,1,0) @
(1,3,0) @ (1,1,0) under SU(3) x SU(2) x U(1), but these do not couple directly to quarks and
leptons.
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with
by =—11+3n, (97.27)
by=—2+3n+3, (97.28)
bi=+2n+ 4, (97.29)

where n = 3 in the number of generations; the —i—% contributions to by and
by are from the ¢ field. These formulae apply for p < M. (We are assuming
that the heavy scalars do not have masses much less than My.) For pu > M,
we must restore the heavy fields, and then eq.(97.14) applies. If we now
neglect the higher-loop corrections, integrate eq. (97.26) for each coupling,
impose eq. (97.14) at p = My, and set go = e/sinfy, and g1 = e/ cos b, we
find for p < My that

r 1 b_3 ,

as(p) o a5(MX) - 27r1 (Mx/p) (97.30)
sin? Oy (11) B 1 b—2 .

OK(/.L) o a5(MX) + 27.[.1 (MX/M) ) (9731)
cos? Ow (1) B 5/3 b_1 )

a(p)  os(My) * 27r1 (Mx/p) - (97.32)

The quantities on the left-hand sides are measured at u = M, to be

ag(M,) = 0.1187 + 0.0020 (97.33)
1/c(M,) = 127.91 + 0.02 , (97.34)
sin® Oy, (M,) = 0.23120 & 0.000 15 . (97.35)

We can use egs. (97.30)—(97.32) to solve for 1/as(My) and In(My/M,) in
terms of the known parameters a(M,) and as(M,); the result is

1 1 —bs b1+bo >
- + , 97.36
a5 (L) m+@—%3QﬂMa as(M,) (97:36)

21 1 8/3 )
In(My/M,) = — . 97.37

o) =5 (o ~ O737)
Plugging in eqgs.(97.27)-(97.29) and egs.(97.33)-(97.34), we find
1/as(My) = 41.5 and M, = 7 x 10 GeV; two-loop corrections lower M,
to 4 x 10" GeV. This value of M is about an order of magnitude below the
lower limit imposed by proton decay.
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We can also use eqgs. (97.30)(97.32) to express sin® 6, (M,) in terms of
a(M,) and as(M,); the result is

1
B b1+b2—§b3

sin2 0y, (M,) <b2—b3 + (b1—3by) a(M,) > . (97.38)

ag(Mz)
This is a prediction of the SU(5) model that we can test. Plugging in
eqs. (97.27)-(97.29) and egs. (97.33)-(97.34), we find sin? 6, (M,) = 0.207.
Two-loop corrections raise this to 0.210 £ 0.001. Comparing with eq. (97.35),
we see that the SU(5) prediction is too low by about 10%.

The situation improves considerably if we consider the Minimal Super-
symmetric Standard Model, discussed in section 96. In this case the beta-
function coefficients become

by = —9+2n, (97.39)
by=—6+2n+1, (97.40)
by =+8n+1. (97.41)

Now we find sin? 0, (M,) = 0.231, with two-loop corrections raising it to
0.234; there are, however, numerous sources of uncertainty related to the
masses of the supersymmetric particles. We also find M, = 2 x 1016 GeV;
this result (which is not changed significantly by two-loop corrections) is
high enough to avoid too-rapid proton decay.

Next, let us consider the predicted equality of the down quark and charged
lepton masses, eq. (97.19). These relations are subject to renormalization; see
problem 97.5. However, the one-loop corrections from gauge-boson exchange
cancel in the predicted ratios

Me _ Md My _ Ms (97.42)
my  ms m.  my '

Alas, these predictions are not satisfied, in the first case by an order of
magnitude. Resolving this problem requires either a more complicated set
of Higgs fields, and/or including higher-dimension, nonrenormalizable terms
in the lagrangian that are suppressed by inverse powers of the some mass
scale larger than M., such as the Planck mass Mp = 1.2 x 109 GeV. To
get neutrino masses in the SU(5) model (see section 91), we must add left-
handed Weyl fields 7, that are singlets of SU(5), and couple them to the
neutrinos via Ly = —¥; JHZT Q,Z)fﬂ -

A more elegant scheme starts with SO(10) as the grand unified gauge
group. SO(10) has a complex sixteen dimensional spinor representation that
transforms as 1 & 5 @ 10 under the SU(5) subgroup; thus, each generation of
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fermions (including ) fits into a single Weyl field in this 16 representation. A
scalar field in the 10 representation is needed for the Standard Model Higgs

field,

and additional scalars in higher dimensional representations (such as

the 45 dimesional adjoint representation and the 16) are needed to break
SO(10) down to SU(3) x SU(2) x U(1).
A great variety of grand unified models can be constructed, with and

without supersymmetry. Which, if any, are relevant to the natural world is

a question yet to be answered.

97.1)

97.2)

97.3)

Problems

Is the gauge symmetry of the SU(5) model anomalous? If it is, modify the
model to turn it into a consistent quantum field theory. Prerequisite: section
75. Hint: see problem 70.4.

Compute the AB = +1 terms in the effective lagrangian that arise from ¢
exchange.

Let us write eq. (97.25) as

‘Ceﬂ‘ = — ch Clol — 2020202 + h.C. 5 (9743)

where O0; = s”eo‘ﬁ'y(&qﬂ)(djﬂg) and O, = ee*P7 ('l )(gingjp), Zc, and

Zc, are renormalizing factors, and C; and Cy are coeflicients that depend on

the MS renormalization scale p. At u = My, we have Cy(My) = Cy(My) =

dras(My) /M2

a) Working in Lorenz gauge, and using the results of problems 88.7 and 89.5,
show that the one-loop contribution to Z¢, from gauge-boson exchange is
given by Z,, in spinor electrodynamics in Lorenz gauge, with

(D)D) = [0+ ¥77(T5) 0 (T5) 7 277 |
+ [ (1) (T5) 7 /7 + 0] 63

+ (DD + FH=D)]ak (97.44)

Evaluate these coefficients.

b) Similarly, compute the one-loop contribution to Z¢, from gauge-boson
exchange.

¢) Compute the corresponding anomalous dimensions y; and v, of C; and
Cg.

d) Compute the numerical values of Cy(u) and Co(p) at p=2GeV. For
simplicity, take the top quark mass equal to M, and all other quark masses
less than 2 GeV. Ignore electromagnetic renormalization below M.
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Consider the proton decay mode with the most stringent experimental bound,
p — et 0. The terms in eq. (97.43) relevant for this mode are

Lo = C12* (e, ) (dfal) + 2057 eVl ) (daug) + hec. . (97.45)

Note that, under the SU(2)r, x SU(2)r global symmetry of QCD that we dis-

cussed in section 83, the operator u(d Ta') transforms as the first component

of a (2,1) representation, while the operator @' (du) is related by parity, and
transforms as the first component of a (1,2) representation. At low energies,
we can replace these operators (up to an overall constant factor) with hadron

fields with the same properties under Lorentz and SU(2)y, x SU(2)g x U(1)y

transformations.

a) Show that P,(uN'); and Py(ufA'); transform appropriately. Here u =
explim®T/ f], where 7 is the triplet of pion fields, and N; is the Dirac
field for the proton-neutron doublet.

b) Show that the low-energy version of eq. (97.45) is then

Log = CLAECP, (uN)y + 20, AE°P(u'N')1 + hec. | (97.46)

where €€ is the charge conjugate of the Dirac field for the electron (in
other words, £€ is the Dirac field for the positron), and A is a constant
with dimensions of mass-cubed. Lattice calculations have yielded a value
of A =0.0090GeV? for pn = 2GeV.

¢) Write out the terms in eq. (97.46) that contain the proton field and either
zero or one 7° fields.

d) Compute the amplitude for p — eT7°. Note that there are two contribut-
ing Feynman diagrams: one where eq. (97.46) supplies the proton-positron-
pion vertex, and one where the proton emits a pion via the interaction
in eq. (88.30), and then converts to a positron via the no-pion terms in
eq. (97.46). Neglect the positron mass. Hint: your result should be propor-
tional to 1+ g4.

e) Compute the spin-averaged decay rate for p — eTn". Use the values of
C4 and Cs for p = 2GeV that you computed in problem 97.3. How does
your answer compare with the naive estimate we made earlier? Hint: your
result should be proportional to C? + 4C3.

Consider the Yukawa couplings for the the down quark and charged lepton

of one generation,

Ly = — Zyyelpil e — Zyy'e iqa;d* (97.47)

where we have included renormalizing factors.

a) Consider one-loop contributions from gauge-boson exchange to Z, /Z,.
Show that the only contributions of this type that do not cancel in the
ratio are those where the gauge boson connects the two fermion lines.
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b) Show that, in Lorenz gauge, these contributions to Z,, and Z, are given
by Z,, in spinor electrodynamics in Lorenz gauge, with a replacement
analogous to eq. (97.44) that you should specify.

¢) Let r =4'/y, and compute the anomalous dimension of r.

d) Take r(Mx) = 1, and evaluate r(M). For simplicity, take the top quark
mass equal to M.

e) Below M,, treat the top quark as heavy, and neglect the small electro-
magnetic contribution to the anomalous dimension of r. Compute 7(my),
where my, = my(my,) = 4.3 GeV is the bottom quark mass parameter. Use
your results to predict the tau lepton mass. How does your prediction
compare with its observed value, m, = 1.8 GeV 7
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